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CALCULATION  OF  VOLT-AMPERE  CHARACTERISTICS  OF  THERMIONIC 
CONVERTER  IN  DIFFUSION  CONDITIONS 

V.  P,  Karmazin  and  I.  P.  Stakhanov 
(Moscow) 

1.  Formulation  of  problem  and  boundary  conditions.  Considered  is  a  flat 
thermionic  energy  converter  (TEP)  filled  with  cesium  under  conditions  when  length 
of  £  >  path  of  electrons  1^  is  significantly  less  than  distance  between  electrodes 

L.  Degree  of  ionization  is  assumed  so  little  that  electron  scattering  and  ions 
occurs  basically  on  atoms  of  Cs.  This  assumption  is  justified,  if  n/n«^  0.001 
(a, na —  concentration  of  electrons  and  atoms).  If  concentration  of  electrons 
can  be  calculated  from  condition  of  thermodynamic  equilibrium,  the  degree  of 
ionization  corresponds  temperature  — 2000°K. 

Ions  and  atoms  are  freely  exchanged  by  energy,  therefore  their  temperatures 
coincide:  T^  =  Ta.  At  sufficiently  high  pressures  (when  lj  temperature 

T^  linearly  changes  from  cathode  to  anode.  In  region  of  pressures  interesting 
us,  due  to  weak  exchange  by  energy  between  electrons  and  ions,  temperature  of 

electrons  Te  =£  T^  •  If  temperature  is  established  mainly  under  the  influence 

% 

of  Coulomb  collisions,  then  characteristic  distance,  at  wnich'Maxwellization"  of 
spectrum  of  electrons  occurs,  is  of  order  (  Vs W«)v'  >  where  /*—  "Coulomb" 

length  of  free  path  of  electrons. 
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If  one  were  to  assume  that  near  the  cathode  local  thermodynamic  equilibrium 
takes  place,  then  concentration  and  level  of  chemical  potential  of  electrons  at 
the  cathode  doe  not  depend  on  material  of  the  cathode,  in  particular  on  its  work 
function.  Therefore,  in  order  to  receive  dependence  of  volt-ampere  (VI)  char¬ 
acteristics  from  work  functions  of  cathode,  it  is  necessary  to  consider  deviation 
from  thermodynamic  equilibrium  on  cathode,  appearing  due  to  passage  of  current 
through  TEP. 

For  obtaining  boundary  conditions  on  cathode,  let  us  consider  region  between 
planes  one  of  which  is  conducted  at  distance  n  ^  d  from  cathode  and  other  -  at 
distance  iz  ^  /«  (here  Debye  radius  d  lt).  Since  the  space  charge  is  concen¬ 
trated  in  region  between  cathode  and  plane  xi,  we  will  consider  that  between 
planes  xi  and  zi  potential  in  practice  does  not  change. 

Electrons  and  ions,  emitted  by  the  cathode  (ions  appear  owing  to  surface 
ionization),  have  Maxwellian  distribution  with  temperature  of  cathode. 

We  will  assume  that  electrons,  moving  from  plasma  to  cathode  ,  have  Maxwellian 
distribution  with  temperature  different  than  temperature  of  cathode  and  ions  - 
Maxwellian  distribution  with  temperature  coinciding  with  temperature  of  cathode. 
Since  then  in  layer  of  space  charge  particles  move  without  collisions 

and  distribution  functions  on  surface  xi  have  following  form: 
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Here  A<p'  —  difference  of  potentials  between  eurface  x»  and  cathode  (potential 
of  surface  xi  is  taken  at  zero),  m,  M  -  masses  of  electron  and  ion,  T1  -  tempera¬ 
ture  of  cathode,  T  1  -  temperature  of  electrons  at  cathode,  n'  —  density  of 


plasma  at  cathode,  I  ,  I^c  -  flows  of  ©mission  of  electrons  and  ions  from 
cathode.  During  derivation  (1,1),  (1.2)  it  was  assumed  that  potential  in  layer 
of  space  charge  changes  smoothly. 

We  will  further  assume  that  distribution  function  on  surface  x\  coincides 
with  locally  Maxwellian  function,  with  diffusion  corrections,  which  determine 
flows  of  heat  and  particles  different  than  zero.  Desired  boundary  conditions 
are  easily  received,  calculating  balance  of  number  of  particles  and  energy  in 
volume  included  between  surfaces  u  and  a- 

at  A<p'  >  0 


nr 


exp 
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Here  1^,  1^  -  electronic  and  ionic  flows  through  TCP,  prime  quantities 
relative  to  cathode  or  to  region  near  cathode.  During  derivation  of  these  relation¬ 
ships  in  second  equation  (1.3)  and  first  and  third  equations  (1.5)  members  of 
order  1  /  L,  are  rejected,  since 

4/>.i  *r: 

dx  L  ^ 1 


However,  relation 


in  general,  is  not  assumed  small.  In  case,  when  hT,  in  (1.3)  and  (1.5) 

it  is  possible  to  disregard  Ie  and  1^  and  in  (1.4)  to  put  T’e  =  T1.  Here  (1.3) 

-  (1.5)  correspond  to  equilibrium  boundary  conditions. 

We  will  introduce  parameter 


(1.6) 


It  is  easy  to  see  that  during  equilibrium  boundary  conditions 


A9'=  (AT-Myl™ 

If  (o  <  1,  which  corresponds  to  condition  A<p'  <  o,  then  condition  in  near 
cathode  region  can  be  called  under compensated  (ionic  emission  current  is  small  as 
compared  with  electronic).  If<i>>  l  (Aq>'  >  0),then  condition  will  be  called  over- 
compensated  (electronic  emission  current  is  small  as  compared  with  ionic).  It 
is  necessary,  certainly,  to  keep  in  mind  that  under  the  conditions  of  diffusion 
operating  regime  of  TEP,  as  much  as  desired  strong  over  or  under  compensation 
cannot  leaf*  to  appearance  of  space  charge  anywhere  but  in  a  thin  layer  near  the 
surface  of  cathode. 

We  will  estimate  approximately  the  boundaries  of  jo,  at  which  significant 
deflections  from  equilibrium  conditions  on  cathode  occur.  At  u  >  1  this  takes 
place  if 

7«n' v,'  exp  (—  e&y'  /kT')  ~  /. 

or,  proceeding  from  (1.7),  if 

7 

Similarly,  for  «<!  deflections  appear  when 

7*nV  —  h 

Since  4 then  equilibrium  boundary  conditions  on  cathode, 
and  consequently,  independence  of  VI  characteristics  of  work  function  of  cathode 
take  place  when 


(1.8) 


Actually,  when  w  <  *  defections  from  equilibrium  conditions  on  cathode 
occur  later  than  when  w>l.  Indeed,  from  (1.5)  we  obtain 
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and  since  in  ragimo  of  saturation  current  ^->-0,  hence  equilibrium  value  is 
obtained* 

Similiarly  boundary  conditions  on  anode  can  be  obtained.  It  is  necessary 
only  to  consider  that  emission  of  electrons  and  ions  from  anode  is  absent  due  to 
its  low  temperature.  Taking  distribution  function,  of  electrons  and  ions  near 
anode  in  the  form  of  Maxwellian  functions  with  temperatures  Te"  and  T"  (two 
primes  mean  that  quantity  is  that  on  anode  or  in  region  near  anode)  and  calcula¬ 
ting  balance  ex'  number  of  particles  and  energy,  we  receive; 


,  n'v/  ,  «*p/  /  «A<p'  \ 

lt - - — t  / j  =  — _ —  exp  ( — jy,—  j  whan  AtJ’'  ^  0 

.  n*v/  /M®*  \  n*e,r  .  . 

4«-~-exp(jTV),  /,=  -/-  when  <V  <0 


Q.  -  h  (2 *77  ~  «P#  ~  &)>  ®  *  { T  [a**  > o| 


(1.9) 

(1.10) 


(1.11) 


Here  A<p*  ~  difference  of  potentials  between  anode  and  plasma  at  anode,  - 
flow  of  total  energy  of  electrons  from  plasma  to  anode. 


aent  a  1 


and  its  solution.  Equations  of  diffusion 


in  three-component  mixture,  with  regard  for  snail  degree  of  ionisation  and  great 
difference  of  masses  of  electron  and  ion,  have  form 


/,  nut 


y  n  dTr 
e  T~t  17 


<*f  „  dn  r  n  dT , 

<?«  =  -1—-+  l'(2kTt-«p) 


(2.1) 

(2,2) 

(2.3) 


Here  utii  —  mobility,  fit ,  -  coefficients  of  diffusion,  n  -  concentration 

Y  t 

of  plasma,  9  -  is  potential,  counted  from  plane  x^.  Coefficients  I)9  and 
in  general,  differ  somewhat  from  usual  coefficients  of  thermal  diffusion,,  Plows 
Ie,  Lp  and  Qe  are  constant  in  volume,  i.e.,  volume  of  ionisation  and  recombina¬ 
tion  will  be  disregarded. 

Due  to  complexity  of  boundary  conditions  and  dependence  of  coefficients  on 
unknown  functions  (n,  Te,  ,  o)  themselves  the  considered  system  of  equations  can 
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bo  solved  only  numerically*  Approximation  method  of  solution  with  equilibrium 
boundary  conditions  on  cathode  based  on  disregard  in  (2.1)  and  (2.2)  of  members 
proportional  to  dTtti  /dx>  and  approximation  of  n  (*)  and  V  ^  lineal*  functions 
is  given  in  [1]* 

Below,  for  obtaining  solution  of  equations  of  diffusion  a  different  character 
of  behavior  of  n  and  V  Ti  in  inter electrode  space  ie  used.  At  the  time  when 
n  (x)  decreases  from  cathode  to  anode  approximately  by  order  of  two,  Te  (x)  and 
(x)  change  by  1.5  -  3  times.  Therefore,  taking  as  Te  (x)  and  (x)  certain 

constant  mean  values  <7,>,  and  <7,1>,  it  is  possible  from  (2.1)  and  (2.2)  to 
find  n  (x)  and<p(x).  Putting  these  n  and  9  in  (2.3)>  we  find  Te  (x).  Further, 
with  the  help  of  this  value  of  Te  (x),  we  receive  new  n  (x)  and  9 (x)  which  we 
again  put  in  (2.3),  etc.  Just  this  method  was  applied  during  programming  of 
diffusion  problem  on  electronic  computer.  In  given  work  for  obtaining  of  more 
simple,  approximate  solution  the  same  method  is  used,  but  instead  of  Te  (x) 
and  Tj_  (x)  in  equations  (2.1)  and  (2.2)  are  put  each  time  quantities  <7’,>  and 
(Ti),  (constants  in  interelectrode  space).  Here  <Tr>  is  found  from  solution  of 
(2.3)*  where  as  n  (x)  and  9  (x)  are  put  in  solutions  of  (2.1)  and  (2.2)  at 
preceding  value  of  •  Since  is  determined  only  by  temperatures  of  cathode 

and  anode,  then 


<r(>=i[r  +  ri 


(2.4) 


Similiarly 


<*.>-{  117  (/.)  +177  (/.)! 


(2.5) 


Thu®,  a  system  of  differential  equations  with  boundary  conditions  reduces 
to  a  373 tea  of  algebraic  equations  solved  by  consecutive  approximations. 

Setting  Richardson  current  in  the  form 


\  1 

1 ,  _T8*rf’\ 

)  s  T  ntkvtk 

(  >k  Tim  J  ) 

lest  us  turn  to  dimensionless  variables 
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(2.6) 


Assuming  that  all  particles  interact  as  elastic  spheres  and  that  X,  is 
determined  by  expression  for  thermal  conduction  of  Lorentz  gas  X,  =  2/3  knv,,  1  , 


we  obtain 


where 


k  ~  T«  V T.ti,  £,  =  Y>fiVt.  *  =  T«v  V  x€ ' 


*=4^6.90,0  •£,  r,  =  4^-r.^ 


(2,7) 


(2.8) 


Here  ae,  a(  —  scattering  cross  section  of  electrons  and  ions  on  atoms  of  Cs, 
1^,  1^*  -  length  of  free  path  of  electrons  and  ions  near  cathode.  Pressure  p 
in  (2.8)  is  expressed  in  mm  of  mercury,  L  -  in  cm,  T*  -  in  °K.  Numerical 
constant  in  (2.8)  corresponds  [2]  to  value  or  =  2xlO**14  cm2. 


Solving  equations  (2.1)  -  (2.2)  relative  to  derivatives  and  using  (1.16)  we 


obtain 


S— + 

=  1  Xf  (  _ A_\ 
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(2.9) 


(2.10) 


(2.11) 


Boundary  conditions  (1.3)  -  (1.4)  on  cathode  (  £  =  0)  in  over compensated 


regime  take  form 


V  Kv  «P  (-  )  -  !  -  /„  v  =  CM 

2  (1  -  /',)  (t,'  -  I )  =  /,  V  f  V  1-  A*'  -  2  (T,-  -  1)1 


(2.12) 

(2.13) 


and  in  undercompensated  regime 


tp*  =-  v\  y,teA'  =  co  -  /,, 


V  =  1 


(2.14) 


Let  us  remember  that 


v  (0)  =  v\  T.  (0)  =  t/,  *  (0)  =  0,  v  (1)  eh  v*j 

♦  (1)  =  f .  0)  e  V 

Boundary  conditions  (1.9)  -  (1.10)  on  anode  (4  =  1)  take  form 

/.  =  V  VT;  exp  ( A*'  /  O  /V  =  v*  yj  when  <  0 

/*  »  v'Kv,  /,  =  v*  VTexp  (—  At{>*/0)  when  A$*  > 0 

From  (2.9)  -  (2.11)  and  boundary  conditions  it  is  easy  to  see  that  .  v  (£),  (£), 

ft  (5)  and  values  of  these  quantities  in  regions  adjacent  to  electrodes, 

v\  t.\  A\{>\  v\  Aij?' t/  as  current  functions  j  can  be  determine  defining  four 

e 

dimensionless  parameters  W  /  L  —  T'  /  pL,  a-, ,  re,  9=7”/  T,  w.  Work  of  output  of 

\ 

cathode  enters  only  into  parameter  <o.  Thus,  calculation  of  dimensionless  volt- 
ampere  characteristics,  i.e.,  dependence  of  j  on  quantity  —  OK  4-  Aip'  4-  A\j>'), 
reduces  only  to  assignment  of  these  four  parameters  and  does  not  depend  on  concrete 
values  of  scattering  cross  sections  a*  and  and  also  work  function  of  surface 
of  cathode  in  pairs  of  Cs. 

Since  in  equations  (2.9)  and  (2.10),  according  to  (2.4)  and  (2,5)> 
tj  =  V,  (1  -f  0)  —  const,  t„  =  V,  (V  (/«.)  +  t/  (/,))  =  const 

then 

v  (£)  =  v' —  a£  (2.17) 

*(5)  =  (P/«)  In  (v'/v($)]  (2.18) 

where  through  a  and  p  are  designated  constants  in  right  sides  of  (2.9)  and  (2.10). 
Logarithmic  movement  of  potential  is  easy  to  understand  if  one  considers  that 
concentration  of  electrons  near  anode  is  very  small,  and  thus,  a  large  part  of 
voltage  falls  near  anode. 

We  proceed  further  in  the  following  manner.  During  fixed  je  we  arbitrarily 
assign  zero  approximations  W  and  T«)'*  When  w  >1  from  (2.1 2)  we  find  v,'  and 
Ai{>0\  In  caseAt})*  <  0,  assuming  in  (2.17)  5=1  and  using  the  second  of  equations 


(2.15) 

(2.16) 
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(2.15),  from  a  and  P  we  exclude  and  find  V,  A$#*  from  (2.18)  -  '  In 

case  A^*  >  0,  ion  current  can  be  determined  from  expression  for  «,  of  first  equation 


Fig.  1  Fig.  2 

of  (2.16)  and  equation  (2.17)  when  S  =  1.  Then  V  and  Ho  are  found.  For 
determination  of  subsequent  approximations  of  electron  temperature  we  write 
(2.11)  in  the  form  (k  -  number  of  approximation,  k  =  0,  1,  2,...) 


/,  ' (D  -  W»  ■  V  "  v»  -  (*}  1 

<1  "ViKvL  v*(l)  ’  2v*«>  J  (2.19) 

After  substitution  of  (2.17)  and  (2.18)  this  equation  is  easily  integrated 


Fig.  3. 

When  o)  <  1  from  (2.14)  for  v,> 


Considering  in  received  equation  s  —  0 
(or  l  =  1),  jointly  with  (2.13)  we 
obtain  linear  system  of  two  equations 
for  determination  of  and 

.  Found  find 

are  used  for  obtaining 
v'*m»  etc.  Thus,  for  every 

value  of  je  by  method  of  successive 
approximations  we  find  v\  A4>\  v  (|), 
A^’,  tl).  xril)  corresponding  to  it. 
we  obtain  equation 


0)  —  }ik  —  (vfc  )* 


(2.20) 
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Excluding  hence  ionic  current,  just  as  in  case  of  0)  >1,  we  receive  for 
determination  of  v*'  a  quadratic  equation.  Further  we  easily  find  v*\  At]-*',  v*  (£) 
etc.  Calculation  showed  that  for  achievement  of  accuracy  to  3$>  3-4  iterations 
were  sufficient  with  suitable  choice  of  t,0'  and  Trt'. 

3.  Results  of  Calculation.  Results  of  calculation  of  dimensionless  VI 
characteristics  by  above-stated  method  are  represented  in  Figs.  1-6. 

In  Fig.  1  is  given  dependence  of  current  intensity  je  on  voltage  drop  be¬ 
tween  electrodes  t-  -  (♦'  +  during  equilibrium  boundary  conditions  on  cathode 
(°*  =  1). 


Curves  in  Fig.  1  correspond  to  following  values  of  parameters: 

Curve  1-234  (In  Fig.  1  values  of  ordinates 

/,'/!  =  0.01  0.05  0.01  0.01  £  curve  2  should  be  increased  by 

«i/3,  =  5  5  25  5 

0  =  0.5  0.5  0.5  0.667 

5  times.) 

Saturation  current  jgg  during  increase  of  1 *  /L  5  times,  increases  approxi¬ 
mately  by  5  times  in  accordance  with  Llj.  Increase  of  at  by  5  does  not  change 
j  ,  but  shifts  VI  characteristic  to  the  left  by  quantity  of  order  kT‘  /  e, 

*93 

which  is  coupled  with  growth  by  approximately  that  quality  of  the  near  anode 
barrier  Decrease  of  relation  T"  /  T!  from  1/2  to  l/3  decreases  jcs  by 

approximately  15$.  When  T*  =  const  this  is  caused  by  increase  of  concentration 


Fig.  4. 

of  atoms  near  anode  which  leads  to 


,se  of  resistance  to  current  through 


10 


TEP.  Let  U3  note  that  during  equilibrium  boundary  conditions  on  cathode,  distinc¬ 
tion  of  VI  characteristics  calculated  by  such  method  from  characteristic  received 
during  solution  of  equations  (2.1)  -  (2.3)  on  electronic  computer  is  near  15%. 

Figs.  2-5  show  influence  of  degree  of  compensation  of  w  on  VI  character¬ 
istics  and  on  quantity  of  density,  temperature  and  potential  at  electrodes  (when 
V/L  -  to-*.  V3*  =  5,  o  =  o  L).  Values  v'  and  A\{>'  (Fig.  3)  coincide  with  equilibrium 
values  for  over  compensated  regime  at  je  =  0,  and  for  undercompensated  regime  - 
at  Je  =  (j.  =  0).  It  is  necessary  to  note  that  at  value  selected  in  calcu¬ 
lation  of  the  range  of  changes  of  w  is  rather  great  in  order  to 

include  strongly  over  or  undercompensation  conditions.  As  was  noted  above, 
deviations  from  equilibrium  regime  at<»>i  occur  earlier  then  at  <■><!.  in 
connection  with  this,  results  of  calculation  with  w  =  io*.  to*  noticeably  differ 
from  equilibrium  whereas  at  “  =  1,  10“2,  10“3  they  practically  coincide.  In 
particular,  in  the  last  case  v'=  /w  and  A$' =  V*  la  o».  {tear  anode,  jump  of 

potential  -H*  (Fig.  4)  changes  sign  at  significantly  smaller  currents  (/,//„  ==  o.i). 
than  voltage  drop  in  volume  Is*  (/,  /  it,  ~  O.io).  Quantity  A$*  at  0  *  £  it  /  /,,  ^ 0  9  of 

order  sharply  changes  only  at  itfiet<Ql  and  Atw>io5 

deflection  of  movement  of  V  (je)  is  already  noticeable  from  linear  (Pig.  4). 
Hating  of  electrons  at  anode  car  be  very  strong  and  can  exceed  temperature  of 
cathode  by  1,7  ~  2.8  times  (Fig.  5).  Under  these  conditions  volume  ionization 
appears  and  TEP  starts  to  work  in  regime  of  low-voltage  arc.  At  those  currents 
when  A«j>'  ~tj,  quantity  V  attains  minimum.  At  these  same  currents,  v  also 
has  minimum  which  follows  from  boundary  conditions  on  anode.  (Let  us  note  that, 
as  calculations  showed ,  v*  /  v  io-J  — 10-3. } 

In  Fig.  6  are  presented  measured  VI  characteristics  of  TEP  calculated  at 
various  values  of  work  function  of  cathode  W ‘ .  These  characteristics  were 
obtained  from  curves  in  Fig.  2.  Here  it  was  assumed  that 


at  «  2.!0-u  cm*,  <r,  =  10-10  u  cm*.  A 


120  *Icm*.  Vi  =  3.8C  V  IF*  =  1-7  V 
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Determining  V  from  expression 


23 .2 


W  - 1  93 


— J_93\ 

!'  )’ 


t'  = 


r 


(3.1) 


we  find  voltage  on  load  V 

V  ~W‘-W  -A*'-A<p*  -<*'  (3.2) 

(In  expression  (3.1),  p  and  T*  correspond  to  condition  i-JL-  10~2^*  From  Fig,  6 
we  see  that  in  interval  2.25  <*•'<  2.80  v  VI  characteristics  do  not  depend 

on  work  function  of  cathode.  However,  at  W’  =  3.5 v,  saturation  current  decreases 
almost  by  1.5  times. 


to 


■to 


Fig.  7. 

From  equation  (3.2),  assuming  V  *=  0,  one  can  determine  dependence  of  current 
of  short  circuit  I*  on  temperature  of  cathode  T*  (S-shaped  curve).  Tungsten 
was  taken  as  cathode  material,  work  function  of  which  in  pairs  of  Cs  was  found 
from  data  of  Langmuir  [3J»  Pressure,  interelectrode  distance,  and  parameters 
of  anode  were  taken  as  equal  to: 

p  —  1  Hg  L  —  \  mm 
T’  =  800"  A',  w  =  t.7  v 

Values  of  W‘  and  «  calculated  for  certain  T  are  presented  in  table.  Qual¬ 
itatively,  form  of  S-shaped  curve  (Fig.  7)  agrees  with  experimental  results.  For 
obtaining  of  quantitative  agreement,  more  precise  definition  of  size  of  section  <v 
is  required  and  also  calculation  of  Coulomb  collisions.  If 


dx 


=  0, 


dr,  _  —n' 

dx~  L 


n 

l 


Table 


then  from  qualitative  analysis  of  equations 


T'.  *K 

\V\  4 

’ 

to 

1170 

1.72 

3.33-1 0'7 

1270 

1.86 

•  4.87-10-* 

1370 

2.02 

6.65- 10*‘ 

1-170 

2.22 

1.18-10'* 

1570 

2.4  6 

2.61*10-* 

1670 

2.70 

3.1)4- tO-* 

1770 

2.92 

3.33 

1870 

3.14 

2.23-10* 

11)70 

3.36 

1.22-10* 

2070 

3.55 

4.02-10* 

2170 

3.73 

1.06-10* 

2270 

3.86 

1.53-10* 

2370 

4.02 

2.88-10* 

(1.6),  (1.7),  and  (2.1)  it  follows  that 
slopes  of  S~ shaped  curve  at  «*>< 
is  determined  by  quantity  of  work  function 
of  anode  W", a™1  at  t  3?  «>(/;/ £)»  -ionizing 
energy  of  cesium. 

Submitted 
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TRANSFER  EQUATIONS  FOR  NONISOTHERMISTIC  MULTITTPE  PUSMA 


M.  Ta.  Aliyevskiy  and  V.  H.  Zhdanov 
(Sverdlovsk) 


In  present  work  a  system  of  transport  equations  following  from 
kinetic  equation  for  particles  of  «-  type,  leads  to  closed  form  by 
use  of  approximation  of  Grad’s  "13-moment3"  to  distribution  function 
[2],  Besides  usual  equations  of  continuity,  conservation  of  momentum 
and  energy  conservation  for  each  of  the  components  of  plasma,  the 
obtained  system  contains  equations  for  nondiagonal  part  of  stress 
tensor  and  heat  flow  of  particles.  Temperatures  of  components  are 
considered  different. 

Relationships  for  known  properties  of  transfer  in  plasma  follow  from 
general  transport  equations  on  the  assumption  that  parameters  of  plasma 
change  little  on  mean  free  paths  and  for  times  of  the  order  of  time 
of  collisions.  It  is  shown,  in  particular,  that  expressions  for 
tensor  of  viscosity  of  hoat  flow  and  of  conductance  current  in  two- 
temperature  partially  ionized  gas  {Tt>T i  =  Ta)  have,  with  certain 

limitations,  the  same  form  as  in  [7]  if  series  of  quantities  entering 
into  them  is  determined  at  electronic  temperature  Te. 

1.  Transport  equations  in  approximation  of  11 13 -moment 8. 11  Transport  equa¬ 
tion  for  certain  quantity  (Ca,  r,  t),  referred  to  system  of  coordinates  moving 
with  average  mass  velocity  of  gas  u  can  be  obtained  by  multiplication  of  left 
and  right  sides  of  kinetic  equation  by  >fa  with  subsequent  integration  according 
to  space  of  velocity  of  particles  [1],  (Here  ca  -  relative  velocity  of  a  particle, 
r  -  it 3  position,  t  -  time).  Considering,  in  particular,  Wl)  ~  ln*c* 

and  =  {nta/ 2)  ca*,  where  »ia  -  mass  of  a- particle,  we  arrive  at  equa¬ 

tions  of  continuity,  conservation  of  momentum,  and  energy  conservation  for 


a-  component  of  plasma  which  in  the  presence  of  electric  and  magnetic  fields 


take  form: 

+  VP.u.  =  0  (1.1) 

Pa  ~  4-  VP.*  -  (E  +  U,/B)  =  Ra“>  (1.2) 

-f^  +  4  P«Vu  +  Vq.  +  PaU  srk  -  paW*Fs  =  (1.3) 


(by  repeated  Latin  indices  summation  is  implied). 

Here  na,  u,,  qx  -  axe  respectively  charge,  density,  average  velocity 
and  heat  flow  of  a-  particles;  introduced,  furthermore,  are  mass  density 
pa  =  m„na  and  average  relative  velocity  wa  —  u,  —  u  particles  of  a~  type.  Comp¬ 
onents  of  tensor  .  Pa*  are  coupled  with  usual  stress  tensor  P*  by  relationship 

=  PaUt  —  PaWalWak  (l  k) 

In  turn,  P,  is  divided  into  two  part  3 


Pa i*  =  P*&ik  4*  «atk  (15) 

where  P*  -  partial  pressure  of  a-coraponent  of  plasma,  and  a,  can  be  conditionally 
called  tensor  of  viscous  stresses  of  a—  particles. 

During  writing  of  (1.2)  and  (1.3)  the  following  abbreviations  were  used 


+  («.V).  ’ “  IT  +  (®V). 


F«  =  ~  (E  +  u  x  B)  — 


At 

41 


(1.6) 


here  E  -  electric  field  strength, B  -  vector  of  magnetic  induction. 

Quantities  Ra<o  and  /?*«>,  appearing  in  right  sides  of  equations  (1.2) 
and  (1.3 )>  represent  respectively  average  change  of  momentum  and  a—  particle 
energy  during  collisions.  Calculation  of  them  requires  knowledge  of  dynamics 
of  collisions  of  fora  of  distribution  function  of  particles  in  plasma.* 

Equations  (1.1)  -  (1.3)  will  not  form,  in  general,  closed  system  since 
besides  usual  hydrodynamic  variables  ?«.  u.»  P *  present  in  them  are  moments  of 


♦For  particles,  interacting  according  tc  law  these  quantities,  can 

be  calculated  without  knowledge  of  concrete  form  of  distribution  function. 
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a  higher  order:  stress  tensor  P*  (more  accurately,  its  nondiagonal  part  -  *1) 

ancl  vector  of  flow  of  heat  For  these  quantities  their  own  transport  equations 
can  he  obtained,  however  in  them,  in  turn,  will  appear  two  moments  of  a  high 
order.  Reduction  of  these  moments  to  those  variables  for  which  transport  equa¬ 
tions  wsre  already  formed  is  possible  only  during  use  of  determined  approximation 
and  distribution  function.  Below,  to  this  aim  is  used  approximation  of  Grad’s 
"13-moments"  [2],  Application  of  this  approximation  to  a  multicomponent  gas 
mixture  and  to  completely  ionized  two-coaponent  plasma  was  discussed  in  works 
[3^4],  in  the  same  place  are  given  corresponding  closed  systems  of  transport 
equations  for  these  cases. 

Expression  for  A  (c^.r,/)  in  approximation  of  13-moments  has  form  [3]r 


A  —  A<0)  +  T«w*c4  Jt* (r«c,*  —  5)  hacaj  (1.7) 


where 


( A  Y* 

MlHj  cx* 


h=  =  q»  -- 


Ta  = 


(1.8) 


Here  k  ~  Boltzmann  constant,  T a  -  temperature  of  a-  particles  (relative  to 

average  mass  velocity  u)- 

Multiplying  kinetic  equation  fora-  particles  by 

~  mx  —  -J- SaCa*) ,  ^Ji3)  =-j-  ma  (ca*  —  5  /  r«)  cai  (1.9 ) 

we  arrive  in  approximation  of  13-moments  at  following  equations  for  quantities 
713 and  ha  (or  q,  ) 


—  2  —  2—  ((r.a  x  B)i * ‘ 

-jf  +  x  h*>  *rt  +  “5~:A«{  tI  +  4  h*1  d7+  4  5  + 

+ W„  ^  ±  +  A  *  + 

d ~nakw.t  Fa,n.it  -  A(ha  x  B),  =  /?JS) 


(1.10) 


(1.11) 


where  designations  used  are 


{KJa)  =  4-  K*rJ  -  T  KiLA* 

eU  ““  (S*  X  B}u  ~  XahGktm&m 

(  cram  -  commutation  tensor)* 

Right  sides  of  equations  (1*2),  (1.3),  (i.10),  and  the  linear  combi~ 

nations  of  moments  relative  to  integral  of  collisions;,  are  written  in  general 
form  as 

R«(n)  ~  2  \  “  V"’)  fJfiSatk&dedQiUet,  (1,12) 

*  P  ‘ 


Here  ga&  =  j c4  —  c0 j,  b  -  impact  parameter  cf  n~  and  particles ,  * 

azimuthal  angle,  by  prime  (mark)  is  designated  value  of  quantity  <£,n)  after 
collision. 

Using  expressions  for  /„  f0  in  the  form  of  (1.7)  and  disregarding  during 
calculation  pa(n)  (1.12)  quadratic  members  on  w«*  and  h.  ,  we  arrive 

at  following  general  expressions 


^a‘U  ~  Zi  G  ^  (W-<  —  -7-  SCai-rVil  f  — 

*“  “  f  -T+lTl  °rf  7T  T  ci  77} 


ftf»i  'i 


/?  <3) 


JLV I  r.  _?!  i  r  <*>  A*‘  j_  ,  »  ,  e,  „ 

Tf^  j  a3  |?a  ■  p~  ^*3  d*a>  —  U'0()  -p  5X,nC>ih  »a( 


(1,13) 


Knowledge  of  dynamics  of  collisions  J:  policies  allows  to  calculate  values 
of  G$\  If  only  elastic  interactions  of  particles  are  considered  then 
coefficients  G%'  turr.  out  to  bo  linear  combinations  of  quantities  Qa'sr,  which 
are  generalizations  of  kn-'wn  Chapff<si-Cowl ing  integrals  [13  in  case  of  different 
temperatures  of  components,  for  .identical  temperatures  these  coefficients  are 
found  in  [33.  In  case  considered  by  us,  calculations  are  complicated  and  lead  to 
following  values  of  coefficients. 
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fl  {*>  _  TO  vl) 

Oaf}  —  .Dae 


where 


H<ore 

where  Xa3 
cules. 


/■*  tt>  r>  (ii 

G*T  -  b*|>3)  -  (r*  /  re)  x.*B.jP.  c.?*  = 

c.?»  -  B*f  +  |(T p/r*)^A  (Baj?1  -  B*f  -  2(r«/Tft)B,n  - 

-(r^/T.)U(^-T^') 

Cad  ’  =  5.ff*  -  {  X«p  (B«{,w  -  B«f  +  2B.D  +  *4  (B.?1  - 1 B^1) 

C«fl7)  =  8$  -f  X»8B,fi,,  —  Xa3CaeUl 

(1.14) 


B.y1  «=  —  ^jUadflan/i&a!1.  B«p1( '  —  —  —  pT,'tna/j3  Ql3  —  £2,}»l) 

B.J?’  -  -  /  r.)  Q J*  +  r 

B.jf1  -  -  ^ua0nan3  { Qa?  -  £  Q^) 

Bid*  =  —  ~HipXap«3np  |Qap'  +  (jXa/’ifi  +  j7vlX*)  ~" 

— j-Tp/ir«  (5Q»p  —  Q4*)l 

B.p’  —  —  ^»px«en,rtp  ( Qa”  —  “  Q*$  +  y-  (5Clap*  —  £2apS)l 
B.j?J  «  ~  4h»s««»>  0.”] 

Bap8)  =  —  jj^apxap?Jj«o  (5Qap‘  —  2Qjp5l 

Bap1  =  —  jjjiapxapnanp  15Q-”  —  2Qap  ] 

Bap0>=  —  JjfijpXaptt.np  [Q3”“  “  ft»p  "f  ^  Qj"] 

B4m,~  _  W$  -  Q,J#  -  -I-  Sl^J 

B.r«  -Sji.pnanp  [Qaf  -  2Q3”j 


(1.15) 


QaP  —  y»  ^  VrttC~Vg*a  (1  —  COd'Xap)  bdbd^  P  “  tatf*  fifty  '’J 

0  * 

scattering  angle  in  system  of  center  of  m&ases  of  colliding  mole- 
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Quantities  pa(i,  xa/l,  and  ^a(5  are  determine  by  expressions; 


Ps$  — 


m 

*■  t- 

m,  +  wjl  ' 


Tafi 

Ta  +  Tj>  ’ 


r«(j  = 


TaT(i 

T«  +  Tf  ’ 


l zhlh 

l  +  'Vm* 


For  case  of  identical  temperatures  (Tx  —  —  T) 

v  -  **«»  „  _  fS.i 

■  T**-  Aa9  =  0 

and  coefficients  (1.1A),  (1.15)  coincide  with  those  found  in  work  [3], 

2.  Relationships  for  properties  of  transfer  in  plasma*  Equations  (1.1  - 
jl.3)  and  (1.10  -  1.11)  together  with  expression  found  above  for  Rf"’  will  form 
closed  system  of  quaai-linear,  differential  equations  relative  to  variables 
Pa,  pa,  *xik  and  Sunaaation  of  first  three  of  them  according  to  a 

leads  to  usual  equations  of  continuity,  motion,  and  energy  for  plasma  as  a  whole 


^  +  div  pa  =•  0,  •+  \rP  4'  div  n  =  j  X  B 


du 


Tjf  +  y  P  div  a  -J-  div  q  -J-  .lu-^  «  j  E' 
E^E+oxB 


du, 


(2.1) 

(2.2) 


Here,  P  -  mass  density <,  p  -  pressure,  n  -  tensor  of  viscous  stresses, 
q  -  heat  flow  for  plasma  on  the  whole  obtained  by  simple  summation  of  correspond¬ 
ing  quantities  for  components;  in  addition  sere  used  condition  of  quasi-neutrality 
of  plasma  and  expression  for  current  density  of  conductance 

=  0,  j== 

For  determination  of  quantities  w7,  r.a  and  h.  (or  q»  )  it  is  possible  to 
use  equations  (1.2),  (1.10),  and  (l.ll).  The  latter  are  markedly"  simplified  if 
one  assumes  that  macroscopic  parameters  of  plasma  change  slightly  at  distances 
cf  order  of  effective  length  of  free  path  and  for  a  time  of  order  of  the  time 
of  collisions  of  particles  in  plasma.  It  is  easy  to  show  [3  -  4]  that  during 
observance  of  these  conditions  it  is  possible  to  disregard  derivatives  dwa /  dt, 
dnaxk  l  dl,  dkxi  I  dt  and  nonlinear  members  in  loft  parts  of  equations  (1.2)  and 
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(1,10)  -  (1.11)  thanks  to  which  expression  for  vector  and  tensor  properties  of 
transfer  in  plasma  will  be  determined  by  solution  of  systems  of  Linear  algebraic 
equations.  Here  du  /  dt  in  left  part  of  (1.2)  should  be  replaced  from  equation 
of  motion  (2.1).  Then  equation  of  conservation  of  momentum  for  the  a— component 
of  plasma  takes  form: 


=  -(ap.—  -j-Ap)— (divs.-.y  div>i)+n,e1(E'+  *ex  B)-  i-(j  xB)  ,2  ^ 

Equations  for  tensors  ^  and  vectors  hY  obtained  in  considered  approxi¬ 
mation  can  be  conveniently  presented  in  the  form 

H aUc  4-  2  aanrtn,u  —  .4 


*+«  +  3-(naj,ofWmo)amr,} 

h«  4-  2  =  —  X*Ra  -f-  (ha  x  t>ax*a) 


(2.5) 

(2.6) 


Here 


Qflfi  = 


?  ms 


=  Taf  K=~p3  Xa*,  Wa=JL|i  (2.7) 

‘  “  *  ^  (* +  Sf*  T-T-MJf.  **  = 

-r(^m  t  +!S^-  (« + £  pjv 


«-.*)-  -  i  m.  .» + ii «,  t„-  +  s  jJl. 


(2.8) 


Finally, 


e«i*  =  e<*—  ■jpjT-iu’aiEk) 

*A  a 

»  *’r«  ,  2  3«.u-  2  F, 

*7  +  5  77 TET  - T  1  + 


(2.9) 


1  VI  r  ^  ■* 

4*  X  2  j  ~r~Yp~  (tt*‘  u'^‘)  (2.10) 


V  -  =^>/ CM  (2.11) 


Here,  has  order  of  magnitude  of  time  of  collisions  of  a—  and  p—  particles 
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and  A™  depends  on  mass  ratios  and  termperatures  of  particles  and  also  on 
ratios  of  various  types  of  cross  sections  for  given  form  of  collisions.  For 
electron-neutron  collisions,  if  T,  w*  actually  coincides  with  effective 

frequency  of  collisions  of  electron  normally  utilized  in  kinetics  of  plasma  [53- 


^  (*)»*oxp(-  ^~)dv 

v  { v )  ^  nav\q(v,  %)  (i  —  cos  X)  d®>  dQ  =siu %d^dt 

J  ‘  (2.12) 

Here  v—  frequency  of  collisions  with  momentum  transfer,  q  ( v ,  */0  -  dif¬ 

ferential  cross  section  of  elastic  scattering  of  electron  (indices  e  and  a 
relate  respectively  to  electron  and  neutral). 

For  collisions  of  heavy  particles  in  plasma  (ions  with  neutrals  and  neutrals 
among  themselves)  it  i3  possible  to  connect  x^  with  binary  coefficient  of 
diffusion  (first  approximation  of  Chapman  -  Cowling  [1]) 

uot«a1  =  /  n  (2.13) 

In  case  of  Coulomb  interactions  in  expressions  for  q/J  appears,  in 
general,  a  divergence  which  can  be  formally  eliminated  by  cutting  of  collision 
parameter  at  distances  of  the  order  of  Debye  screening  length  Then 


(2.14) 


Changing  to  analysis  of  system  of  equations  (2.4)  -  (2.6)  we  note  preliminarily 
that  members  depending  on  electric  "ield  E'  in  (2.9)  and  (2.10)  turn  out  to  be 
essential  only  in  very  strong  fields*  (see  [4,  6])  and  therefore  in  the  future 
can  be  omitted.  When  structure  of  expressions  fo.r  tensor  of  viscosity  and  heat 
flow  of  particles  in  multi-type  plasma  during  absence  of  magnetic  field  differs 
little  from  corresponding  expressions  in  the  case  of  multicomponent  gas  mixture 


*By  the  term  "strong  electrical  field"  here  is  understood  a  field  in  which 
charged  particles,  during  the  time  between  collisions,  are  accelerated  to  energies 
comparable  to  energy  of  their  thermal  random  motion. 


[3],  it  specifically  is  due  to  presence  of  Coulomb  interactions  of  particles 
and  the  fact  that  every  component  of  mixture  can  correspond  its  own  kinetic 
temporature  Tt  .  Presence  of  magnetic  field  noticeable  complicates  results. 
However,  even  in  this  case,  the  system  of  equations  permits  solution  in  the  most 
general  form.  Here  equations  of  diffusion  (2.3)  can  be  used  for  derivation  of 
a  generalised  Ohm’s  law  in  multi-type  plasma,  connecting  current  density  of 
conductance  j  with  voltages  of  electric  and  magnetic  fields  and  also  with 
pressure  and  temperature  gradients. 

Solution  of  equations  (2.4)  -  (2.6)  can  be  somewhat  simplified  thanks  to 
presence  in  them  of  a  small  parameter  -  mass  ratio  of  electron  m,  to  mass  of 
heavy  particles  in  plasma  Q  e)  . 

In  particular,  if  condition  T,  «*£  r@  is  f unfilled  on 


m,rs 


<i 


m^T ,  ( 2 .  x5  ) 

jthen  in  equation  of  diffusion  (2.4)  written  for  electron  component  of  plasma 
(u  — -  «).  it  is  possible  to  disregard  members  with  heat  flow  of  heavy  components 
h3  .  Estimating  under  those  same  conditions  the  order  of  magnitude  of  coef¬ 
ficients  ao  and  b.p  in  equations  (2.5),  (2.6),  we  find 


*  Jt\m  Y  .n  r»*  r  • 

~  --<  1,  bt3  ~  -i-t  -f-  <  1 


(;'•  o 


Thus,  tensor  of  viscosity  and  heat  flow  of  electrons  car.  be  determined 
independently  of  equations  for  other  components.  In  turn,  in  equations  for  ions 
and  atoms  it  is  possible  by  the  same  considerations  to  disregard  quantities 
and  It,.  Approximate  solutions  correspond  to  fulfillment  of  conditions 


;f-r.<7p<7-.  ,3  4-- 


n 


(2.16) 

Let  us  note  that  expressions  obtained  here  for  tensor  of  viscosity  and  heat 


flow  of  electrons  have  the  same  form  as  in  work  [7)  where  the  case  of  three- 
component  plasma  with  identical  temperatures  of  components  was  considered. 


Distinction  is  that  all  quantities  depending  on  temperature  must  be  determined 
during  electron  temperature  Te  and  summation  for  p  in  expressions  for 
and  is  extended  to  all  components  of  multi-type  plasma. 

Solution  of  system  of  equations  for  tensors  of  viscosity  and  heat  flow  of 
heavy  components  in  general  case  can  be  written  in  form  of  determinants;  in  the 
particular  case  of  three -component  plasma  with  =  Ta  corresponding  expressions 
can  be  taken  from  work  [7], 

Analogous  remarks  can  be  made  and  with  respect  to  derivation  of  generalized 
Ohm's  law  in  three-component  plasma  with  temperature  of  electrons  different 
than  temperatures  of  ions  and  atoms.  During  fulfillment  of  conditions  (2.16) 
relationship  (1.10)  in  work  (7)  remains  correct  for  it  where  all  quantities, 
with  the  -Exception  of  T-«.  are  determined  at  electron  temperature  T  . 
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ON  THEORY  OF  WEAK  DIFFUSION  WAVES 


G.  3.  Leonov  and  V.  A.  Pogoayan 
(Moscow) 


In  work  [1]  on  the  basis  of  analysis  of  solution  of  system  hydro- 
dynamic  and  electrodynamic  equations  for  electron  and  ionic  gases 
during  absence  of  external  magnetic  field,  it  was  shown  that  in 
cyllnderical  symmetric  discharge  two  types  of  traveling  waves  along 
axis  of  discharge  pipe  can  exist;  electronic  and  ionic.  It  was  also 
shown  that  electron  waves  fade  quickly,  and  that  ion  waves  can  fade 
as  well  as  be  strengthened.  At  present  it  is  clear  that  striae  (layers) 
do  not  have  direct  relation  to  longitudinal  electric  oscillations  of 
electrons  and  ions  in  plasma.  Druyvesteyn  [2]  examined  mobile  stria© 
as  waves  of  density  of  charged  particles  in  plasma  of  positive  column 
depending  on  processes  of  appearance  and  disappearance  of  particles. 
Possibility  of  existence  of  waves  of  such  type  ensures  from  joint 
solution  of  diffusion  equations  for  electrons  and  positive  ions  and 
Poisson  equation.  To  further  development  [2]  is  devoted  a  series  of 
works  [3  -  6]  in  which  initial  equations  were  determined  and  expanded. 

In  these  investigations  is  applied  method  of  Bmall  perturbations. 
Resxiltant  dispersion  relationships  are  suitable  for  description  of 
only  moving  or  only  standing  striae.  On  the  basis  of  experimental  data 
in  [7)  a  conclusion  is  made  about  unique  nature  of  striae.  To  theo¬ 
retical  proof  of  this  conclusion  is  devoted  work  [8].  In  contrast  to 
[3  -  6,  6]  below  is  considered  a  more  complete  system  of  equations  in 
which  thermal  diffusion  and  dependence  of  parameters  of  equations  on 
electron  temperature  is  considered. 

Obtained  dispersion  relationship  is  useful  for  description  both  of 
mobile  and  motionless  striae.  It  can  be  extended  also  to  the  case  of 
a  positive  colusn  in  a  longitudinal  magnetic  field. 

1.  General  equations.  As  is  known,  in  a  positive  column  with  moving  3tric?e 
the  density  of  electrons  Ne,  density  of  ions  Np  electron  temperature  T,  and  also 
longitudinal  gradient  of  potential  F.  are  functions  of  coordinate  s,  taken  along 


24 


axis  of  pipe  and  time  t.  Carrier  densities  change,  furthermore,  with  change  of 
distance  of  considered  point  from  axis  of  Dipe,  as  and  in  case  of  uniform  positive 
column. 

Let  U3  consider  a  cylinderical  positive  column.  It  is  assumed  that  follow¬ 
ing  conditions  are  satisfied: 

1)  electrons  and  ions  have  Maxwellian  distribution  by  velocities  at  constant 
by  section  of  column  temperatures  TQ  and  T ; 

2)  recombination  occurs  only  on  wails  of  vessel; 

3)  mean  free  path  of  electrons  and  ions  is  small  as  compared  with  radius 
of  column; 

k)  ionization,  occurs  only  during  single  collision  between  electron  and  atom 
in  the  basic  state,  and  consequently,  rate  of  ionization  does  not  depend  on  con¬ 
centration  of  electrons. 


For  laminar  positive  column  with  those  assumptions  we  have: 
a)  Equations  of  balance  of  carriers 

d~~  +  (W,)  ~  0,  -r  div  (A'„,  W\)  -  ZNP  *  0  (i.i) 

Here  \\\  andU'p  are  vectors  of  drift  velocities  of  electrons  and  ions  having 
constituents  w„,  wfr  and  u>„*.  u>,,r  along  axis  ?  and  radius  r;  accordingly,  Z  - 
number  of  ion  pairs  forced  by  one  electron  in  one  second. 

For  Z  we  write  following  simplified  expression: 


Z{Vt)  -  -d  V~0 * exp.(  —  jjM 

\  «  / 


(1*2) 


In  the  future  we  will  be  limited  to  consideration  of  only  central  region  of 
positive  column  which  allows  to  simplify  problem  by  means  of  its  reduction  to 
a  one-dimension  problem.  In  equations  of  (l.l)  it  is  possible  to  separate  vari¬ 
ables.  Considering,  as  usual,  that  in  a  laminar  positive  column,  for  the  same 
reasons  as  in  quasi-neutral  plasma  of  uniform  column,  radiae  motion  of  carriers 
is  regulated  by  ambipolar  diffusion,  we  obtain  (under  Schottky  boundary  conditions) 


N.  -  n.  (x,  t)  /,(-—) 


Arp  -  n,  (-,  .')  /, 

whtra  n,  (x,  t)  and  n>)  (x,  /)  -  density  of  electrons  and  ions  on  axis  of  dis¬ 

charge,  J$(nr)  -  Bessel  function  of  tero  order,  2.4  -  first  root  of  equation 
So  (Pr)  “0  .  Using  these  relationships  for  N,  and  A',,  taking  into  account  that 

we  now  consider  points  near  axis  of  pipe,  we  will  receive  a  one-dimensional  variant 
of  equations  of  (1.1)  in  the  form 


Here 


-of  +  "37  ("•*“«*)  +  TZ  ~  Zn*  0( 


/  n  v*  l 

T/)  (  2.4  j  ZT'  ^ 


0A 
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■jy  +  -gj  (flpttpx)  -f  —  Zn,  »•  o 
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U  dn  1 
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%  . 

(1.4) 


Quantity  represents  diffusion  life  of  carriers,  R  -  rauius  of  pipe, 

Da  -  ambipolar  diffusion  coefficient,  bp  -  nobility  of  ions,  be  -  mobility  of 
electrons,  U  -  electron  temperature,  expressed  in  electron  volts,  k  -  Boltzmann 
constant,  e  -  charge  of  electron.  In  uniform  positive  column  diffusion  in 
axial  direction  is  completely  compensated.  In  every  cross  section  of  such  a 
colum  the  number  of  ions  appearing  in  volume  is  balanced  by  losses  of  particles 
on  walls  due  to  radial  diffusion.  Condition  of  balance  of  particles  in  this 
case  [93  will  be 

Z  tc  =  1  (1.5) 

In  the  presence  of  striae,  together  with  radial  diffusion  one  should  consider 
axial  diffusion  along  the  positive  column, 
b)  Poisson  equation 


BE  l  dx  =*  4 ne  (np  —  n ,) 


(1.6) 
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c)  Equation  of  energy  conservation  electron  ga3 

ir[n*TU,)  +  4l  [w*  4  Ut)  “  “  n‘u'“E  ~  n'u  (i  1sj 

Pirst  member  on  the  right  in  (1.7)  gives  energy  obtained  by  electrons  from 
electric  field  per  unit  volume  in  unit  of  time;  the  second  member  gives  loss  of 
energy  by  these  electrons  during  collision.  Second  member  on  the  left  expresses 
flow  of  energy  through  considered  volume 


w. 


3  l  M.  J>I 


+ 


(1.8) 


Through  distribution  function  /.  quantities  ft  and  ft*,  entering  in  (1.3)  and 
(l.S)  are  expressed  respectively  [10] 


00  .  00 

ft  =*  ^  utXftdw  I  ^  W*  X/,  dw, 

i  « 


Values  ft  and  ft*  for  various  gases  are  unequal,  which  is  caused  by  depen¬ 
dence  of  cross  section  for  electron-atom  collisions  on  velocity  of  electrons  in 
actual  gases. 

Here  on  the  right  are  given  calculated  values  of  5  and  ft*  for  He,  Ne,  and 
Ar;  here  dependence  of  cross  section  0  on  velocity  was  approximated  in  the  form 
of  a  step  function 


0  =  CjW/ 


lie  No  Ar 

<7  =  —l  1  ? 

6  «•/.  '/.  1 

ft*  =  »/.  »/.  2 


Equations  (1.3),  (1.6),  and  (1.7)  will  be  initial  for  problem.  Analogous 
equations  were  used  for  description  of  mobile  striae  in  works  [5,6].  In  [5]  in 
equations  (1.3)  and  (1.7)  are  omitted  members  containing  product  0e  on  In 
[6]  in  equation  (1.3)  the  member  containing  product  U p  by  0\i\n„  /  Ox,  i3  absent 
and  furthermore,  only  small  rates  are  considered. 

2.  Equations  describing  perturbed  state.  System  of  initial  equations  allows 
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solution  corresponding  to  stationary  (uniform)  state  of  positive  column.  Changes 
appearing  in  striae  ne  and  npi  E  and  Ue  will  be  presented  in  following  form: 

n.  -  n  (1  -f  v,  (x,  1)1,  n,  =  n  [i  -f  Vp  (*,  *)) 

[1  +  tj(x,/)l.  U.  =  U„  11  +  »(x,l)l  (2.1) 

where  n,  Eq,  U!i  characterize  positive  column  in  steady  state,  and  v«.  vp,  rj, 

end  »  describe  perturbation.  Put  (2.1)  in  equations  (1.3),  (1.6)  and  (1.7)  and 

limit  to  case  when  deviation  from  steady  state  is  so  small  that  products  ve,  vr„  r|,  r 

and  squares  of  these  quantities  can  be  disregarded;  we  assume  that  perturbations 

are  subordinated  to  spatial-time  dependence  of  form 

v„  v„  tj*  ~e‘ <**—'> 

In  result  we  obtain 

—  i«v,  / b,  —  lEJcv,  —iEJ£r\  +  £/,0**v*  +  (6  —  */,)  —  U, ok'v  - 

-U.J'{U„)vlb'=  0 

—  tovp/6p+  iEJiv  p  +  +  ^P^*vp  +  T‘lvp/^p  — 

-  z1  (U„)  u„vtb„-  z  (u„)  v. / bp  =  o; 

IE.  kr\  =»  4 nen  (vp  —  v.) 

—  */*  lU*  uv,  —  J/t  1 17^0  WV,—  <61,  EaU,o  k\.  —  ibb'U'O  E0fo)  - 
-  tbb .  E.UJiv  +  bb,  UJ  v.  k-  +  b]b  (6*  -  */J  Uw-  k'v  — 

-  2b.  £,»n  -  <6.  E%V„b>.~  ib,  (6  -  »/t)  E,Utokv  -  0 

Here,  as  and  in  work  [5]  was  not  taken  into  account  change  of  quantity 
coupled  with  change  of  Te.  We  multiply  (2.6)  by  tk;2EJ>.  and  reject  members 
which  contain  be  in  denominator  due  to  their  smallness.  Putting  (2.5)  in  (2.3), 
(2.1),  and  (2.6),  we  obtain 

(—  lEJi  +  4a<«n  -f  U w  kz)  v,  —  4 nenvp  biUn  k*v  —  0  (2.7) 
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Here 


ft,  =  ft  -  */„  60  =  a  (ft*  - »/») 


Conducted  linearization  of  equations  means  that  only  small  amplitudes  of 
waves  are  permissible.  For  comparison  of  results  of  present  calculations  with 
experiment  it  is  possible  to  turn  to  data  of  measurements  of  length  arid  frequency 
of  very  weak  mobile  striae.  Experience  shows  that  generally  in  mobile  striae, 
spread  of  change  of  electric  potential  can  attain  several  volts,  and  electron 
temperature  and  density  of  carriers  can  change  by  more  than  twice  (strong  striae). 
Experimental  investigation  of  discharge  in  helium  showed  that  influence  of  sharp¬ 
ness  of  striae  ore  their  length  and  frequency  is  weakly  manifested.  Therefore, 
it  is  possible  to  assume  that  the  given  formulas  can  be  applied  for  appraisal 
of  shown  quantities  also  in  the  case  of  sufficiently  sharp  striae, 

3.  Dispersion  relationship.  Equations  (2.7),  (2.8),  and  (2.9)  represent 
lineal"  uniform  algebraic  equations  relative  to  v»,  v„  and  v.  From  condition 
of  existence  of  non-trivial  solution  of  these  equations  and  considering  also 
that  for  striae  condition  as  that  shown  in  [5]  is  satisfied 
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after  certain  simple  conversions,  we  find 
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(3.1) 


where  T  =  ft  (6*  —  6).  I«t  us  assume  now  i  =  x  -fid  ,i.e,, 

v„  vp,  rj,  v  • — ■  c~*x  e(  <KX-ui) 


If  •&  >  0,  then  wave  is  weakened  in  positive  direction  (in  direction  from 
anode  to  cathode). 

It  is  easy  to  see  that  after  substitution,  k  —  v.  -f  equation  of  (3.1) 
breaks  up  into  two  equations  which  can  be  obtained  by  means  of  equating  of  real 
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and  imaginary  parts  to  aero. 

On  tha  assumption  that  |0/xl<l,  disregarding  members  above  first  degree, 
we  obtain 
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From  (3.3)  wo  find 
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Expanding  expression  under  the  square  root  sign  in  (3*4)  in  scries,  we  have 
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So  that  for  large  « 
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Proa  (1.2)  follows  relationship 


41  u.*  u.»  « 

<“T77TZ(^)  =  ^x-7'  Vf'*Vt  +  0.W«  (3#?) 

Putting  in  (3.6)  expression  (1.3)  for  t0  and  considering  (3.7),  we  finally 


find 
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Assigning  here  r  —  26,  are  obtain  for  x  Viojaczek’s  expression  f 5 J - 
Action  of  magnetic  fieldBon  plasma  decreases  ambi  polar  diffusion  in  direc¬ 
tion  perpendicular  to  it  in  ratio 
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[w 


1  T  W,  WF  Tj, 
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\  me/ 


Her»st  to  -  gyroraagnetic  frequency,  t  ~  average  time  of  free  path  of  carriers. 
Thus,  in  the  presence  of  magnetic  field  parallel  to  axis  of  positive  column 
quantity  to  differs  from  its  own  value  in  absence  of  field  by  factor  i  -r  o>„to,,T<T,, 
Noting  this,  we  finally  obtain  for  * 


X 


f  (_J«  V  . _ i?'il _ T» 

t\a»~E7>  -r‘„ <■.«■/<*)  J  at,, (3.9) 

Assuming  hero  <*)  — -  0,  we  obtain  dispersion  relationship  for  motionless  striae 
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Hence  when  Z?~0  Chapnik's  formula  is  obtained  [4J.  For  0  from  (3.2)  we  have 
^ *■  k  rn3y*  /  -"Q  ~r  6Wp0  /-o’*"  -  3f  ,„wx  /  'ibn  —  f-  /;«/'  /  i/fl 
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(3.11) 


If  in  (3.11)  instead  of  x  we  substitute  its  expression  from  (3 .4),  we  receive 
bond  between  0  and  w.  General  analysis  of  this  bond  is  difficult.  However 
it  as  easy  oo  see  that  in  two  extreme  cases  corresponding  to  sufficiently  large 
and  small  frequencies,  0  has  negative  value. 

We  will  list  results  of  comparison  of  lengths  of  striae  1  =  lg  calculated 
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Character  of  function  of  length  of  motionless  striae  on  size  of  magnetic 
field  obtained  by  formula  (3.10)  corresponds  to  experimental  data  for  H2,  given 
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CHANGE  OF  ELECTRIC  POTENTIAL  NEAR  WALL  OF  CHANNEL  DURING 
MOTION  OF  IONIZED  GAS  IN  MAGNETIC  FIELD 


G,  A.  Lyubimov 
(Moscow) 


Distribution  of  electric  potential  in  channel  with  conducting  walls 
through  which  gas  moves  in  the  presence  of  magnetic  field  is  usually 
calculated  on  the  basis  of  equations  of  magnetohydrodynamics.  However, 
such  calculation  is  correct  only  for  nucleus  of  flow  and  viscous 
boundary  layers. 

Near  the  walls,  as  was  shown  in  work  [2],  formation  is  p.  sible  of 
layers  adjacent  to  electrode  of  thickness  of  order  of  several  mean 
free  paths  of  the  electron  in  which  sharp  change  of  potential  occurs 
due  to  emitting  properties  of  wall.  Therefore,  a  full  description  of 
electric  processes  in  channel  requires  calculation  of  phenomena,  in 
layers  adjacent  to  electrode. 

In  present  work  problem  of  change  of  potential  in  layer  adjacent  to 
electrodes  is  considered  during  more  general  (as  compared  with  work 
[2])  assumptions  which,  apparently,  are  well  suited  to  flow  of  dense 
gases  and  temperature  of  electrodes  of  order  2500°.  Formulas  are 
derived  allowing  to  calculate  voltampere  characteristic  of  channel 
and  examples  calculations  are  given. 

1.  Change  of  electrical  potential  in  viscous  boundary  layers.  Let  an 
elsctroconductive  liquid  move  in  plane  channel  in  transverse  magnetic  field 
(Fig,  1).  Here,  owing  to  separation  of  charges  in  region  of  flow,  electric  field 
will  be  formed  and  walls  limiting  channel  turn  out  to  be  under  various  potential. 
If  walls  -  conductors  (electrodes)  are  united  through  exte,'nal  load  R,  then,  owing 
to  difference  of  potentials,  induced  by  the  motion  of  liquid  electric  currents 
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will  How  in  external  circuit. * 

For  simplicity  let  channel  have  constant  cross  section,  speed  of  liquid  U 
be  unchanged  along  channel,  magnetic  field  be  constant  (II  =  //0eu, -  const),  and 
electric  conductance  (°)  be  constant.  In  this  case,  if  liquid  is  idea}  (U 
=  const)  electric  field  is  constant  in  channel  and  is  created  by  surface  charges. 
Difference  of  potentials  induced  in  flow,  is  found  from  Ohm's  law  and  is  equal  to 


jR  —  A<p  =  «po  —  — 


(^_L)2o 

uju^L 

<■  ^  a 


(1.1) 


Here  laUll^c  plays  role  of 
emf ,  and  2 aia  —  internal  resistance 
of  equivalent  generator. 

If  liquid  flowing  in  channel  i3 
viscous,  then  on  walls  of  channel 
(electrodes)  a  viscous  boundary  layer 
Fig.  1.  will  be  formed.  In  the  examined  flow, 

viscous  boundary  layer  is  a  charged  layer  [1],  When  I?m  *  density  of  charge 
in  boundary  layer  is  determined  by  relationship 
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a 

4np,  —  —  c"‘Hrotv  (12) 

Furthermore,  if  wall  is  cold,  conductance  of  liquid  in  boundary  layer  can 
be  lower  than  conductance  in  nucleus  of  flow,  and  in  general,  o  =  o  (z).  Presence 
of  spatial  charge  and  changeability  of  conduct, ance  in  boundary  layer  indicate 
that  electric  field  changes  inside  boundary  layer.  General  equations  describing 
change  of  potential  inside  boundary  laysr  in  the  considered  formulation  when 
o  --  o(z)  and  u  =  u(z)  ,  were  obtained  by  A.  B.  Vatazhin. 

In  order  to  graphically  present  a  picture  of  change  of  potential  in  boundary 
layer  and  dependence  of  change  of  potential  across  the  boundary  layer  on  parameters 

*In  the  future  R  is  understood  as  external  resistance  calculated  at  1  cm’ 

of  surface  of  electrode.  If  K0  —  total  external  resistance,  then  R=--SR‘  , 
where  s  —  area  of  electrode. 
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of  the  problem*  let  us  consider  a  model  problem.  We  consider  that  flow  in 
channel  consists  of  nucleus  moving  with  constant  speed,  boundary  layers  of  thickness 
6  (Pig.  2),  and  linear  distribution  of  speeds  on  z  (Couette  flow).  It  is  known 
that  Couette  flow  in  many  respects  simulates  well  the  boundary  layer.  Therefore 
the  simple  relationships  obtained  in  such  a  schematization  of  the  problem  can  be 
used  for  approximate  appraisal  of  change  of  potential  and  other  quantities 
in  boundary  layer. 

From  relationship  (1.2)  it  follows  that  the  viscous  boundary  layer  near 
positive  electrode  is  positively  charged,  and  at  negative  electrode  -  negatively. 
For  determination  of  potential  inside  boundary  layer  it  is  necessary  to  solve 
equation 

p _  ,  _  Ha  du _  llaU 

di1  “  c  dz  ~~  efi  (1.3) 

As  boundary  conditions  during  solution  of  this  equation  it  is  necessary  to 

assign  current  density  on  wall  and 
value  of  potential  on  external  edge 
of  boundary  layer  (at  z-Tfl+6), 
which  is  determined  from  solution  of 
(1.1)  for  nucleus  of  flow.  If  o  = 

=  const,  solution  of  (l.  3)  has  form 


Fig.  2. 


9  =  9^+  when  -«<-<-(«- 6) 

9  =  <Pc-[^^i--7](«-2)  when  *-600  (1#4) 

Qualitative  picture  of  distribution  of  potential  in  channel  i3  presented 
in  Fig.  2. 

From  (1.1)  and  (1.4),  equating  difference  of  potentials  (  «p0  — 9-a  )  induced 
in  flow  to  change  of  potential  on  external  load  jR  following  formulas  can  be 
obtained: 
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(1.5) 


As  will  be.  clear  further,  relationships  of  (1.5)  are  true,  in  general, 
small  currents.  At  large  currents  first  relationship  of  (1.5)  must  be  replaced 
by  relationship  (6. A).  Formulas  (1.4)  and  (1.7)  expressing  change  of  potential 
in  boundary  layer  depend  on  current  density.  Therefore  they  can  be  used  at  any 
currents,  if  current  density  is  found  from  (6.4).  It.  is  natural  that  main  char¬ 
acteristics  of  (1.5)  depending  only  on  flow  rate  decrease  in  the  presence  of 
boundary  layer.  Change  of  potential  across  boundary  layer 
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(1.6) 


Relationship  (1.6)  shows  that  if  conductance  of  gas  inside  boundary  layer 
is  high  (such  as  in  nucleus  of  flow),  then  change  of  potential  across  boundary 
layer  has  order  of  6.  where  at  large  R  (small  currents)  potential  in  boundary 
layer  increases  in  reference  to  nucleus,  but  small  R  (large  currents)  it  dimin¬ 
ishes  ( u **  <  «*)•  Here  if  6/2 a  ~  100,  change  of  potential  in  boundary  layer  is 
of  order  of  US  in  reference  to  emf.  of  nucleus. 

Solution  of  (1.4)  shows  that  inside  boundary  layer  is  point  (-  ~  rh 
in  which  electric  field  equals  zero  {o%!0z  =  0).  At  i  :|  >  s*  we  have  Kex  >  0;  at 
|z|<  z*  takes  place  reverse  inequality  tV,  <  0.  This  is  intelligible,  since 
near  walls  where  speeds  are  small  electric  current  must  be  directed  with  electric 
field (j  ~  and  far  from  walls  where  |E|<  U/f/c,  current  is  directed  against 
electric  field  (this  is  possible  since  emf  acts  in  the  space). 

If  conductance  of  gas  changes  across  boundary  layer  (for  example,  cooled 
wall  and  0  —  0  iT)),  formulas  giving  solution  of  (1.3)  car.  be  written  in  the 
form  (o0  -  conductance  of  nucleus  of  flow) 
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when  0  -  6<:  <<j 
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Relationships  of  (1.7)  show  that  if  resistance  of  cold  boundary  layers  (r°) 
becomes  comparable  with  resistance  of  nucleus,  then  potential  drop  in  boundary 
layer  can  be  very  large  (almost  all  emf  is  extinguished  in  these  layers).  On 
the  other  hand,  increase  of  resistance  of  boundary  layers  can  be  considered  as 
increase  of  effective  external  resistance  if  one  were  to  calculate  emf  and 
difference  of  potentials  by  parameters  of  nucleus  of  flow. 

2.  Presence  of  change  of  potential  in  layer  ad.lacent  to  electrode.  Distri¬ 
bution  of  potential  in  channel  described  by  relationships  of  (1.7)  or  by  those 
analogous  to  them  in  case  of  more  general  formulation  of  problem  takes  place  in 
region  where  usual  relationship  for  current  density 


j  =  <j  (E  c~l  %•  x  li) 


(2.1) 


As  wa3  shown  in  [2],  this  relationship  can  be  used  at  distances  of  the  order 
of  several  mean  paths  of  electrons  from  boundary  wall  through  which  current  is 
fed  (or  withdrawn).  Therefore,  near  surface  of  electrode  formation  of  narrow 
layers  is  possible  in  which  potential  sharply  changes.  The  average  speed  of 
liquid  in  these  layers  is  equal  to  zero.  These  narrow  regions  of  variation  of 
potential  will  be  called  layers  adjacent  to  electrodes. 


Formation  of  layers  adjacent  to  electrodes  is  due  to  emitting  properties  of 
wall  [2].  Indication  of  existence  of  such  layers,  and  also  certain  considerations 

about  dependence  of  potential  drop  in  them  on  physical  processes  at  the  gas  - 
solid  interface,  are  contained  in  works  [3,  U]»  Possible  connection  between 
change  of  potential  in  layer  adjacent  to  electrode  with  emitting  properties  of 
electrode  and  corresponding  changes  of  boundary  conditions  for  internal  problem 
is  indicated  in  [2]. 


37 


In  work  [2]  in  expression  of  change  of  potential  in  layer  adjacent  to  elec¬ 
trode  through  emitting  properties  of  electrode  and  other  parameters  of  problem, 
a  series  of  assumptions  is  made.  In  prosent  work  this  problem  is  considered 
under  less  rigid  assumptions. 

3.  Forms  of  electron  amlosiom.  We  will  assume  everywhere  in  the  future 
that  parameters  of  the  problem  (pressure,  temperature,  degree  of  ionization, 
and  others)  are  such  that  current  density  is  determined  only  by  electron 
component  (ions  do  not  have  average  speed  across  flow).  Under  these  conditions 
current  density  flowing  through  liquid  (gas)  is  determined  to  a  significant 
degree  by  quantity  of  electrons  emitted  from  surface  of  electrode.  In  considered 
problem  (Fig.  1)  electrons  enter  gas  from  positive  electrode  and  depart  from 
gas  through  negative  electrode. 

Current  density  of  electrons  emitted  from  surfaco  in  absence  of  external 
electric  field  depends  on  temperature  of  surface  and  work  function  of  material 
of  electrode  [5] 

/.  -  AT'  exp  {-  g}  -  AT'  exp  }-  '^}  (3J) 

Here  T  -  temperature  of  surface  of  emitter,  e  -  charge  of  electron,  k  - 
Boltsmann  constant,  <p  -  work  function  in  volts,  and  A  ~  eeastant,  which  for 
netals  without  calculation  of  thermal  expansion  is  equal  to  120  a/cm2•degroo‘,-. 
Generally  this  experimental  constant,  depending  on  material  of  emitter  (value 
of  A  for  various  materials,  can  be  found,  for  oxample,  in  table  given  in  [53. 

Presence  of  electric  field  accelerating  electrons  at  surface  of  emitter 
leads  to  decrease  of  effective  work  function  (Schottky  effect).  Current  density 
of  emission  is  determined  with  this  relationship 


/. 
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A1  expj-if  +  —kT  -  '17  exp  j  t~-  ■ r  V L  (3#2) 


If  near  surface  of  emitter  there  is  electric  field  braking  electrons  and 
potential  of  electric  field  is  minimum  near  surface  of  emitter,  then  part  of 


electrons  emitted  by  surface  will  be  reflected  from  potential  barrier  to  outside 
of  emitter.  Current  density  of  electrons  passing  potential  barrier  will  be  deter 
mined  by  relationship  [5] 
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Here  W  -  height  of  potential  barrier  outside  surface  of  emitter  in  volts. 

We  will  consider  that  space  charge  inside  layer  adjacent  to  electrode  is  absent. 
Then  electric  field  inside  this  layer  is  constant,  and  distribution  of  potential 
on  gas  -  electrode  interface  ha3  form  shown  in  Tig.  3«  Here,  electric  field  in 
(3.2)  is  determined  as 


d 


(3.4) 


where  d  -  thickness  of  layer,  adjacent  to  electrodes  —  change  of  potential 
in  layer  adjacent  to  electrode. 


Fig.  3. 


For  thickness  of  layer  adjacent 
to  electrodes  (d)  we  will  take  Debye 
length  in  the  future 


(  kT  V' 

Uxe'nl  (3. 5 


Assumptions  (3. u)  -  (3.5)  need, 


in  general,  justification  and  more 

precise  definition.  But  it  is  possible  to  think  that  E  determined  by  (3.4) 
characterizes  in  a  certain  sense  average  electric  field  inside  the  layer. 

Thickness  of  layer  adjacent  to  electrodes  coincides  with  Debye  length  (3.5) 
during  absence  of  current.  Question  of  thickness  of  layer  adjacent  to  electrode 
in  the  presence  of  current  is  unanswered.  Perhaps  this  thickness  will  be  less 
than  Debye  length.  Certain  considerations  on  this  account  are  contained  in  [6], 
Potential  inside  layer  adjacent  to  electrodes  wil3  be  measured  from  potential 
of  surface  of  wall  (point  A  on  Pig.  3).  Here,  <j±  and  W  .ill  give  change  of 
potential  in  layer  adjacent  to  electrodes. 
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A.  Gas  -  wall  contact  potentials  during  absence  of  currents  Let  ionized 
gas  border  on  surface  of  a  solid.  If  temperature  of  solid  T  =/=  0  and  solid  is 
a  conductor,  then  from  surface  of  solid  electrons  are  emitted  according  to  law 
(3.1).  On  the  other  hand,  if  gas  and  solid  are  in  state  of  thermodynamic  equilib¬ 
rium,  then  temperature  of  gas  near  solid  is  equal  to  temperature  of  solid,  tem¬ 
peratures  of  components  (electrons,  ions,  neutral})  coincide,  and  distribution 
of  particles  of  gas,  according  to  velocities  inside  components,  is  Maxwellian. 

Here  the  number  of  charged  particles  (Ne,  )  coming  to  wall  from  gas  is 

accordingly  equal  to 


(4.1) 


Here  n  ,  n.  -  number  of  electrons  and  ions  per  unit  of  volume  near  solid. 

0  ‘JL 

In  the  future  we  will  disregard  Ji,  r»ince  mt  and  nr  —  nf. 

In  general  i  ~  Here,  since  total  current  on  gas  -  solid  interface  is 
equal  to  zero,  near  surface  of  solid  layer  of  thickness  d,  will  be  formed  inside 
which  potential  changes  from  value  on  solid  to  value  in  gas.  Here,  if  i»i>  it  t 
distribution  of  potential  is  such  that  it  brakes  emitted  electrons.  Distribution 
of  potential  in  channel  represented  in  Fig.  1  in  this  case  has  form  depicted 
in  Fig.  4a  at  velocity  of  gas  equal  to  zero,  and  form  depicted  in  Fig.  4b  at 
6  0.  Change  of  potent:  al  in  layer  adjacent  to  electrodee  in  this  case  (W0), 

as  follows  from  (3.1),  (3.3),  and  (4.1)  is  found  from  o  vjxitt t»  ion 

,4 P  exp  (-  (O  +  H'.)}  =  n.  e  ^ 

At  j ,  <  it  electrons  coming  to  wall  from  gas  are  braked  (distribution  of 
potential  in  this  case  is  represented  in  Fig.  4c),  From  (3.2)  and  (4.1)  it 


follows  that 


A1"  “P  {-  T ®  -  T  -  ■*/£■  c,P  {. 


llfiort  \ 
‘  T'V"I 


An  analogous  approach  to  calculation  of  difference  of  electrode 
potentials  is  contained  in  [?]. 

Boundary  between  (4.2)  and  (4.3)  is  determined  from  equation 


(4.3) 

gas 


/* 


(4.4) 


In  subsequent  calculations,  as  working  gas  argon  with  addition  of  0.1$ 
potassium  is  examined.  Density  of  electrons  is  calculated  by  the  Saha  formula 
at  a  temperature  equal  to  temperature  of  wall.  For  this  working  mixture  one 
can  determine  from  (4.4)  dependence  of  boundary  value  of  pressure  ( p *)  on  tem¬ 
perature  and  material  of  wall  (ionization  potential  of  potassium  Uj.  =  4.34 v)» 

When  P  <  P*  case  (4.2)  applies;  when  p  >  />*  _  case  (4.3). 

In  order  to  obtain  a  presentation  of  orders  of  magnitudes,  we  lint  values 
of  pressure  p9.  am.  Hg  column  as  functions  of  T  for  tungsten  (A  =  120  a/cm^.  degree 
•i>  =  4.52  v)  and  graphite  [8]  (A  =  5.93  a/cm2*  deg.2,  -  3.93  v). 


T  =  3000 

2900 

2800 

2700 

2600 

2500 

p*  «  1 .52 

0.88 

0.48 

0.25 

0.19 

0.00 

tungsten 

p*  =  6.64 

3.28 

1.52 

0.68 

0.28 

0.11 

graphite 

For  the  same  materials,  values  of  contact  potentials  of  difference  of  gas  ~ 
solid  calculated  for  working  mixture  +  0.1  %  K)  at  pressure  0.1  anm  are: 


T  =  3000 

2900 

280C 

2700 

2600 

2500 

<p0  =  Q.25 

0.33 

0.41 

0.49 

0.57 

0.65  tungsten 

<Po  =  0.43 

0.48 

0.54 

0,60 

0.65 

0  72  graphite 

Let  us  note  that  <p0  (or  W0)  represents  potential  of  gas  in  reference  to 
surface  of  3olid.  In  order  to  find  difference  of  potentials  between  gas  and  the 
mass  of  solid,  it  is  necessary  to  <p#0^o)  to  add  height  of  potential  barrier  of 


solid  H’„  =  <t>  +  W'f  [W,  —  the  greatest  value  of  energy  of  electrons  in  metal  at 
absolute  cero). 


i>.  Change  of  potential  In  layers  ad.lacont  to  electrodes  in  the  presence 
of  current.  Let  external  resistance  R  be  other  than  infinity.  Then  daring 
motion  of  gas  in  channel  in  external  circuit  and  in  gas  electric  currents  will 
flow.  If  through  c0  is  designated  average  velocity  of  electrons  across  channel, 
then 


It  is  clear  that  in  situation  depicted  in  Fig.  1  flow  of  electrons  from 
gas  tc  poeitive  electrode  will  decrease,  and  to  negative  -  will  increase. 

Difference  of  flows  of  electrons  from  surface  of  solid  and  from  gas  should 
equal  current  density  j  flowing  in  system.  Thus,  relationships* 

/»»  ~  /•  /»-  /»-  ~ )  (5.2) 

Here  jJt,  /,.  —  current  density  from  positive  and  negative  electrodes 
respectively,  and 

U t  -  ( T± )  exp  {-~  <f±}  when  f±  <  0 

f,t  =/,(r±)exp{nr-'(/-i-}  <f±>0  (5.3) 

where  T+,  T_-  temperature  of  positive  and  negative  electrodes,  and  f. .  9-  —  change 
of  potential  in  layers  adjacent  to  electrodes  in  the  presence  of  current.  Change 
of  potenital  in  layers  adjacent  to  electrodes  (<r.,<?-)  is  considered  negative 
if  potential  in  layer  diminiahua  in  reference  to  potential  of  surface  of  wall, 
otherwise  9.*  9-  are  positive. 

If  electrons  have  average  velocity  in  direction  from  positive  electrode 
to  negative  and  have  Kaxwellian  distribution  according  to  velocities,  then 

•Note  that  if  flow  of  ions  to  wall  is  not  disregarded,  relationships  of 

(5.2)  take  form  +  /«-  —  >*-  —  h *=/  f  where  '>  is  determined  by  (4.1). 

It  is  evident  that  influence  of  ion  current  exists  only  at  small  current  densities 
;  <  h 


►'  a.'bsr  of  electrons  pass Ar.g  frost  gas  to  electrodes,  if  change  of  potential  in 

both  layers  adjacent  to  electrodes 
is  negative  (electrons  proceeding  from 
gas  do  not  encounter  potential  barrier; 
distribution  of  potential  is  qualita¬ 
tive  as  in  Fig.  5a),  i3 


— ~~  [  (u  ~r  «o)e*P  - 

t'o  y  Jl  J 

[m  EZT  m() 


!<■» 
2  *7V 


_“1  da 

f  u‘ 


V  = 


(5.4) 


Such  a  situation  takes  place  at  small  currents  when  potential  of  gas  in 
respect  to  solid  at  j  =  0  is  negative  (4.2).  If  in  the  same  case  large  currents 
flow,  then  in  layer  adjacent  to  electrodes  on  positive  electrode  the  change  of 
potential  becomes  positive  (Fig.  5b  ).  Here  electrons  passing  to  positive  elec¬ 
trode  from  gas  encounter  potential  barrier  Electrons  passing  to  negative 

electrode  do  not  encounter  barrier.  Consequently, 


n±** = (u  ~ eo)  cxp  {"  -$}  du> 1 = + vr~t ’  >  0 

03 

“  — 75  5  <“  +  c»>  "p  {-  mr}  *'•  *-<°  (5.5) 


If  during  absence  of  current  potential  of  gas  relative  to  electrode  is 
positives,  then  at  /  =4  0  distribution  of  potential  has  form  as  in  Fig.  5c, 
and  number  of  electrons  passing  from  gas  to  electrodes  is 


** 


-~r=  \(u4  c0)  exp  f  -  -~’-J  du,  C  =  V  —  ± 

r, }  a  •’  1  *  o  J  r  m  — 


f  2*?+ 


(5.6) 


Using  relationship  (5.1)  and  (5.4)  -  (5.6),  it  i3  easy  to  obtain  expression 
for  />*•  appearing  in  equations  of  (5.2) 

1±:  =  U  exp  {-  n1  **  (ir/S)] 

/+in  =  /*cxp{'  }±  (5-7) 
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(5.8) 


In  these  relationships  j0  is  determined  by  (4.1). 

Relationships  (5.2)  after  substitution  in  them  of  (5.3)  and  (5.7)  -  (5.9) 
can  serve  as  expression  of  change  of  potential  in  layers  adjacent  to  electrodes 
<p_,  <T-  through  current  density  j. 

If  (/  /  en)1  2cy±! :n,  then  in  (5.8)  it  is  possible  to  reject  correspon¬ 

ding  members  in  arguments  of  the  funct.'  'ns. 

Dependence  of  <r.  and  <r.  on  j  for  various  temperatures,  if  electrodes 
are  graphite  [8],  is  represented  in  Figs.  6  and  7.  (Working  mixture  is  Ar-  o  i\,  k. 

p  ti.i  atm.)  For  graphite  electrodes  at  temperatures  below  3000°  in  absence 
of  current  case  (4*3)  occurs. 

In  Fig.  6  curves  for  which  «r<<To.give  change  of  potential  in  layer  adjacent 
to  electrodes  on  negative  electrode,  and  curves  for  which  «>q...  -  on  positive 
electrode  (in  Fig.  6  are  depicted  only  initial  sections  of  these  curves),  in 
Fig.  7  are  presented  carves  of  ? .  =  <M/)  for  large  j. 


Fig.  6.  Fig.  7. 

Figs.  6,  7  show  that  change  of  potential  in  layer  adjacent  to  electrodes  on 
negative  electrode  (<F~)  weakly  depends  on  amount  of  current  j.  Furthermore, 
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since  this  change  has  order  of  tenths  of  one  volt,  then  it,  in  a  number  of  cases, 
can  be  disregarded  during  determination  of  difference  of  potentials  oetween 
electrodes.  Change  of  potential  in  layer  adjacent  to  electrodes  on  positive 
electrode  W*)  changes  relatively  little  to  currents  /—/,•  where  at 

iCij  .  At  />/»  change  of  potential  <p.  grows  quickly  with  increase  of  current 
and  this  build-up  is  faster  the  lower  the  temperature  of  electrode.  This  is 
coupled  with  the  fact  that  increase  of  current  at  />/,•  is  related  to  Schottky 
effect  and  requires  presence  of  large  electric  field  near  electrode. 

In  Fig.  6  on  axis  of  ordinates  points  are  not  marked  corresponding  to  emis¬ 
sion  current  (/,  ~  13.41  a/cra^  for  T  =  3000°  and  4  =  7.6  a/cm2  for  T  =  2900°, 

6.  Volt-ampere  characteristic  of  channel.  In  formulas  (1,1),  (1.5),  and 
(1.7),  during  expression  of  current  (j)  through  external  resistance  and  emf, 
change  of  potential  was  not  considered  in  layers  adjacent  to  electrodes.  Here 
volt-ampere  characteristic  of  channel  had  form 


[K  ~'r  r)j~% 


(6.1) 


Proceeding  thus,  they  are  deflected  away  from  emitting  layer  of  electrode. 

It  is  assumed  that  "necessary"  current  density  determined  by  (6.1)  is  ensured  by 
emission  of  electrode.  In  order  to  write  expression  for  volt-ampere  characteristic 
taking  into  account  emitting  layers  of  electrode,  it  is  necessary  to  set  up  laws 
of  emission  of  electrode  and  to  determine  change  of  potential  in  layers  adjacent 
to  electrode  [2]. 

Distribution  of  potential  in  channel  under  the  conditions  with  which  (4.3) 
takes  place  in  absence  of  current  is  presented  in  Fig.  8. (These  conditions  corre¬ 
spond  to  calculations  of  section  5  for  graphite  electrodes  [8j  and  working 
mixture  cf  Ar  +  0,1^  K  at  p  =  0.1  atm). 

Difference  of  potentials  on  external  load,  on  the  one  hand,  is  equal  to 


Ta  —  q?e  -=  fR 


A  q 

•4*1  a 


(6.2) 


■1)  w 
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On  the  other  to 

q>A— <p«  =  S—  rj  —  <p^  qp_  <D^  —  <D_  (6.3) 

From  (6.2)  and  (6.3)  we  obtain  volt^ampere  characteristic  of  channel 

(//  +  r)/=#--<p+0\^)+cp_0\rj  +  ®.  ~ (6. A) 

This  relationship  shows  that  calculation  of  Knitting  properties  of  electrodes 

indicates  that  volt-ampere  character¬ 
istic  becomes  nonlinear. 

Relationship  (6.4)  shows  that 
from  the  standpoint  of  obtaining  ].arge 
currents  at  the  same  emf  '£  ,  it  is 
advantageous  for  the  positive  electrode 
to  have  a  larger  work  function  than  negative  (‘I1.  >  <&-)•  Let  us  note  that 

this  conclusion  refers  to  the  case  when  <p_  >  0.  At  small  work  function  of  nega¬ 
tive  electrode  <p_  can  be  less  than  zero  for  all  j  or  at  j  larger  than  a  certain 
value.  Under  these  conditions  it  is  more  profitable  to  have  negative  electrode 
with  low  work  function.  Furthermore,  since  (see  Figs.  6,  7) 

9.  (/>  ^i)  <9.  (/•  Tt),  <p_  (/.  TJ  >  <pj  (/,  T,)  when  ^>7", 


it  is  profitable  to  heat  positive  electrode,  and  t.o  cool  negative.  But  since 
work  functions  of  various  materials  differ  by  amounts  of  order  of  several  volts 
and  change  of  potential  9-  has  order  of  tenths  of  one  folt  in  a  wide  range  of 
temperatures  changes  then  in  a  number  of  cases  (when  E  larger  or  of  the  order 
of  tens  of  volts)  during  calculations  it  is  possible  to  consider  =  O.  and 
T¥  =T_  .  Here 

(R  -f  r)  /  =  <$  —  <p.  (/,  T)  f  <p_  ( j ,  T)  (6.5) 

Here  T  -  temperature  of  positive  electrode.  Relationship  (6.5)  will  be 
accurate  if  7\  =  T_  =  T  and  material  of  electrodes  is  identical.  These 
conditions  in  the  future  will  be  assumed  fulfilled. 


In  Figs.  9  and  10  are  presented  volt-ampere  characteristics  oi  channel 


calculated  by  (6.5).  During  calculation  it  was  assumed  that  velocity  profile 
in  channel  has  form 

«/«0  =  (i  -  \y\/a\''' 

where  u  -  1  km/sec  -  velocity  on  axis  of  channel;  profile  of  temperatures 
resembles  velocity  profile;  working  mixture  is  Ar  +  0*1  %  K,  temperature  on  axis 
of  channel  T0  =  3000°;  electrode  materials  is  graphite  [8]  (A  =  5.93  a/cm^*  deg^. 

=  3.93  v)»  external  resistance  R  =  0.  Fig.  9  corresponds  to  channel  of  width 
2a  =  h0  cm,  Fig.  10  -  channel  la  =  400  cm. 

Fig.  9  shows  that  during  calculation  of  influence  of  electric  field  of  layer 
adjacent  to  electrodes  on  emission  of  electrons  from  electrodes,  section  of 
saturation  current  [2]  is  absent  in  volt-ampere  characteristic.  Volt-ampere 
characteristic  has  nearly  rectilnear  section  (6.1)  at  currents  /  ~ />  .  At 
larger  currents,  volt-ampere  characteristic  is  nearly  straight,  but  angle  of 
inclination  is  less  than  on  initial  section.  This  attests  to  fact  that  presence 
of  layers  adjacent  to  electrodes  can  be  considered  as  increase  of  equivalent 
internal  . esistance  of  channel  (r*  =  '!//)•  Thus,  r#  is  almost  constant 

for  small  and  large  currents,  with  the  exception  of  a  narrow  (by  currents) 
transitional  section  of  volt-ampere  characteristic. 

Since  increase  of  resistance  owing  to  layers  adjacent  to  electrodes,  roughly 
speaking,  depends  only  on  magnitude  of  current  j,  its  contribution  to  r*  i3  less, 
the  greater  the  internal  resistance  of  the  channel.  This  situation  is  illustrated 
in  Fig.  10  (internal  resistance  of  channel  corresponding  to  this  figure  is  ten 
times  greater  than  channel  corresponding  to  (Fig.  9).  Fig.  10  shows  that  volt- 
ampere  characteristics  for  channel  is  400  cm  closer  to  rectilinear  characteristics 
of  (6.1)  than  to  characteristic  of  channel  2a  =  40  cm.  (Volt-ampere  character¬ 
istics  of  (6.1),  for  various  temperatures,  are  tangential  to  corresponding  curves 
in  Figs.  9,  10  at  origin  of  coordinates) . 

In  Fig.  11  is  shown  dependence  of  volt-ampere  characteristic  on  amount  of 
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load  (R,  ohm)  for  T  =  2700°.  Under  these  conditions,  r  =  6.923  ohm.  In  this 
figure  are  given  characteristics  of  (6.1)  by  dotted  line.  With  growth  of  external 
resistance  volt-ampere  characteristic  approaches  rectilinear  of  (6.1). 

7.  Discussion  of  results.  Motion  of  ionized  gas  in  channel  in  transverse 
magnetic  field  is  accompanied  by  appearance  of  electric  field.  Here  walls  of 
channel  are  under  various  electric  potentials.  If  walls  of  channel  (Fig.  1)  are 
connected  through  extomal  load,  currents  can  flow  in  gas  and  in  external  circuit. 

Flow  of  current  in  channel  is  due  to  the  fact  that  electrons  enter  the  gas 
space  through  one  of  walls  (positive  electrode)  and  leave  the  ga3  through  the 
other  wall  (negative  electrode),  ensuring  thereby,  continuity  of  flow  lines. 

It  is  natural  therefore,  that  amount  of  current  flowing  in  system  and  difference 
of  potentials  on  external  load  depend  not  only  on  hydrodynamic  and  electric 
parameters  of  flow  and  external  circuit,  but  also  or.  mechanism  of  electrons 
transfer  at  the  interface  of  gas  and  electrodes. 

Quantity  of  electrons  entering  gas  from  surface  of  electrode  depends  on 
emitting  properties  of  material  of  electrode,  which  one  can  determine  by  two 
constants  >v  and  A,  from  temperature  of  electrode,  and  from  amount  of  electric 
field  near  surface  of  electrode).  Electric  field  near  surface  of  electrode  is 
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determined  by  structure  (distribution  of  charge*  thickness  etc.)  of  layer 
adjacent  to  electrodes. 

Difference  of  potentials  on  external  load  is  determined  by  change  of  potential 
in  various  regions  of  flow  and  is  given  by  relationship  (6,3).  Amount  of  current 
flowing  in  system  is  given  by  (6 .4). 

Relationship  (6.4)  shows  that  for  solution  of  problem  it  is  necessary  bo 
know  relationship  between  changes  cf  potential  in  layers  adjacent  to  electrodes 
(<{*,  q-)  and  other  quantities  determining  the  problem.  It  is  clear  that  this 

relationship  essentially  must  depend  on  emitting  properties  of  electrode.  Char¬ 
acter  of  dependence  of  <?.  and  T  on  parameters  determining  problem  (material 
of  electrode,  its  temperatxire  and  pressure  in  gas  flow,  speed  etc.)  can  be  fixed 
either  experimentally  or  theoretically. 

In  work  [2]  and  in  present  work  is  shown  how  to  establish  similar  relation¬ 
ship  on  basis  of  certain  systems  of  assumptions  regarding  properties  of  the 
surface  of  electrode  and  flow  of  gas.  Comparing  results  of  these  works,  we  see 
that  final  result  depends  essentially  on  character  of  assumptions  made.  It 
is  necessary  to  say  that  assumptions  made  here  are  very  close  to  conditions 
taking  place  during  flow  cf  gas  in  channels  and  apparently,  are  well  observed 
during  flow  of  dense  gase3  and  rather  high  temperatures  of  electrodes  (T  V  2500°). 
Absence  of  experimental  data  on  gas  flews  under  such  conditions  does  not  allow 
to  compare  results  of  theory  with  experiment. 

Calculations  show  that  at  temperatures  below  2500°  and  current  densities  of 
order  of  several  amperes,  potential  drop  in  layers  adjacent  to  electrodes  becomes 
order  of  tens  of  volts.  Electric  fields  active  here  in  the  layer  adjacent  to 
electrodes  attain  values  of  Hr  -  10°v/cm.  With  such  fields.,  assumptions  made 
here  will  apparently  not  hold  true. 

At  fields  of  order  10^  v/cm  considerable  field  emission  is  possible  [93 • 
Although,  theoretically,  field  emission  occurs  during  fields  of  order  lef  v/cm. 


but  experimental  data  show  [5]  that  considerable  field  emission,  especially  with 
poor  electrode  surfaces,  is  possible  during  fields  as  small  as(  106  v/cm. 
Furthermore,  during  large  accelerating  fields,  electrons  in  layer  adjacent  to 
electrodes  are  accelerated  to  energies  higher  than  gas  ionization  potential  and, 
consequently,  can  ionize  gas  by  means  of  collision.  Here,  density  of  charged 
particles  near  electrode  can  differ  considerably  from  density  given  by  Saha 
formula  and  accepted  in  present  work.  Finally,  ions  accelerated  in  large  electri¬ 
cal  fields  colliding  with  the  surface  of  the  electrode  can  knock  out  additional 
electrons  and  thereby  increase  density  of  emitting  current  [3].  Density  of  ionic 
current  here  can  be  small. 

Given  considerations  indicate  that  at  low  temperatures  of  electrodes  a 
more  detailed  examination  of  processes  occurring  in  layers  adjacent  to  electrodes 
is  needed.  At  the  same  time,  since  theoretical  description  of  above-mentioned 
processes  cannot  be  done  in  an  exhausting  manner,  during  the  study  of  these  pro¬ 
cesses  it  is  necessary,  apparently,  to  use  experimental  data. 
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ROTATIONAL  RELAXATION  IN  PLANE-PARALLEL  RAREFACTION  WAVE 


V.  H,  Arkhipov  and  L,  I.  Severinov 
(Moscow) 


Influence  of  relaxation  on  flow  parameters  in  plane-parallel  rare¬ 
faction  wave  formed  during  supersonic  flow  around  a  blunt  point  was 
investigated  in  linear  placement  only  for  slight  deviation  from 
equilibrium  [1]  end  for  small  deviation  from  frozen  flow  [2].  Generally, 
without  these  limitations  it  can  be  investigated  only  by  nonlinear 
method.  Here  such  investigation  is  conducted  by  method  of  character¬ 
istics. 

Subject  of  investigation  is  rotary  relaxation.  Study  of  this  form 
of  relaxation  in  flow  of  gas  is  mathematically  the  most  simple;  here 
it  is  possible,  comparatively  easily,  to  obtain  visible  results  illus¬ 
trating  influence  of  relaxation  on  flow.  At  the  name  time  mathematical 
peculiarities  of  solution  of  the  problem  related  to  calculation  of 
relaxation  and  also  qualitative  results  have  general  character  for  all 
forms  of  relaxation. 

During  investigation  of  structure  of  shock  waves,  rotational  relaxa¬ 
tion  is  usually  disregarded.  However,  in  rarefaction  waves  it  can 
play  a  large  role,  as  was  shown  by  Wood  and  Parker  [3]  in  example  of 
one-dimensional,  non-stationory  rarefaction  wave.  Furthermore,  theoret¬ 
ical  [A]  and  experimental  [53  results  recently  were  obtained  allowing 
to  think  that  time  of  rotational  relaxation  (and,  consequently,  its 
influence  on  flow)  is  increased  with  rise  of  temperature.  In  connection 
with  this  below  is  also  investigated  influence  of  amount  of  time  of 
relaxation  on  character  of  flow  in  rarefaction  wave. 

1.  Fundamental  equations.  We  will  take  thermodynamic  circuit  used  in  [3 J . 

We  will  introduce  polar  coordinates  np  with  beginning  of  reference  at.  vortex  of 
parallel  to  left  side  of  the  angle.  We  will  make  typical  velocity  angle.  Angle 
<f  will  be  reckonod  from  initial  direction  of  velocity  vector,  frozen  speed  of 


of  sound  dj,  in  incident  flow,  and  characteristic  time  of  problem  r0  (as  t0  it  is 
possible  to  select,  for  example,  time  for  which  sonic  disturbance  of  high  rate 
passes  distance  of  1  cm).  We  will  introduce  further  dimensionless  variables  by 
formulas 
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P*  = 
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cpi  -  u 

(t  ~  Up,  a\  =  r/  Po  /  Po-  T/  =  Cp/  /  Cf /.  Cp  -  Cpi  +  Ci,  Cpi  -  cv,  -f  /?). 


Here  /0  -  parameters  of  incident  flow;  T  -  progressive  temperature; 

0  -  internal  temperature,  T  -  relaxation  time;cP/.  /.  c(  _  specific  heat 

capacities  assumed  constant;  p —  pressure;  p—  density;  S  -  entropy;  ut,  uz  — 
~  radial  and  transverse  components  of  velocity;  a/  —  frozen  speed  of  sound; 

R  -  gas  constant. 

In  the  future  we  will  disregard  viscosity,  thermal  conductivity,  and 
diffusion. 

Equations  of  motion  of  compressible  liquid  and  equation  of  relaxation 
have  form  (index  x  is  omitted) 


pu,+  r-?r-  +  -^-=0 

'pur  ~dr~pu*  +  pu*  + 17 17  ~  0 

-ar  + pUr  u* +  rpUr  sr  +  iT  ^  =  0 


ay  .  ay 

ru'  Tr  +  a*  “ 

ae  ,  a© 

IT  +  a* " 


rC({r-8)* 

TQx 

r{T  —  6) 


These  equations  allow  integral 


T/  P 
T/-1  P 


+  Ct  (0  -  1)  + 


T/K* 


(1.1) 


2 


•■=  const 


(1.2) 


System  (1.1)  is  closed  by  equations 


S  =cpi  In  T  -f-  ci  In  0  —  In  p,  p  =  pT 


(1.3) 


2.  Characteristics.  Boundary  conditions.  Two  families  exist  of  character¬ 
istics  of  system  (1.1),  differential  equations  of  which  are 


r  (^)±-  tg(?~  «p±a,) 


(2.1) 


Along  characteristics  are  satisfied  conditions 


(2.2) 


Here  P  —  angle  of  inclination  of  velocity  vector  to  initial  direction 


ot,=  arcsin-J-,  a,*  «  “ 


(2.3) 


Along  lives  of  flow  equations  of  which  rcfy  /  dr  —  t*n  (y  —  p),  are  satisfied 


conditions 


ds  ct(r-e)« 

IF  ”  rxOKcos(3— <p)’ 


d9  T  —  e 

dr  Kt  cos  (P  —  <fj 


(2.4) 


Flow  of  gas  remains  uniform  to  characteristic 

9  =  <p,  =  arc  sin  (a;,/  V,) 

Therefore  boundary  conditions  at  <p  =  90  can  be  written  in  the  form 


V  *=  p  =  5=0,  p«p  =  r=  8=a/  =  l 


(2.5) 


Let  <p*  —  angle  of  inclination  of  second  side  of  angle  («?*  <  0)-  Then 

P  (r,  <p*)  ==  (2.6) 

Further  in  calculations  everywhere  is  taken  t  =  1  /  Ap,  where  A  -  relation 
of  characteristic  time  of  problem  to  characteristic  time  of  relaxation. 

3.  Maximum  form  of  equations  at  r  ->  0..  In  limit  at  r -.  0  equations  (l»l) 


will  be  turned  into  system  of  ordinary  differential  equations  describing  Prandtl  - 
Mayer  supersonic  frozen  flow.  System  has  form 


+•  =0,  -  pV  +  ?W  %  -  0 

pV^+p •<‘'°“'°  +  Ti%  =  0 


0*0  ••  • 
p  «r 


VO* 


(3.1) 


Here  and  in  the  future  index  °  designates  function  at  r  =  0.  Solution  of 
this  system  for  9*  ^  9  ^  9o  has  form 


’  7/ —  l  * 

u,°  =  —  XK,  cos  a,  p°  = 
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/jpo  _  _ _ 

cos’  a#  *  a/ 

a  =  X  ((p0  -  <p)  -}-  a„  X  =  ^ •  «  =  ^ZT 

*««,*=  x/vv-  i 


(3.2) 


In  region  9"*  <  9  <  9*  parameters  of  state  and  motion  of  gas  are  constant : 

/  (9)  =  /  (9*)  —  /*•  Angle  9*  is  determined  from  equality  P  (9*)  =  9*' 

A.  Characteristic  variables.  We  will  introduce  characteristic  variables 
l  and  n  (|  is  constant  throughout  characteristic  of  first  family,  t]  is  constant 
throughout  characteristic  of  second  family).  Let  tj  =  r  at  9  =  9*»  8  £  =  9 at  r  —  0; 
equations  (2.1),  (2.2),  (2. A)  will  take  form 


np,  =  tg  (p  —  «p  +  a,)  r„,  r<fc  =  tg  (p  —  9  —  a,)  r* 


Pn^tga,  +  T/py*P*=  ~ 


—  PlCtga,  +  T/PHk  = 


M^iC{{T  —  e)pprn 
Tc^cos  O-9 +  3^ 

AT/g/c<(7’  — 

rVfC0B(P  -*-“/) 


V5*r,  cos  (P  —  9  —  a/)  +  cos  (B  —  f  +  cq)  « 
■=  2A  cos  a.jp  (J  —  0  )*rtr. 


( A .  1 ) 
(A. 2) 
(A. 3) 


(A. A) 


V&  tr„  cos  (p  —  f  —  oy)  +  V0  cos  (p  —  9  -f  cq)  «= 
**  2A  cos  otyp  (7*  —  0)  r^r. 


(A,  5) 
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Boundary  conditions  are: 


f  =  $,  r  =  0,  0  =  0  at  n  =  0;  9  =  <p0,  r  =  t),  V  =  V„  S  =  p  =  0 

fl/s=6  =  p  =  p  =  T  =1  &t  £  *= 

5.  Derivatives*  For  study  of  solution  in  environment  of  point  r  =0it  i3 
important  to  know  derivatives  of  this  point .  In  region  ^  <  <P»  we  will  deter¬ 

mine  characteristic  derivatives*  We  differentiate  equations  (4.1),  (4.3)  -  (4*5) 
by  n.  equation  (4.2)  by  l  . 


Fig.  1. 

and  let  us  turn  to  limit  at  rj  —  0 
Designating  /t0  (£)  =  (df  I  ^n)r.»-o» 


in  received  equations  and  in  equation  (4.2). 
we  receive 


-f  r<*>  =  tg  2  (P°  —  S)  r*<‘> 

p<‘>  ctg  a,0  +  XiP°V9t${l)  -  —At/O/V  (7°  ~  4*> 
Piaiw  esc  *ai°  —  pf}l)  ctg  ct/°  -f  T/  (P(l>  +  2pTT<,>)  &r  + 

4-v-w-a.u)  -  ^y(r»-i)yV|) 

+  T/P^K(  -  «_,r*coa2(B°  — E) 


(5.D 


F°r°5t<1> H'1  co« 2 (JJ°  —  l)  +  =  2Acosa/°ctp° (T°  —  i)* rt(,)r<,)  (5,2) 

r<"  cos  2  (P“  —  £)  t  Vn0(*)r^)  =  2A  cos  <x/°  (T°  -  1)  r*<*>r<»  (5.3) 

+  jut**  ctg  of  +  T/  (P^01  +  2P^°)  P<U  + 

T/fl/° 

Functions  /"  are  deteraiined  by  the  formulas  of  (3.2). 

We  will  differentiate  also  equations  (1.2),  (1.3),  (2.3)  by  £  and  let  us 
turn  to  limit  at  tj  —  0.  .  These  equations  jointly  with  (5.1)  -  (5.4)  allow 


'^1  (r - 1)  p°l  r">  - T v (r“- i’>AP°r’-m 
ep  r  J  rl 


—  pW  dfC  cosec*  0t/° 

+  Tlf>"*"4iV1,  =  -[ 


'*--<**r 


to  determine  function  /«>  in  closed  form  for  T /—  5/3.  Thus,  for  example,  in¬ 
tegration  of  second  equation  of  (5.1)  and  equations  of  (5.2)  and  (5.3)  gives 

,,,  co«*  a.  •in,/‘cu  (5.5) 

r11*  ~~i7 — 

to«*  a  »Ia  “  a 

2Acieo^a*In‘/*a#  rj  .  ,  1  .  .  0  .  „  v 

5X1)=, - ‘ - - -  -1  (a,  —  at)  -f  -r  (81Q  2x1  ~  S1Q  2ao)  — 

coa4  a*  sin  "  a  l  z  4 

—  2  eoe*  a,  (a  —  cq)  -f  cos*  ot*(t«na— t*.-.)a,)J  (5.6) 


•d> 


2A  cot*  a  sin^*gQ  ri 
eoa4«*sln,/,a  L2 


(do  —  a) -f  (sin 2a  —  sin 2at«)  —  cos* a, (ot  —  a*) J  (5.7) 


In  intervals*  ^T^T^it  is  necessary  to  determine  (t?// dr)„  „*.*/,  (s;). 

Equations  for  functions  of  /t  can  be  obtained  by  differentiating  system  (1.1)  - 
(1.3)  by  r  and  crossing  to  limit  at  r  —  0.  System  has  form 


•  It  ii.  4-  D*dU*  _  F  n°u  °  ^U'<  r 

u*  -rff  +  F  -  Ff  p  =Ft 


dtf 

1  dP\  o*U+ 


F , 


U  0  _  p  ,  0  rfQl  _  r. 

u.  —  _  r4t  u.  ~^r  =  Ft 


•  rf<p 


where  Fj,  F2,  F^,  F^,  F^  -  functions  of  f°,  f-^.  This  system  can  be  integrated 
for  T/=  5/3  in  closed  form.  The  simplest  expressions  are  obtained  for  and  °i: 


Si  =  sec  (9  —  p#)  ^  ■  (?  —  P.)  -f*  const j 

ei  =  sec (<p -  P») [—  —  (9  -  p»)  +  const j 


Constants  are  determined  from  boundary  conditions  at  9  =  9*- 
6.  Gradients  on  straight  line  9  =  To-  Let  A  =  1.  We  will  designate 
/°°  (tj)  =/-(9o,  t])  .  We  will  differentiate  by  l  first  equations  of  (4.1),  (1.3), 

(2.3)  and  equations  (4.2)  and  (1.2)  and  let  us  assume  in  received  equations, 
in  second  equation  (4.1)  and  in  equations  (4.3)  -  (4.5)  that  5  =  9*  .We 
obtain 
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From  last  two  equations  we  have  directly 

ctg  <p.  +  n  W  =  (1  -  T/>  4r 

Pi 

Taking  into  account  the  second  equation  of  system 
(6.1)  we  receive 


T/“i 


i  _OC 


P*  *“  2ctgv»  cp/  ^ 

which,  after  integration,  gives 

P°°  (tj)  -  p°°  (0)  e~*\  k  =  2^^- 
After  that  we  immediately  obtain 

r-  (Ti)  -  7°°  (0)  «“**,  ?°°  (tl)  ==  P°°  (°)  «“** 

k-  (tj)  « v°°  (0)  e*\  *r  w = «r  (°)  *~k' 

Now  it  is  easy  to  integrate  the  f if ta  equation  of 


<T(n) 


*/>"  (0) 


Tje 


-*« 


n«)-h,M(0)i_r*' 


-  *r 


_N  kp9{<ft,  0)  re 

p*w*,n-  i<?0,  o) 


Thus,  pressure  gradient  on  ]ine  <p  —  <p 5  diminishes  with  increase  of  distance  from 
vertex  of  angle. 

Analogous  result  is  easy  to  obtain  also  for  gradients  of  other  quantities. 
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7.  Results  of  calculations.  Conditions  of  (2.5)>  (2,6)  and  equations  of 


(3.2)  constitute  system  of  boundary  conditions  starting  from  which  it  is  possible 
by  method  of  characteristics,  to  find  distribution  of  parameters  of  flow  in 
region  q  *  <  <r  <  r  > <>• 

Calculations  were  made  for  w  —  5/3  which  corresponds  to  simultaneous  relaxa* 
tion  of  rotational  stages  of  three-dimensional  rotator,  (Equilibrium  value 
is  equal  here  to  4/3).  Accuracy  of  calculations  was  controlled  by  comparison  of 
derivatives  received  by  method  of  characteristics  and  calculated  by  the  formulas 
of  Section  5.  Mass  flow  rates  through  arcs  of  circle  r  =  const  limited 

by  half -lines  of  <p « <$»  and  f  -  <?*.  with  great  degree  of  accuracy  were  equal  to 
flow  rates  through  radii  '( - <?«  of  these  circles , 

Certain  results  of  calculations  are  shown  in  Figs.  1-5*  Here,  everywhere 

Y 

V  =  2,  <p*  =  -  20°.  In  Fig.  1  are  given  temperature  distributions  T  depending 

o 

upon  q>  for  various  r*  at  A«t.  In  Fig.  2  -  distributions  T  x  depending  upon  ? 
at  A  =  0.1,  1.0  and  10  for  *•*  =  *•  In  both  figures  upper  curve  corresponds 
to  equilibrium.  In  Figs.  3  -  5  are  given  pres jure  distributions  p  x,  temperature 
T  x,  internal  temperature  e*  and  entropy  S  x  along  right  side  of  angle  'P ^ 
for  various  a.  It  is  clear  that  influence  of  processes  of  relaxation  during 
flow  around  an  obtuse  angle  is  considerable.  Effects  of  relaxation  strongly 
depend  on  length  of  time  of  relaxation. 

The  authors  thank  B.  A.  Ipatov  for  his  help. 
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THEORY  OF  DIFFERENTIAL  EJECTOR 


B*  A.  Uryukov 
(Moscow) 


In  single-stage  gas  ejector  with  cylinderical  mixing  chamber  and 
supersonic  speed  of  ejected  gas,  achievement  of  maximum  total  pressure 
of  mixture  at  given  ejection  coefficient  and  given  total  pressure 
drop  of  miscible  gases  is  limited  by  critical  conditions  at  which 
ejected  gas  accelerates  to  speed  of  sound  inside  mixing  chamber. 

Multistage  ejector  (system  of  series  connected  ejectors)  allows  to 
obtain  total  pressure  of  mixture  greater  than  in  single-stage.  This 
is  caused  by  the  fact  that  losses  of  total  pressure  during  mixing  of 
flows  in  ejector  sharply  decrease  with  decrease  of  ratio  of  total 
pressures  of  ejecting  and  ejected  gases  and  also  by  the  fact  that  in 
multistage  ejector  limitations,  associated  with  critical  conditions 
are  weakened  to  a  significant  degree. 

Calculations  for  multistage  ejectors  were  made  by  Yu.  N.  Vasil’ yev. 

It  is  interesting  to  consider  an  extreme  case  -  "differential" 
ejector  -  with  continuous  distribution  of  flow  rate  of  ejecting  gas 
cn  length  of  mixing  chamber.  Investigation  of  differential  ejector 
allows  to  clarify  main  characteristics  of  ejector  with  large  number  of 
stages. 

Equations  of  differential  ejector  were  obtained  by  S.  A.  Khristianovich . 

1.  Differential  ejector  can  consist  of  an  infinite  number  of  ejector 
"elementary".  Diagram  of  differential  ejector  and  separate  elementary  stage 
is  given  in  Fig.  I. 

During  investigation  the  following  assumption  are  made: 

1)  friction  and  heat  transfer  on  walls  of  ejector  are  negligible; 


2)  miscible  gases  are  ideal  with  identical  chemical  composition; 

3)  velocity,  temperature,  and  pressure  in  initial  section  of  every  elementary 
ejector  are  evenly  distributed. 

We  will  introduce  designations:  F ,  Q,  u\  To,  p%  —  area,  flow  rate  velocity, 
deceleration  temperature  and  total  pressure  in  given  section  of  ejector  respect¬ 
ively:  dF’,  dQ\  w'.  To,  p'0  —  the  same  parameters  ejecting  gas  at  nozzle  section 

of  elementary  ejector;  df  -  change  of  area  of  cross  section  of  elementary  ejector 
(Fig.  1). 

Equations  of  inseparability  and  Momentum  for  elementary  ejector  have  form 


dQ  =  dQ\d(T9Q)^T0'dQ\ 


d (Qw)  —  tv'dQ’  =  p'dF'  —  d (pF)  -f  pdf  (l.l) 

Change  of  area  of  mixing  chamber 

dF  =*  dF'  +  df  ~  Ft  (da  -i-  d%)  (1,2) 

Dimensionless  quantities  (by  index 
0  are  designated  parameters  ejecting 
gas  at  input  to  ejector)  are 


X  = 


Iff  . 


(1.3) 


-  reduced  speed,  coefficient  of  injection,  temperature  drop  of  deceleration, 
fall  of  total  pressures,  compression  ratio,  and  relative  area  of  mixing  chamber 
respectively;  a,  —  critical  speed  of  sound,  cp  and  c*  —  ratio  of  heat  capacities, 
and  R  -  gas  constant. 

We  will  designate 


z  (X)  =  X  +  x  -  T(\)  =  \-  7+j  X*.  p  (X)  =  T  (X) 


p  (X)  =  T  (X)  .  q  (X)  =  (^±1)  XP  (X) 


(1.4) 
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We  will  consider  that  P»‘  and  7'0'  are  constant  along  ejector,  for  consider¬ 
ation  of  a  more  general  case  does  not  introduce  principal  difficulties. 

Ejection  equations  lead  to  form 


Vt'  q  0-o) 
dn  a  q  (X') 

y't2(V)  !■  V(i  +  n)  (1  +  nx)  ^  =  ±  l  K(1  +  n)  (i  2  (X)| 

* - ~ - TW'  v?  T+T '  »-'■>•«  +  *  .  . 

Evidently  length  does  not  entei-  into  ejection  equations.  As  quantity  re¬ 
placing  length  along  mixing  chamber  it  is  possible  to  take  injection  coefficient 
n. 


Usually  mixing  chamber  of  ejector  is  terminated  by  diffuser.  If  in  end  of 
mixing  chamber  X<1,  losses  in  diffuser  are  small*  If  however,  X  >  1,  then 
in  diffuser  various  conditions  can  take  place;  losses  in  this  case  depend  very 
strongly  on  design  of  diffuser  can  be  very  great  at  large  values  of  X. 

In  connection  with  this,  we  pose  the  problem  of  finding  the  optimum  ejector 
in  the  following  manner:  at  given  total  coefficient  of  injection  (value  of 
n  at  end  of  ejector)  at  given  ?  and  c»  and  also  at  given  value  of  Xi  at  end 
of  ejector,  to  find  distribution  of  velocities  along  ejector  X  =  X(n)  andv  .= 
with  which  t1  at  end  of  ejector  attaines  maximum  value.  Optimum  value  of  Xi 
can  then  be  determined  from  Joint  consideration  of  work  of  ejector  and  diffuser. 

Equations  of  (1.5)  can  be  reduced  to  one  equation  by  excluding  geometric 
parameters  a,  X  and  <p 


dt  ss  Adn, 


A  = 


__  Vi 


«t> 


e  ?  (X)  \ 


(1.6) 


w  =  +  n)  (1  -f  nx), 


,  _  rfu _  */»  nx 

®  ~  dn  ^  Y\\  4-n)(l  +  »t) 


(1.7) 


It  is  important  to  note  that  in  (1,6)  there  are  no  differ entials  dX  and  dX'  • 
This  is  explained  by  the  fact  that  in  elementary  ejector,  change  of  total  pressure 


*3 


of  mixture  can  depend  only  on  increase  of  flow  rate  of  ejecting  gaa. 

From  equation  (1*6)  it  follows  that  for  obtaining  maximum  value  of  ei  at  end 
of  ejector  it  is  necessary  that  quantity  A  be  at  maximum  for  each  elementary 
ejector.  We  have 


dA 

dX 

dA 


=  e-£ 


Till 


{r  (V)  [*(*)*  M 


t>  AT*  (A) 

—  M  x  h  e^n 

“  W  o  v  r*'jr(>.)L  v(X')j 


4x 

x  +  i 

Vti 

*•-*>581 

(« <X>  -  1+ x«) 


(1.8) 


Assuming  dA  'dA'  =  0,  find 

tp  (A)  =  op  (V)  (1.9) 

This  equation  has  simple  physical  meaning:  in  each  section  of  ejector 
static  pressure  of  ejecting  gas  at  nozzle  section  should  be  equal  to  static 
pressure  of  mixture. 

Assuming  dA  /  dk  -  0  and  using  (1.9),  we  receive 


(1.10) 


Since  e  <  a,  from  (1.9)  it  follows  that  always  A  <  A',  ao  that  equations 
(1.9)  and  (1.10)  at  any  values  of  r  allow  only  one  solution  A  =  A,,  A'  =  Vhaving 
physical  meaning.  At  the  same  time,  so  that  ejector  will  operate,  real  velocity 
of  gas  at  nozzle  section  should  be  larger  or  equal  to  velocity  of  mixture  {w'  >  w). 
This  condition  has  form 


V  -  A  y 


.nr+ 


nx 


T(14-  i) 


>0 


(1.11) 


It  is  obvious  that  (1.11)  is  always  executed  at  x  >  i,  therefore  A.  and 
at*  >1  are  found  from  (1.9)  and 


A'  -  A 


V¥< 


+  «) 


+  nt 


=  0 


(1.12) 


Equality  (1-12)  can  also  be  presented  in  following  form. 

P V  ( j)  *  =  pw  (p-  density) 


(l«13) 


At  t  <  1  maximum  value  of  A  lies  at  limit  of  possible  solutions  determined 
by  condition  (l.ll).  Let  us  note  that 


at  -I 

Structure  of  surface  A  =  A  (A,  A')  is  shown  in  Fig.  2  in  which  1  -  line 
of  equal  pressures  (equation  (1.9) J  2  -  line  dA  I  OX  =  0,  equation  (1.8);  3  and 
U  -  solutions  of  (1.10);  5  -  section  A  plane  A  =  const;  6  -  section  A  plane 
A  =  A,  =  const;  7  -  section  A  on  line  of  equal  p^essurer;  C  -  point  (A  =  A,,  A'  ==  A, 

It  is  possible  to  show  that  A,  grows  during  increase  of  n.  Therefore  if 
A|  <  A,0  (A*  in  beginning  of  ejector),  the  greatest  value  of  A  at  any  e  is 
reached  when  A  =  A,  and  at  values  of  A',  determined  by  equation  (1.9).  It 
follows  from  this  that  in  this  case  optimum  ejector  corresponds  to  constant 
A  =  Aj  along  entire  ejector.  If  A.0  <  Alt  then  in  this  case  optimum  ejector 
corresponds  to  a  =  A.at  A*  <  A,,  and  then  A  =  A,  to  end  of  ejector. 

2.  Let  us  consider  case  A  =[A,  and  A'  =  A.'  along  entire  ejector. 
Excluding  e  and  A  from  (1.6)  with  the  help  of  (1.9) and  (1.10),  we  receive 


dk\  l  dn  =  0 


(2.1) 


Hence  are  determined  values  of  A,'  and 


Thus,  A*'  =  const  along  ejector. 
In  initial  section  of  ejector  we  have 
from  (1.9)  and  (1.10) 


P  (A.o)  =  op  (A,') 
A.o  =  A.'Kr  (t  <  1) 
A.o  =  (T<1) 

V  T 


(2.2) 

(2.3) 


A.o  .  Excluding  from  (1.6)  t  and  A' 


with  the  help  of  (1.9)  and  (1.10)  and  integrating,  we  find  distribution  of  A. 
along  ejector.  Then  using  equation  (1.5),  we  find 


x  =  0,  <F  =  i  -h  a 


(2,4) 


\  '*  —  X  1  rn  -  1  _  ■  |/T  + 

•°  x — t  (m  /  t) — i  *  **  -  r+r 

j  i  _*+!  ™ — i  *  *  i/l-t-Vii 

•e  ~  x  —  1  mr  ~  1  *  *•  -  >-*o  y 


1  +  n 
i  -f-  nr 

f ‘/IT 
+  n 


(t<l) 

(t>1) 


HX 

a  =  — 
m 

(t  <  i) 

It 

K  — J 

\*~5 

n 

(  «  \ 

*)  • 

a  =  — 
m 

(r  >  t)(m  =  o  ) 

•-(r+t/Vr  ’•  *  =  -£  (t >  i)(m  =  °  *  ) 

From  (2,4)  and  (2,1)  it  follows  that  in  interval  1*  <  *-i  optimum  will  be 
single-stage  ejector  with  cylinderical  mixing  chamber.  In  Fig,  3  are  shown 
limits  of  regions  1*  <  atXt  =  land  t  <  1.  Corresponding  limit  for  t>l 
at  n  =  0  is  obtain  by  replacement  of  T  by  r-‘.  It  is  possible  to  see  that  at  X,  =  1 
optimum  ejector  in  which  X  =  X*and  X'=X*'  along  entire  ejector,  practically, 
takes  place  only  at  very  small  or  very  large  values  of  t. 

It  is  interesting  to  note  relationship -between  3elocities  of  miscible  gases 
in  optimum  ejector  at  X*  <  X,.  If  in  case  *  >  1  07  /w  ~  Tt’/T»  i.e., 

difference  between  velocities  is  great  and  there  is  intense  mixing,  then  at  t  <  1 
velocities  are  equal  to  w  =  W  and  equalizing  of  flows  occurs  much  less  intensely, 

3«  Let  us  consider,  practically,  the  most  interesting  case  Xt  <  X<0. 

In  optimum  ejector  we  have  X  =  X,  =  Xe.  Equation  (1.6),  taking  into  consider¬ 
ation  (1.9),  will  be  converted  to  form 

v  &  Y t  x  u' _ v\=n 

Z~T(\)  Yx  )  (3.1) 

Initial  value  of  X,‘  ie  determined  from  equation  (1*9) 

p  (X)  =  op  M  (3.2) 

Geometric  characteristics  and  compression  ratio  of  ejector  are  determined 
from  equations 


«  =  -i IJJbL, 
*  0  ' 


a  =  <p  —  i  —  x»  t —  a- 


(3.3) 


In  case  t  —  1  equation  (3.1)  is  integrated 


X*‘-X,/7(X*)  /l-  AX'1  \-hW\£x  I  f 

+  "  -  s%rx  V  rtxolrps-nruj)  (/'  “  V  7+ij 


(3.4) 


In  Fig.  4  i®  shown  change  of  area  of  mixing  chamber  as  function  of  n  at 
X  =  t  and  t  =  i  for  several  values  of  a.  It  is  clear  that  at  sufficiently  large 
o  mixing  chamber  at  first  contracts,  and  then  expands.  Position  of  minimum 
section  is  determined  from  relationship 


i  /  <»>'  x  +  l  ... 


(3.5) 


At  V  <  \m'  mixing  chamber  will  be  continuously  expanded.  At  X  =  i  T=  i, 
x  =  1.4,  Xm'  =b  1.714,  which  corresponds  to  value  tjM  =  5*6.  Let  us  note 

that  dx/  dn  <  0  at  X  =  1,  i.e.,  mixing  chamber  of  each  elementary  ejector  in 
this  case  contracts. 


Since  compression  ratio  of  ejector  rises  with  increase  of  X„  and  loss 
fa''*  or  in  diffuser  even  in  simplest  case  of  supersonic  diffuser  with  normal 
shock,  is  small  at  values  of  X,  ,  insignificantly  exceeding  unity  one,  applica¬ 
tion  of  ejector  with  low  supersonic  speed  can  be  profitable. 


i 

Fig.  4. 

4.  Let  us  consider  the  particular  case  of  a  differential  ejector 
when  x  —  1,  in  which  area  of  mixing  chamber  in  each  elementary  stage  does  not 
change  (x=  0)  and  X'  ~  const.  Equations  of  such  ejector  coincide  with  equations 
of  single-stage  ejector 


^7 


(4.1) 


«t  9  (X*)  .  _  t  ~f  ai  7  (Xn) 

a‘  “  T 9(XT  *  1  ~  1  +  a, f  (Xi) 

(1  +  n,)  r  (X,)  =  fljZ  (A')  +z(Xo) 


We  will  determine  maximum  compression  ratio  of  such  an  ejector  when  velocity 
of  mixture  does  not  exceed  speed  of  sound.  For  Independent  variables  we  take 
X0  and  X,  .  Derivatives  det  /  <?Xe  and  dtj  dXx  can  turn  into  zero  at  four 
points  of  plane  (X0,  XJ 


(1)  (P  <*•)  =  <*P  (*'),  K  =  1).  (2)  (p  (X,)  =  ap  (X1),  ap  (X')  =tlp  (XJ), 

(3)  (X,  =  1,  Xx  =  1),  (4)  (X,  -  i,  op  (X'}  »  e,/?  (X,)) 


Analysis  shows  that  points  (l)  -  (3)  do  not  correspond  to  maximum  «i- 

Points  (l)  and  (2)  correspond  to  case 
X,  =  X,  =*  X'  =  land  a  =  1.  Investigation 
of  second  derivative  at  point  (3)  3how3 
that  it  is  a  "saddle"  point.  Maximum 
ex  is  at  point  (A).  In  all  sections 
of  ejector  responding  to  point  (4) 
except  output,  inequality  occurs 

ap  (X')  >  ep  (X)  (4.4) 

In  spite  of  coincidence  of  equations  describing  process  of  ejection  under 
single-stage  and  differential  ejector  conditions  corresponding  to  point  (4), 
this  cannot  be  realized  in  single-stage  ejector,  since  here  at  values  of  X  < 1 
critical  regime  sets  in.  In  differential  ejector  critical  regime  does  not  have 
place,  since  influence  of  infinitesimal  ejecting  stream  on  flow  of  mixture  in  each 
section  of  ejector  is  extremely  slight. 

During  replacement  of  differential  ejector  by  multistage,  critical  conditions 
will  appear  in  each  stage,  but  with  increase  of  number  of  stops  critical  value 
of  X  will  continuously  increase  approaching  X  =  1.  This  allows  to  receive. 


/  »  /  . 


in  multistage  ejector,  larger  compres¬ 
sion  ratio  than  in  single-stage. 

In  Pig.  5»  for  o  =  5 0  at  t  :  1 
as  function  of  n  are  given  compression 
ratio  curves:  1  -  for  optimum  differ¬ 
ential  ejector  at  *>»  =  1;2  -  for  dif¬ 
ferential  ejector  %=0  and  3  - 

for  optimum  single-stage  ejector  under 
critical  conditions. 

Comparison  of  these  curves  shows  that  multistage  ejector  can  give  very  large 
increase  of  compression  rati^.  Narrowing  of  mixing  chambers  of  elementary  stages 
also  gives  essential  increase  of  compression  ratio. 

Results  obtained  in  work  for 
optimum  ejectors  allow  to  indicate 
limits  of  application  of  multistage 
ejectors  with  determined  number  of 
stages.  In  Fig.  6  in  coordinates  of 
of  n,  a  at  t  =  1  are  shown  fields  of  use 
Fig.  7.  of  N-stage  ejectors  for  N  -  1,  2,  3>  5> 

10.  Compression  ratios  of  multistage  ejectors  were  calculated  by  Yu.  N.  Vasil’yev. 
Limits  of  fields  correspond  to  difference  of  10£  of  compression  ratio  cf  N-stage 
ejector  from  compression  ratio  of  optimum  differential  ejector  at  =  i-  It  is 
interesting  to  note  that  at  small  values  of  n  and,  practically,  at  any  values 
of  a.  ana  also  at  small  values  of  o  (to  °  =  2.5  -  3)*  and  any  values  of  n, 
application  of  multistage  ojoctor3  is  inexpedient.  One  may  see  also  that  field 
cf  application  of  ejector  with  given  number  of  stages  is  expanded  with  increase 
of  n,  which  is  explained  by  decrease  of  losses  in  ejector  with  increase  of  flow 
rate  of  ejecting  gas. 


5*  Equations  for  optimum  ejector  at 


Xi  ^ 


allow  to  estimate 


simply  influence  of  difference  of  temperatures  of  miscible  gases  on  compression 
ratio  of  ejector.  From  (2.5)  it  is  clear  that  heating  cf  ejecting  gas  (t>l) 
does  not  affect  compression  ratio *  Consequently,  in  this  case  weak  change  of 
compression  ratio  in  multistage  ejector  can  be  expected  depending  on  increase 
of  temperature  of  ejecting  gas.  Conversely,  at  t  <  1  influence  of  temperature 
heated  ejecting  gas  should  be  significant,  since  in  optimum  ejector  at  t  <  1  rol 
of  n  is  played  by  nr  .  This  is  seen  in  Fig.  7.  where  compression  ratio  curves 
of  optimum  ejectors  are  given  at  Xi  —  1  for  o  =50  and  various  values  of  t: 

l  -  r  =  30,  2  —  t  —  10, 

3  -  %  »  3.333,  4  -  v  =  1, 

S  —  x  ~  0.3,  t,  --  r  »  0.1, 

7  —  t  —  0.060,  8  —  t  =--0.0333 


6.  Efficiency  of  ejector 


v*  =  s/e. 


(6.1) 


is  determined  as  relation  of  compression  ratio  of  ejector e  to  e* —  compres¬ 
sion  ratio  obtained  during  isentropic 


process  of  mixing 


1*n 


(6.2) 

In  Fig.  3  for  a  =  50  are  given 
values  of  v*  as  functions  of  n  at 
various  t  for  optimum  differential 

ejector  when  : 

1  —  t  =  30..  2  —  t  =  16.67,  3  —  t  =  10,  4  —  x  =  i 
S  —  x  ~  0.3,  6  —  t  —  0.1,  7  —  t  =  0.06,  8  —  t  =  0.03 
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It  is  clear  that  efficiency  of  optimum  ejector  is  very  low  at  small  values 
of  n  and  is  near  to  unit  one  at  large  n.  Efficiency  curves  of  optimum  ejector  at 
*  1,  have  analogous  form,  since  compression  ratio  of  such  ejector  in  entire 
range  of  n  and  c  differs  insignificantly  from  compression  ratio  of  optimum 
ejector  ij  >  X, 

Author  thanks  S.  A.  Khristianovich  for  formulation  of  problem  and  help  in 
process  of  its  solution. 
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ON  CALCULATION  OF  THERMAL  DIFFUSION  IN  LAMINAR  FLOW  OF  VISCOUS 
LIQUID  AT  MODERATE  VALUES  OF  THERMAL  AND 
DIFFUSION  FRANDTL  NUMBERS 


A.  M.  Suponitskiy 
(Moscow) 


If  a  stream  of  viscous  incompressible  liquid  containing  certain 
substance  flows  around  a  body,  temperature  of  which  is  different  than 
temperature  of  flow,  them  under  action  of  temperature  gradient  transfer 
of  components  of  solution  occurs.  Calculation  of  occurring  thermal- 
diffusion  separation  is  interesting  for  a  series  of  problems  of  chemi¬ 
cal  technology.  In  previous  article  the  author  [1],  was  considered 
process  of  separation  in  case  of  large  thermal  and  diffusion  Prandtl 
numbers.  In  a  liquid,  the  Prandtl  diffusion  number  P  is  rather  large 
(103  and  more).  Meanwhile,  thermal  Prandtl  number  Pj  for  liquids 
changes  in  rather  wide  range  (at  20°  for  water-  7,  for  lubricating  oils 
~  103),  therefore,  assumption  made  in  [1],  P^  1,  limits  field  of 
application  of  conducted  calculations.  Below  is  considered  problem  of 
calculation  of  thermaldiffusion  separation  at  moderate  values  of  thermal, 
and  diffusion  Prandtl  numbers  (P>  1,  P j  >  1),  and  also  elementary 
theory  of  thermaldiffusion  separation  in  forced  flow  of  viscous  liquid 
is  given. 

1.  Let  us  consider  problem  of  thermaldiffusion  separation  in  two- 
dimensional  laminar  boundary  layer  formed  during  flow  around  a  wedge.  We  will 
assume  that  presence  in  stream  of  alien  substance  does  not  have  influence  on 
hydrodynamics  of  flow.  This  assumption  is  fully  natural  if  substance  is  dis¬ 
solved  in  comparatively  small  quantities  or  differs  little  by  specific  gravity, 
from  substance  of  stream.  We  will  draw  for  the  body  an  orthogonal  system  of 
coordinates  *,  y,  in  such  a  manner  that  line  y  —  0  coincides  with  contour  of 
surface  of  wedge.  Velocity  distribution  in  hydrodynamic  boundary  layer  of  uniform 
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liquid  is  given  by  expressions  of  [2] 


U  =  £//■  (T|),  V  -  -  (^-i^  V  u,z— ■) * [/  (n)  +  I)/'  !'])] 

m  =  2-r-»  =  C0“l)  (la) 

Here  U  -  velocity  distribution  in  external  potential  of  flow;  n{J  —  aperture 
angle  of  wedge;  v  —  coefficient  of  kinematic  viscosity;  function  /(n)  satisfies 
the  Fokner-Skan  equation. 

Transfer  of  substance  in  considered  problem  is  caused  by  joint  action  of 
convection  and  molecular  devices.  Flow  of  substance  in  liquid  transferred, 
through  surface  by  molecular  device  during  calculation  of  thermal  diffusion  is 
given  by  expression  [3] 


I—  +  «“-<]  (1,2) 

where  e(x,y)  —  concentration  of  substances;  T  (x,  y)  —  temperature  of  liquid; 

p  —  density  of  liquid;  D  —  diffusion  factor;  a  —  Soret  factor;  y  -  normal  to 
a  surface. 

Equations  for  determination  of  concentration  of  substance  and  temperature 
in  diffusion  and  thermal,  boundary  layers  have  form 


dc  .  dc 

u  3-  +  »r 

dx  dy 


U 


ar  .  dT_  _  _a 

dx  *  P  dy  dy 


(1.3) 


where  ^  — thermal  conductivity  factor. 

We  assume  that  body  is  impervious  to  substance,  and  that  concentration  of 
substance  c0  and  temperature  away  from  body  T  ,  just  as  surface  temperature  T^, 
are  constant;  then  boundary  conditions  have  form 


+  «(*.»)  H  - « ('•  »)l  =  0 

T  (x,  0)  =  Tv  e  (x,  oc )  =  T  (x,  oo)  =  T, 

T  (0,  y)  =  Tt,  c  {0,  y)  =  c. 


(1  .u) 


We  assume  that  solution  has  constant  physical  characteristics.  If  we  seek 


solution  in  the  form 


7  =  T  <r|),  c  =  f(t]) 


/  I’m  +  1  ut  f'  ^  \ 

(tJ  =  [— TJ  X  ,  y ) 


(1.5) 


then,  putting  (1.5)  in  (1.3),  and  (1.4)  and  considering  (l.l),  we  receive 


-  Pf  (ti>  V  -  < .+  <3  le  (1  -  c)  TV  V,  -  PJ  (rj)  f,'  «  r,% 

c(oc)  =  ct,  t  (oo)  =  r0,  +  r  (0>  =  (1%6) 


Here, />  =  V/Z>,  /\  =  v/  %  —  diffusion  and  thermal  Prandtl  numbers.  Heat 
transfer  equation,  second  equation  of  system  (1.6),  has  solution,  expressed  by 
quadrature 


4 


r  (n)  =  a  (/>,)  (r„  -  rj  \  exp  ( -  pt  J  /  ^  <&)  +  r, 

»  ^ 

°(pi)=[$  exp  (—  P^/  (h)  dh)  4]'1 


(1*7) 


Values  of  function  o  (Pj)  for  series  of  values  P-^  at  various  m  were  calcu¬ 
lated  by  Evans  (4],  Putting  (1.7)  in  equation,  and  the  boundary  conditions  of 
diffusion  part  of  problem  (1.6),  we  receive 


—  Pf  fo)  ==  +  esc  (Pj)  [c  (1  —  e)  exp  (—  P, \j(h) 

o 

[c/  +  eafPJcCi  -c)]T,.#  =  0,  c(«x)  =  C„  c  =  c  (r#~  Tj)  (1.8) 

From  (1.8)  it  follows  that  quantity  of  separation  a  =  [c  (0)  —  c0]  /  c0  for 
wedge  of  given  solution  depends  only  on  P,  and  t. 

2.  Experimental  investigations  show  that  Soret  factor  o  has  value  of 
order  10“2  -  10"^  l/deg,  therefore,  even  significant  temperature  drops  TQ-T^ 
quantity  *  =  c  (*ro  -  t^)  can  be  considered  small. 

We  will  seek  solution  of  system  (1.8)  in  the  form  of  series  on  small  para¬ 
meter  « 


c  (Tj)  =  c,  fo)  +  it'i  (n)  +  •  •  •  (2.1) 

Calculations  give,  for  first  two  members  of  series  (2.1)  at  T  =  P^  /  P  = 
-  0/  X  1,  following  expression 
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(2.2) 


£  -  +  a  <r,  -  r.)  {_  [5  (-  P  \  /  (A)  ■«)  «  - 

0  • 

-rf  «p  (-  M /W*)'«]  +  :i3r®-Tj+- 

•  • 

Concentration  of  substance  on  surface  of  wedge  will  be  determined  from  (2.2): 


e  (0)  =  c ,  4 


aCTo-ro^d -«o)  fa(/‘i)  J 

i-T  l«{^)  'J 


(2.3) 


In  case  of  large  values  of  quantity  during  calculation  of  integral, 
determining  a  (Pj),  for  function  /  ( r\)  we  can  assume  its  value  close  to  tj 
Considering  /  0l)  =  Er\*  ,  E  =  const,  we  receive 


*(Pt) 


3‘’T(‘/j) 


(2.4) 


Thus,  at  large  values  of  thermal  and  diffusion  Prandtl  numbers,  expression 
(2.3),  taking  into  account  (2.4)*  crosses  to  formula  (3.3),  [1] 


e(0)  =  ct  +  a  ( r0  -  Tt)  <-8  (1  -  c0)  r%  (l  -  r‘)  (1  -  r)'1 


(2.5) 


In  solutions  of  weak  concentration,  assuming  co  (*  —  co)  ~  co>  from  (2.5) 


we  receive 


A  =  c  (°)  ~  f°  „  g(ro-r,)  (Tv,-i-r,/*) 

i+r'+r* 


(2.6) 


Function  S  (y)  —  (t'*+  t’/j)  (1  +  t'*  +  T,'‘)’1  Ln  interval  (0,l)  will  be 
continuously  increasing.  Let  us  remember  that  quantity  T  —E>  /  x  for  a  liquid 
is  less  than  one.  From  (2.6)  it  follows  that  during  increase  of  T  separation  A 
increases.  Physical  interpretation  of  this  fact  is  given  in  Section  5.  Let  us  note 
that  extrapolation  of  results  by  interval  (l,  oc  )  is  groundless,  which  follows 
from  method  of  obtaining  of  equation  (1.8). 

For  aqueous  solutions  (T<4*)  formula  (2*3)  takes  form 


c  (Qj  _  Cq  3  (To—Tj)  fn(l  —  cr)  3  t Pt) 


(2.7) 


Number  P,  Tor  aqueous  solutions  is  great  j  calculating  0  (P)  by  formula 
(2.4),  we  receive 


f  = +  <5  (To  -  rj  c0  ( 1  -  c0)  3".  r  (V,)  a  (P,)  Fr' 

(2.8) 


If  T  —  l,  then  first  two  members  of  series  (2.1)  have  form 


c  =  *•  +  0  (Tt  -  r,)  C#  (1  -  c0)  J-  a  (P)  J  oxp  p  \  f  (A)  d/ij  d%  + 

0  o 

•f  «  (P)  P  $[exp  {-p\f(h)  dk)]  (\  f  (A)  dh)  rfg  +  [l  -  ^J}+  .  . . 

9  (P)  “  |f  [exP  (~  P  \  /  W  dfi)l  (\  /  (A)  rfA)  dgW 

°  J  *  (2.9) 


Concentration  of  substance  on  surface  of  wedge  is  given  by  expression 


«(0)  -  *  +  0  <r.  — J7-,)  c„(i  _  c„)[i  - 


J  (2.10) 

At  large  values  of  P,  formula  (2.10)  crosses  to  (2.6),  in  which  is  assumed 


r  =  l. 


3.  During  solution  of  problem  in  preceding  section  small  parameter 
method  was  used.  We  give  approximate  solution  of  problem  in  closed  form,  intro¬ 
ducing  certain  changes  of  initial  equations  (1.3),  owing  to  partial  simpli¬ 
fication  of  member  expressing  influence  of  thermal  diffusion.  Let  us  assume  that 
thermal  boundary  layer  is  significantly  thicker  than  that  of  diffusion.  We 
expand,  in  Maclaurin  series,  expression  for  temperature  distribution  in  flow 
(1.7)  and  limit  ourselves  to  first  two  members 


T  fo)  =  Tx  +  a  (PJ  (P0  -  Tx)  t, 


(3.1) 


Put  (3»l)  in  equation  and  the  boundary  conditions  of  diffusion  part  of  pro¬ 


blem  (1.6).  In  case  of  solution  of  weak  concentration  we  receive  ordinary 
second  order  differential  equation  with  separable  variables.  Integration 


Rives 


c  ^  i  -«( pi)  J  5  CXP  [  p  \  f(h)(lh-  g-  (/>,)  j]  4  ^Tpr.p 

0  0  J  '  *' 

CO  £ 

l*7  =  5°*p[“  P  \  /(A)rfA-e»(/*,)g],rfS^ 


(3.2) 


Concentration  of  substance  on  surface  of  wedge  will  be  determined  from  (3.2): 


c  (0)  =  c0  [i  —  ea  (Pt)  J\~l  (3.3) 

At  3mall  values  of  parameter  e  formula  (3*3)  transfers  to  (2.7),  in  which, 
considering  weak  concentration  of  solution,  it  is  necessary  to  put  c„(l  —  c0)  ^  c0. 

A.  Let  us  consider  class  of  laminar  flows  of  viscous  incompressible 
liquid,  in  which  normal  to  surface  of  component  of  speed  vu  depenas  only  on 
distance  on  normal  to  surface  y.  To  this  class  of  flows,  in  particular,  belong: 
flow,  caused  by  rotation  of  a  disk  in  liquid,  flowing  around  forward  stagnation 

point  of  body.  Survey  of  problems  of  heat-  and  mass  transfer  for  this  class  of 

flows  can  be  found  in  [5], 

We  will  study  problem  of  thermaldiffusion  separation  for  these  flows  under 
the  assumption P  >  1  and  1.  It  is  not  difficult  to  establish  that  equations 
of  thermal  and  diffusion  parts  of  problem  of  thermaldiffusion  separation  allow 
solutions,  depending  only  from  normal  to  surface  of  coordinate  y.  Taking  into 
account  this  consideration,  equations  and  boundary  conditions  take  form 

-  Mf  (y  /  N)  V  =  D  icu'  4-  3C  (1  —  e)  7y )/,  -  Mf  (y  1 N)  Tv'  =  xVv 

cv  4-  sc  (1  —  c)  7y  =  0,  T  =  TX  whenyr  0;  c—  c„,  T  —  7’0when*/  =  «>  (4.1) 

Here  M  and  N  constants.  For  case  of  rotation  of  risk  with  constant  angular 

velocity  to  in  liquids  (Karman's  problem) 

M  =  (mv)v\  AT  =  (v  /  a))”’ 

normal  to  surface  of  disk  of  velcoity  component 

Vy  ~  —  Ml  {u"‘y  !  v'  •) 

Function  f(y/N)  wa3  determined  by  a  number  of  authors  from  numerical  solution 
of  system  ordinary  differential  equations  [2].  For  other  flows  of  this  class, 


values  of  constants  M,  N  can  be  found  in  [5]. 

We  will  introduce  the  following  designations: 


—  iV  •  P  ~  i>  •  —  c*  fa)  —  c(y)>  7*  (ti)  —  T  (y)  (l+t2) 

If  in  system  (4*1)  we  transfer  to  new  variable  q  and  introduce  designations 
of  (4.2)  we  will  receive  system  (1.6).  Thus,  all  results,  received  for  problem 
of  thermaldif fusion  separation  on  wedge,  apply  for  considered  class  of  flows. 

5.  We  will  list  certain  elementary  considerations  about  the  thermal- 

diffusion  effect  during  forced  convection,  which  are  based  on  certain  hypotheses 
about  structure  of  thermaldif fusion  boundary  layer,  and  similiar  considerations. 
These  considerations  represent  interpretation  of  results  obtained  above. 

Let  liquid  with  initial  concentration  cQ,  be  located  between  two  horizontal 
walls,  upper  of  which  has  temperature  To,  and  lower  T^.  Let  us  assume  that  in 
layer  no  convection  current  is  present  (including  free  convection).  Under  action 
of  temperature  gradient  transfer  of  substance  appears  with  the  help  of  a  molecular 
device.  After  a  certain  time,  process  of  transfer  will  be  completed  and  stationary 
distribution  of  concentration  will  be  established.  From  condition  of  equality 
of  flow  of  substance  j  at  zero,  and  from  initial  condition,  we  receive,  for 
solution  of  weak  concentration,  following  conditions: 


i=D{%  +  °c1£)  =  0-  ^(J,)rfy=c^  {5a) 

Here  1  -  distance  between  plates j  y  -  distance  on  normal  to  surface  of 
plates.  Considering  that  quantity  e  ~  a  (T  -  T^)  is  small,  it  is  easy  to  receive 
from  (5.1)  quantity  of  separation 


A 


<3  (To  -  Ti) 


(5.2) 


where  c^,  c^  -  concentration  of  substance  on  lower  and  upper  plates  respectively. 

In  case  of  thermal  diffusion  in  forced  flow  we  will  consider  that  thermal¬ 
dif  fusion  layer  can  be  smashed  into  two  layers:  thermal  boundary  Layer  and 
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within  it  the  diffusion  boundary  layer.  We  assume  that  thermal  boundary  layer 
during  forced  flow  gives  the  same  separation,  as  in  above  considered  case  of 
motionless  layer  (this  assumption  is  inherent  to  the  so-called  film  theories). 
Further,  let  us  assume  that  it  "works",  i.e.,  evokes  separation  of  only  part  of 
thermal  boundary  layer,  corresponding  to  diffusion  boundary  layer.  We  designate 
respectively  6  —  thicknesses  of  diffusion  of  thermal  and  hydrodynamic 

boundary  .layers.  Amount  of  separation  4  then  is  given  by  expression 


A  *=*  3  (T'o  ~  T i) 


At  large  values  of  P  and  P]_ 


Putting  (5.4)  in  (5.3)  ,  we  receive 


(5.3) 

(5.4) 


A  =  a  <rt  -  TJ  t*  ,  , 

(5.5) 

Formula  (5.5)  coincides  with  ^2.6)  in  case  of  small  values  of  quantity  Tv‘* 
During  increase  of  T  ,  according  to  above-stated  considerations,  effective 
part  of  thermal  boundary  layer  is  increased,  and  amount  of  separation  should 
increase,  which  also  follows  from  (2.6). 

In  caseP  >  1  and  Pt  >  1  we  determine  thicknesses  of  thermal  and  diffusion 


layers  for  wedge  by  expressions 


*  *(r,-r,)  k  (T0  ~Ti)  _  ! 

It  k(Tt-Tx)a(Pl)riy'\v_i  a{Pt)  !„_* 

A  -  &  ('*  —  '•) _ D  (£g  ~  O  1 

w>~  /  ~  “WVU 


where  and  j  -  respectively  are  flows  of  heat  and  substance  on  surface  of  wedge; 
c#  -  concentration  of  substance  of  surface  of  wedge.  Putting  values  for  6t?>  and 
in  (5.3)  we  receive  formula  (2.7)  for  strongly  diluted  solutions. 

6.  Flow  of  substance  through  surface  in  gas  mixtures  under  nonisothermal 


conditions,  is  given  by  expression  of  [3] 

,  fn  a  .  ^(i-Ogrodr-i 

/  =  —  p|Z?  grade  d - j. -  I 


(6.1) 
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whore  -  thermaldif fusion  factor. 

T 

A  number  of  researchers  use  expression  of  (6.1)  during  description  of  tnoraal 
diffusion  in  liquids.  During  assignment  of  flow  of  substance  in  the  form  of 
(6.1),  self -similarity  of  thermaldiffusion  problem  during  forced  convection, 
obviously,  is  not  disturbed.  Assuming  further  smallness  of  quantities 

Oi  =  Dr  ID.  a  =  (Tc  -  Tx)ITi 


it  is  easy  to  show  justice  of  following  situation:  for  calculation  of  thermal- 
diffusion  separation  during  forced  convection  in  case  of  assignment  of  molecular 
transfer  of  substance  by  expression  (6.1)  it  is  sufficient  in  solution,  received 
during  assignment  of  molecular  transfer  by  expression  (1.2),  to  exchange  o  (Tc  -  T^) 
for  Dt(Tc  -  Tx)  /  DTr 

Author  thanks  G.  I.  Barenblatt  for  attention  and  advice. 
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ON  FLOWS  OF  LIQUID  WITH  FORMATION  OF  CLOSED  CAVITATION  CAVITIES 


A.  Ye.  Khoper skov 
(Novosibirsk) 


Considered  is  cavitation  flowing  around  bodies  on  circuit,  offered 
by  M.  A.  Lavrent'yev  [1]  behind  body  will  be  formed  closed  region,  in 
which  3iquid  circulates;  inside  this  region  is  included  a  cavitation 
recess  with  constant  velocity:  at  its  outer  edge;  flow  is  irrotationai 
and  velocity  everywhere  is  final  (Fig«  1).  The  problem:  to  create 
flow  according  to  given  diagram,  i.e«,  to  find  complex  potential  w(z) 
of  flow,  if  external  boundary  of  flow  and  number  of  cavitations  are 
given.  Internal  boundary  (boundary  of  cavity)  i  not  known  beforehand, 
but  two  conditions  on  it  are  given  -  it  is  flow  line  and  velocity  on 
it  is  constant. 

Below  is  considered  a  particular  case  of  this  problem  -  flow  in 
infinite  region  with  curvilinear  boundary.  Presented  method  will  apply 
also  for  solution  of  analogous  problem  of  flow  in  curvilinear  channel. 

Let  doubly  connected  region  of  flow  D  be  depicted  in  circular  ring/?  <  |Cj  <  1 
boundary  of  cavity  over  to  internal  (*ir.  ?)  circumference  C  .  ~r>r  :o.  *r  j  ,iv*»- 
ness  we  will  consider  that  point  s  =  oo  corresponds  to  point,  (  =  1- 


Fig.  1.  Fig.  2. 
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We  will  find  complex  potential  w  (z)  of  flow  in  ring,  considering  that  at 
point  C=i  a  doublet  is  locate?.,  ani  circtimference  arid  C-^  will  be  flow  lines 


*{  0  = 


Rin 

i  -  nin 


(C"  ~  C")  +  k  In  ^ 


(1) 


Here Q  -scale  factor}  QT  —  circulation  of  velocity  on  boundary  of  cavity} 
Q  IV*  —  (r  /  2st)  hi  /f]  —  flow  rate  on  circuit,  connecting  with  Or. 

In  the  future  will  be  demanded  derivative 


_  gj  f  S  V  20*1  /»•»  ■  r- ^  1 

*5  Cl  tt-*)*  C  ,T2n|  (2) 

Let  us  turn  to  variable  «  =*  —  (iK  /  n)  In  £  ,  where  K  is  found  from  relation* 

Ship  /?•-=  oxp(-^-j  (a"(A.>  =  A'  (v^r^T*>) 

Hers  K  and  K’  -  full  elliptic  first  integrals.  Then  series  in  expression 
(2)  it  is  possible  to  sira 


dJt  _  T  JL.  esc*  _ 2  y  - 

dl  ~  T  l  4  8C  2K  1  &  i 


Qi'rK*  t 


5 


U* 


«n*u 


n* 


n**l 
+ 


nRtn 

nnu 

.  r 

] 

~R2" 

cos 

K 

■J" 

n_ 

Qi 

K' 

'I 

-  ’  1 

2*  J  ~ 

'  C 

n* 

.311*  U 

sa^uo  J 

ntegral. 

sn 

u  = 

sn  (u, 

(3) 


elliptic  sine,  and  Uq  -  auxilary  parameter,  associated  with  F relationship 


i  _  .  «T 

8n  *u0  "  A'  2A'J  (4) 

Parameter  Uq  determines  position  of  critical  points  of  flow  (points,  where 
dw  I  d?  =  0  ).  Spending  upon  quantity  r,  flow  can  have  either  two  critical  points 
on  C^,  or  two  critical  points  on  G^,  or  one  critical  point  inside  flow. 

If  boundary  has  angular  point  in  which  angle,  turned  to  flow  is  larger  than 
n,  then,  during  usual  non-cavitational  flowing  around  in  this  point,  velocity 
turns  to  infinity.  In  order  to  avoid  this,  according  to  received  diagram,  we 
consider  such  points  branching  points  of  flow  (critical  points)  and  to  analyze 
flow  with  critical  points  on  external  boundary  of  flow. 


IS 


l- 


•s 


nts 


in 


Based  on  found  function  u>(£),  construct  function  z  ~  /(C).  depicting 
ring  ft  <  1  on  physical  region  of  flow  D.  For  solution  of  problem  it  is 
sufficient  to  doterndne  complex  velocity  of  flow 

die  dw  dfr 

57  r;  df  57 

Let  us  consider  function  %(i)  —  U  (r,  t)  +  iV  (r,  t)  such,  that 


eXfV 

4  ~  (C  —  i>* 

Then  from  (5)  we  receive 


(C  =  ^ 


u 


) 


U  [r,  t)  —  h»  |  ~  |  +  In  (1  —  2  r  cos  t  -}-  rT) 
V  (r,  t)  =  arg  dz  —  arg  +  2  arctm 

We  have 

|  flfl  /  !  =  1  t/z  /  j  •  j  (fu7  /  eft  | 


(5) 


But  cn  surface  of  cavity  \dw  /  dz\  ■-  vt,  and,  consequently. 


u  (ft,  0  -  In  j dwl  dr|r„rt  ~  ln  v0  -f  In  (1  -  2  ft  cos  t.+  ft *)  (6) 

will  be  known  function  of  t. 

On  circuit  we  have  arg  dz  -  0  —angle  tangential  to  circuit  with  axis  i, 
and  ar8  =  t  +  V,  n,  consequently, 

V(1,0  =0  (7) 

Angle  G  as  function  of  *  is  not  known.  If  one  were  to  temporarily  assume 
that  function  V  (l,  t^  (7)  has  been  found  expression  for  function  X(C)»  can  be 
obtained.  This  allows  solution  of  problem  by  integral  equation. 

Regular,  in  ring  /?  <|£l  <  ■  aing.le~va3.ued  function  X  (C)  ,  if  its  real 
part  U  (R,  t)  on  circumference  arsd  imaginary  par*t  V  (l,  t)  on  C^,  is  given 
by  following  expression; 


i(c)  =  -l\  o  in,  i )  n  -!- ±\u  («,  i) S  "sr  I™5  »<  <5*  +  t "» 

t* 

-  i  J.n  fll  (C"  ~  i*")l  *  +  ST  \  K(1’  $  dt  + 
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(8) 


0  *  **  * 

«4r-(4n]* 


If  we  introduce  variable  u  =  —  i  {K  /  n)  In  C.  ,  then 


C"  +  =  2  CCS 


unit 


C"  -  =  2  81G 


nmi 


Since  In  /?  =  —  /  Jt,  then 

(4)’ +(!)"■= 2 

(4)"  -(4r=2‘3i""-f  <“-*')  • 

Putting  these  expressions  in  formula  for  *(;;),  we  receive 

*  (0  «  ±{v  rn,  o  i, + j-f  t'  (fl,  4 1  co, » (<  -  a,  + 

+  H$  A  +  KC'')S  — ^cosn(t--g-(u  -  LX'))  dt 

•  f  »=1  1  ■  “  ' 


But 


Therefore 


CO 

25 


< +  «** 


An  X-  -  A'r 

- cusfir  =  dn  -~ 

A  A 


t 

T 


X  (0  «  0  dn(^r”“)^  +  v  (1’ *>  dn  (it-  “  +  *r)  irdt 


(9) 


Here  dn  u  =  dn  (u,  k)  -  delta  of  amplitude,  Jacobi's  elliptic  function.  At 
K  <  I  C I  *  integrals  in  formula  (9)  do  not  hava  peculiarities,  but  at  t\  -  R 
the  first  of  them,  and  at  |CI  =  i  second  is  singlular,  and  in  these  cases  their 
principal  values  are  put  in  formula  (9). 

Now  we  return  to  detecting  of  function  V  (1,  t),  (7).  Considering  angle  0 
as  function  of  length  of  arc  s  of  circuit,  we  receive 


dV(l.j)  dQ  dt 
di  .  “  d,  dt 


(Jl  _  I ill  l  i 
\dt  -  ud  i  dt  I 


exp  U  (i,  t) 
2  (i  —  cos  t) 


at  r  =*  lj 


Considering  curvature  of  boundary  dO  /  ds  —  x  (s)  given,  we  receive 
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where  p  [t,  U  (1,  t)]  -  operator  of  function  U  (1.  t) 


pit,  u  (i,  <))=  — _ _ 1 _ vr./#\  ,  c«ptf(t.*wn 

'  2  - coa  o  2d-  co*  or  +  )~2jr=^i  t)  J 

From  formula  (9)  we  find  U  (l,  t) 

U(i,t)  = - i-T^ULLjO-  ln  1  1  —  dn Kv  — Q  AT/n|  I  , 

*  l  °'T  I  an  I(T  —  o/C/«J  \dx^ 

»n 

U(Rtx)dn-^-(x~t)-^dx 

Putting  dV  (l,  t)  /  dt  from  (10)  we  receive  nonlinear  integral  equation 
for  determination  of  U  (1,  t) 

u  (t, ,)  =  -i-f ,  It,  a  (i,  x)l  I„  ]««».”*  + 

s 

+  M  U(R,x)-?-<h^ll^L±dx 

l  «  n  (n) 

Having  determined  U  (1,  t),  place  it  in  (10)  and  integrated,  we  receive 
unknown  function  V  (l,  t). 

Let  us  consider  function 

y(t)  =  U  (1,  t)  —  g  (0  =  U (it. t)  —•  dn  rft) 

0 

Here  g  (t)  -  known  function,  and  crossing  to  dimensionless  quantities, 
we  receive  for  y  (t)  the  following  equation: 

y(0  i,  y  (t))  (*=-j"&)  (12) 

Here  dimensionless  quantities 

K  (t'  '■  y  w>  “  *  <*■  fw  +  f  wi '» | 

i. 

£i  (0  =  f  (0  +  lo  —  In  (> 
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do  not  depend  on  parameters  of  v9  (velocity  on  surface  of  cavity),  Q  (flow  rate) 
and  1  (characteristic  dimension  of  streamlined  body);  X  —  dimensionless  para¬ 
meter  (unknown  quantity,  since  flow  rate  Q  is  not  previously  known). 

Besides  X,  quantity  Y  in  formula  (l)  is  also  unknown.  For  their  deter¬ 
mination  we  use  condition  of  uniqueness  of  function  z  =  /  (C);  for  this  i‘  is 
necessary  and  sufficient  that  on  any  closed  circuit  L  lying  in  ring  R  <  ici 

(13) 


for  circuit  L  we  take  C  ,  using  (k)>  and  receive 

K 


dz_ 

r™R 


exp  |Vv  (/?,/)  -f  2 i  A**ctg 


Paint  I 

1  —  It  cos  /  J 


and  from  (8) 


I*l 

r  o  =  4-  \ v  <*•  r)  ^  4  (T  -  o  41 Jx  - 

e 

«  V  <  ’  '  1  an|(T  — /)A'/n]  n 


dr 


Here  second  integral  exists,  since  U  (R,  t)  satisfies  Gelder  condition. 

Thus,  condition  (13)  gives  two  equations,  which,  together  with  (12),  is 
sufficient  for  finding  solution  of  U  (1,  t)  and  of  parameters  X  and  r.  Besides 
Q  /  v0l,  ,  in  problem  there  is  still  dimensionless  parameter 

y»  _  x/~( , _ P™-  P* 

1  '  '3  — •  TJl pvqq*  “I  number  of  cavitations 

where  »»  —  velocity  of  flow  at  infinity.  Parameter  R  depends  on  this  relation, 

where  R  -  is  large  at  small  v9/  V&  ,  and  vice  versa.  Since  to  express  R 

through  v9  /  i>oo  and  other  parameters  is  very  difficult,  we  will  consider  flow 

at  various  R  and  determine  vol  which  are  obtain  here.  It  is  easy  to 

receive 


t’oo  =  lim  (C  —  1)* 


Qc-vu- «> 


) 


It  is  interesting  to  consider  case  when  boundary  of  How  has  angular 
points.  Let  them  correspond  to  C*  =  exp  (it^),  and  region  of  flow  D  will  form. 


in  the -e  points,  angles  a  —  A*  (k  -  1, ...,  n)  (Fig.  1). 

We  will  express,  through  delta-function,  the  curvature  of  circuit 

n 

x  i* (<)i  =  x*  [.(01+51  A*a  (5(0  -  .(Ml 


where  x*  [s  (t ) 3  -  piecewise  cont^ '.uous  function.  For 


snl(f*  —  t)Kl  n) 


i  —  da  [(tk  —  o  .v  /  .ij 
we  receive  integral  equation  analogous  to  (12) 

t* 

y*  (0  =x\  A'»  (t.  f,  y*  (T)) 


=  U(\,t)-g*  (0 


where 


5  (r.  i.  )•  (t»  =  it,  »•  (t)  +  »•  (t)i  I..  !f=^irrwsrl  x 


(14) 


r\  |  sn  [(f^  — T>  AT/nl  I  n 

X  {*1l1“da*l<*  — T)A,  /nl  I 

u 

remaining  designations  coincide  with  designations  of  formula  (12). 

Question  of  existence  of  solution  of  problem  is  complicated  by  the  fact 


that  equation  (14)  must  be  solved  jointly  with  conditions  of  (13).  If  one  were 
to  put  aside,  for  the  moment,  conditions  (13),  considering  knowns  X  and  F,  certain 
conclusions  on  solvability  of  fundamental  equation  (14)  can  be  made. 

Function  (T*  V*  (T))  weakly  depends  on  y *  (T)»  since 


min  x* 


mnx  x* 


2(1  —  cost) 


<  Pi"  K.  P(l.l)l<  2(1- CM,) 


and  has  integrated  particulars  of  type  ln|x|  and  |z|  A*/"  at  x  —  0,  since  A*  <  x 
(for  that,  let  us  agree  not  to  consider  flow  with  region  D  forming  zero  angle). 
Therefore,  not  knowing  solution,  it  is  possible  to  estimate  integral 

^  K •  (t,  t,  y *  (t))  dx  =  M{t) 

0 

We  assume,  for  simplicity,  that  curvilinear  part  of  boundary  is  located  in 

limited  region.  Then  max  H  (t)  ono  <  t  <  2* will  be  finite  quantity.  Solution 

of  equation  (14)  can  be  received  by  method  of  successive  approximations  if 

X  max  M  (1)  <  'n 


This  inequality  occurs  at  x*  (s)  <  0,  i.e.,  if  all  curvilinear  sections 
are  turned,  by  convexity,  in  the  direction  of  flow,  and  also  at  sufficiently  small 

4  09 

—08 

i.e.,  at  sufficiently  small  contribution  introduced  by  curvilinear  sections  to 
change  of  angle  of  circuit  along  axis  x. 

Let  us  consider  the  most  simple  case  -  absence  in  circuit  of  curvilinear 
sections.  Since  x*  (s)  s  0,  th«ai  y*(t)  ==  0,  and  we  are  relieved  of  neces¬ 

sity  to  solve  integral  equation  (14).  In  this  case  V  (l,  t)  -  step  functio;. 
determined  with  accuracy  up  to  unknown  parameters  of  t^  which  determine  position 
of  angular  points. 

In  this  case,  second  integral  in  formula  (9)  takes  form 


*)  da  (t~  “  +  *')  4<"  =  -  -T  S  A,.m  (^—  ..  +  X-)  (i5) 

•  *"1 

where  am  u  =  am  (u,  k)  -  Jacobi  amplitude. 

It  is  easy  to  see  that  first  integral  in  formula  (9)  gives  solution  of 

problem  of  flowing  around  a  bubble  above  an  even  bottom  (Fig.  3).  Its  solution 

can  be  found  in  appendix  to  work  of  Cox  and  Clayden  [2].  Below  it  is  given  in 

designations  made  earlier. 

If  one  were  to  make  cut  CD  in  region  of  flow  shown  in  Fig.  3  (z)  then  region 
of  variation  of  function 


will  have  form  shown  on  Fig.  3  (x)  •  Depicting  this  region  in  parametric 

rectangle  (Fig.  3  (u)) 

iK  ,  , 

»  =  --» ln  c 

'(flCICIC'.  — *Orgt<n.  «’">p(_V)) 


we  receive 


dw  ,  j  sn  — sn 

Hi  —  r°  (du  u0  +  dn  uj* 
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A.  6  CC'  A 

8'  C'  n- 

WKEgf* 

-rri 

9  C  D 

0‘  W  -VOvi^  ,ff 

~K  -U.  0  u.  K 

w  0 


Fig.  3. 


Using  expression  (3)  for  dw  /  dC  >  we  find 

ii  =  —  *L  —  ;  QK*  L  /dnuo_-Mnj«  \* 

a't  du>’  ‘  n*r0*J  C  '  S’!  “030“  / 


This  formula  gives  solution  of  problem  of  bubble 

above  even  bottom,  and  simultaneously  allows  to  calculate 

first  integral  in  formula  (9) 

i  f\r,n  .*  =  iKt  ,\  K  J,  ,  r.-  Q  K*  C  -  «)*  /dn  U0  +  dn  «\*1 
-  \  1/  (fl,  0  on  -II)  -  dl  =  In  [.  ^gp— j-  (  an  I 


and,  during  absence  of  curvilinear  sections,  we  receive 
from  formulas  (15),  (16),  and  (5) 


if .  -  -*<?£  _L  (iO  n  fen  (  -lj  _  u  +  iK'  )  + 

«*C  C  \  sn  «0sn“  /  L  V  «  ) 

+  ‘SQ(“^i  —«  +  **')]  (17) 

In  solution  of  (17)  enters  n  unknown  parameters  of  and  unknown  scale 
factor  Q.  Parameter  uQ  (through  it  is  determined  F  ,  with  the  help  of  relation¬ 
ship  (4))  is  equal  to  Kt0  '  n  ,  where  tQ  coincides  with  that  from  tj  for  which 
A.  <  0  —  this  angular  point  should  be  branching  point  of  flow.  For  the  time 
being  we  consider  that  such  an  angular  point  is  singular. 

If  obstacle  is  given,  then  lengths  of  (n  -  l)  -  th  section  l,  between  angular 
points  A.  ana  A  ;  are  known;  for  determination  of  parameters  of  t.  and  Q  we  obtain 


n  -  1  transcendent  equation 


do  to,  +  dn(A'f /n)  \* 
sn  “,sn  [Kt  /  n)  ) 


1  —  dn I(it  —  l)K/n]  f4,/* 


T*T  l-OBUI,-!)  / 

«ICi-')A’/a 


dt  (j  =  i . »  —  1) 


Joining  two  equations  to  them,  ensuing  from  condition  (13)  of  single¬ 


value  of  function  z  (S) 


FI 

^  |dn*u,  3n  1  ~  ~  -f  cn*  —'j  cos  y  ( t )  dt  =  0 
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**  Xi 

j  (dn*u,  3nx  —  +  cn*  sin  7  (t)  di  =  0 
(l  (0  =  —  2  arc  t*n  cn(A'//n)  v  A'..  ,.\  ,  . 

'  dBuUnlA./H-,  ~  p  lt‘m  Tl'l~  '»  (20) 

We  arrive  at  a  system  of  (n  +  l)  -  th  equations  for  determination  of  (n  -t  l)  -  th 

unknown:  t t  and  Q. 

•i  n 

If  however  there  are  several  points  ^  for  which  A*  <  0,  generally  it  would 
be  necessary  to  consider  triply*  and  more,  connected  region  of  flow  D.  During 
existence  of  two  such  points  A*  and  A**  region  of  flow  will  be  doubly  connected 
and  fits  our  consideration  if  t*  and  t**  corresponding  to  them  are  coupled  by 
relationship  t**  =.—**;  this  relationship  can  be  satisfied  if  one  were  to  de¬ 
crease,  per  unit,  the  number  of  equations  (18),  (19),  and  (20),  This  can  be  done 
m  two  cases:  if  obstacle  is  taken  as  symmetric,  equation  (20)  is  transformed  to 
identity  (r  (0  in  this  case  is  odd  function  of  t)  and  if  we  consider  the  previ¬ 
ously  unknown  length  of  one  of  sections  4  j-i . 

Thus,  the  proposed  problem  has  been  reduced  to  solution  of  an  integral 
equation,  the  solvability  of  which  is  clear  for  convex  and  for  slightly  bent 
obstacles.  For  circuits  in  the  form  of  broken  line,  solution  is  written  in 
closed  form,  but  for  determination  of  parameters  it  is  necessary  to  solve 
system  of  transcendent  equations. 
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OH  CRACKS  SPREADING  BETWEEN  FLAT  PLATES  OH  RECTILINEAR 

BOUNDARY  OF  GLUING 


R.  V.  Gol!dotein  and  R.  L,  Salganik 
(Moscow) 


Propagation  of  cracks  at  place  of  gluing  between  two  elastic  materials 
differs  by  a  number  of  peculiarities  from  well-studied  (see  survey  [1]) 
propagation  of  cracks  in  uniform  materials* 

During  quasi-static  advance  of  end  of  crack  in  uniform  material, 
local  symmetry  has  a  place,  i,,e.,  near  this  end  only  normal  stresses  act 
synmetrically  distributed  relative  to  direction  of  propagation.  Further 
more,  form  of  crack  and  distribution  of  cohesive  forces  in  terminal 
region  of  quasi-statically  advancing  end  do  not  depend  on  applied  loads 
(hypothesis  of  autonomy  of  terminal  region). 

Crack  spreading  on  boundary  of  gluing  between  two  elastic  materials 
only  in  exceptional  cases  possesses  these  properties.  In  general,  its 
behavior  is  different.  In  terminal  region  of  such  a  crack,  because 
of  bulging  of  sides  due  to  inequality  of  properties  of  glued  bodies, 
overlap  of  one  side  on  other  occurs.  In  places  of  overlap  appear 
forces  of  reaction  influencing  advance  of  ends  of  crack.  Local  symmetry 
in  general,  is  also  absent.  On  continuation  of  crack,  near  its  end 
appear  both  sheering  and  normal  stresses. 

Nevertheless,  if  points  of  overlap  of  opposite  sides  are  concentrated 
only  near  ends  of  crack,  the  hypothesis  of  autonomy  can  be  generalized 
[2j.  Generalized  hypothesis  of  autonomy  turns  out  to  be  equivalent  to 
assumption  about  constancy  of  work,  which  reciprocal  forces  of  opposei 
sides  of  crack  distributed  in  the  small  terminal  region  produce,  during 
formation  of  unit  of  length  of  crack. 

For  experimental  check  of  permissibility  of  such  assumption,  it  is 
necessary  to  obtain  from  it  a  number  of  results.  In  connection  with 
this,  in  offered  work  are  considered  two  problems  of  propagation  of 
cracks  along  rectilinear  boundary  of  gluing:  the  first  problem  about 
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a  tension  crack,  caused  by  given  normal  stresses;  the  second  -  about 
wedging  along  boundary  by  a  strictly  smooth,  semi-infinite  wedge  of 
constant  thickness. 

1.  Rectilinear  crack  stretched  by  normal  stresses  under  the  conditions  of 
flat  doformation.  Let  us  consider  typical  problem  of  theory  of  cracks.  In 
infinite  body,  along  axis  x  from  x  =  0  to  x  =  1  is  located  a  crack.  At  in¬ 
finity  to  body  are  applied  compressing  stresses  s*  ~  —/>(/'>  0).  Crack  is  stretch¬ 
ed  in  the  middle  by  concentrated  forces  equal  by  absolute  magnitude  P  and 
directed  on  perpendicular  to  crack.  As  always,  it  is  necessary  at  first,  to 
solve  problem,  assuming  that  crack  and  loads  applied  to  its  surface  are  absent. 
Then  it  is  necessary  to  solve  problem  of  a  crack  loaded  on  surface  by  forces 
and  stresses  applied  to  it  eqral  to  and  opposite  those  which  were  obtained  in 
first  problem  at  place  of  discovery  of  crack.  Here  it  is  considered  that  other 
loads  are  absent.  Sum  of  solutions  of  both  problems,  on  account  of  linearity, 
will  be  solution  of  initial  problem. 

Materials  on  both  sides  of  axis  x  are  identical,  solution  of  first  problem 
in  stresses  will  be 

a¥  =  —  p,  ax  =  0,  TXtf  =  0  (i.i) 

If,  however,  these  materials  are  not  identical,  then,  assuming  that  gluing 
is  not  disturbed  and  that  deformations  of  a  thin  layer  of  glue  can  be  disregarded, 
we  receive  another  solution.  This  solution,  obviously,  does  not  depend  on  x  and 
in  stresses  has  form 

«.--r "<°  (1.2) 

where  v-  Poisson’s  ratio.  Here,  and  in  the  future,  by  indices  1  and  '1  will  be 
marked  quantities  relating  respectively  to  upper  and  lower  half-spaces.  From 
(1.2)  ensures  that  presence  of  compressing  stresses  perpendicular  to  boundary 
leads  to  appearance  of  longitudinal  compression  where  corresponding  compressing 
stresses  in  both  glued  parts  are  different. 


In  contrast  to  preceding  case,  stress  state  described  by  formulas  (1.2) 
i3  nonuniform.  This  i3  connected  with  the  fact  that  formulas  of  (1.2)  represent 
solution  of  problem  of  a  strip  glued  along  axis  *  from  two  different  strips 
and  compressed  evenly  by  stresses  distributed  on  its  edges.  Solution  of  (1.2/ 
does  not  depend  on  stripwidth  and  therefore  width  of  strip  is  considered  infinite. 

Turning  to  solution  of  second  problem  of  a  crack  loaded  on  surface  we  will 
use,  at  y>0  >  formulas  of  N.  I.  Muskhelishvali  [3] 

ox  +  ov  =  4  Re  O  (z),  <r„  —  ixJV  =  (|)  (2)  ■}•  !)  (z)  -f  (z  —  z)  <!>'  (2) 

2fl‘  (£  ^  *  =  xi<1'  W  Q  (2)  —  (2  —  z)  <F"(zl  ^  y 

where  p-  shear  modulus;  x  =  3  — 4v,  z=  z+  iy.  In  considered  case,  functions 
<I>  and  ii  in  these  formulas  have  form  Cl] 


<D  (:)  J-  Q  (-)  = _ I _ \ 

w  m  1 '  2j xiZ  (-)  ) 


i  "  i*  <f  U)  Z(i-i  i0) 


r  —  z 


dt 


Z(s) 


T  HlXt 


(l.u) 


Here 

(cry  =  (<*„  —  fTxV)x,-.l0  =  <?  (x).  lim  ( Z  (:)/  z)  —  1 

■I —OO 

Quantity  p  will  be  considered  nonnegative .  This  can  always  be  done, 
numbering  glued  oodies  in  the  appropriate  way. 

Surface  of  crack  ia  loaded  by  normal  stresses  of  concentrated  forces  and 
by  stresses  of  action  of  elastic  field  (1.2),  This  gives 

?(*)  «  p-l”j{x- '/,/)  (0<x</)  (1>5) 

Dus  to  symmetry  of  problem  concerning  line  of  action  of  concentrated  forces, 
ends  of  crack  are  always  disposed  at  identical  distances  from  this  line.  There¬ 
fore,  about  propagation  of  crack,  it  is  possible  to  judge,  for  example,  by 
behavior  of  left  end  x  0  and  to  consider  value  *  <  C/i  0-  Behavior  of 
left  end  of  crack  is  wholly  determined  by  elastic  field  in  its  small  environment. 
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From  given  solution,  we  find  that  on  continuation  of  crack  in  this  environment 

(r  =  8  <4  +  0) 

~ ,T"  =  -  ft  {(/Trf  I-4*  +  iB>)  + » (1)}  (1.6) 

Opening  of  crack  f u  -f  iv J,  equal  to  difference  of  displacements  of  its  upper 
and  lower  sides  at  corresponding  points,  with  accuracy  within  sstall  [values] 
of  a  higher  order,  is  determined  when  x  —  +  0  by  expression 


lu  +  iv\  -  M  YU  (—)*  {( Bt  -  2$A0)  -  t(A,  +  2$Bq))  (]  <?) 

Here  M  —  certain  positive  quantity  depending  on  elastic  constants.  Quan¬ 
tities  A0  and  B0  are  expressed  through  applied  loads  in  following  manner 


a.= — 

*  2 a  Yi  Ym  * 


B>  =  ?p  /T 


*  '  ~>-rrr  •  (1.8) 

From  (1,7)  it  seems  that  during  approach  toward  the  end  of  crack,  upper  side 
would  infinitely  frequently  intersect  with  the  lower  located  beneath  it.  Actually 
this  does  not  occur.  Opposite  sides  of  crack  overlap  one  on  the  other.  In 
places  of  overlap  reaction  forces  appear,  which  it  is  necessary  to  add  to  already 
considered  forces  acting  on  surface  of  crack.  To  these  forces  it  is  necessary 
to  add  also  cohesive  forces  of  opposite  3idas  of  the  crack  which  act  near  ends  of 
crack,  ka  a  result,  in  formulas  (1,6)  and  (1.7)  instead  of  A0,  ro  it  is  neces¬ 
sary  to  place  A0  +  A’  and  Bo  +  B‘,  where  quantities  A1,  B*  account  for  action 
of  reactive  forces  and  cohesive  forces. 

If  given  end  of  crack  is  in  equilibrium,  there  should  be 


Ae  A1  —  0,  =  0  (1.9) 

Hero,  in  end  of  crack,  sides  are  smoothly  closed  and  stress  in  continuation 
of  crack  become  terminal.  Condition  of  (1.9)  known  for  cracks  in  uniform 
materials  as  hypothesis  of  S.  A.  Khristianovich  [5],  was  later  proven  with  the 
help  of  variational  principles  [6,  73 •  By  the  same  method,  it  can  be  proven 
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also  for  cracks  spreading  on  boundary  of  .gluing  12]. 

Size  of  region  of  action  of  reactive  forces  can  be  various,  depending  upon 
relationship  between  loads  p  and  p  If  tensile  force  P  is  sufficiently  great, 
points  of  overlap  will  appear  only  in  the  small  terminal  region.  Actually, 
oscillatory  character  of  dependence  (1.7)  disappears  when  x  >  x„  where 


It  is  easy  to  show  that  (l  <  (In  xi)/2.-t.  Since  Poisson's  ratio  v  is 

always  nonnegative,  then,  for  all  materials,  *•  -C  Derivative  x  on  quan¬ 

tity  I t'l,  calculated  without  account  of  reactive  forces  and  cohesive  forces, 
at  point  x  —  x,  is  equal  —  Af(A«  4-2^/iu)  .  If  this  derivative  is  positive, 

then  the  more  to  the  right  x  **  i*  upper  side  is  located  above  the  lower.  From 
character  of  distribution  of  applied  loads,  it  is  clear  that  from  this  place 
and  further,  up  to  middle  of  crack,  upper  side  will  remain  above  lower.  Condition 
of  positiveness  of  derivative,  taking  into  account  expressions  of  (1.8)  for  Ao, 

Bo,  is  reduced  to  inequality 


P>P.(/)s^T~(  i+4J«) 


(1.11) 


Thus,  during  fulfillment  of  inequality  (l.ll),  reactive  forces  and  cohesive 
forces  clearly  act  in  sraall  end  region.  This  region  remains  small  also,  when 
F**  (l)  somewhat  exceeds  P.  When  P#  (l)  greatly  exceeds  P,  size  of  region  of 
action  of  reactive  forces  ceases  to  be  small  compared  with  length  of  crack. 

A  necessary  condition  of  application  of  generalized  hypothesis  of  autonomy 
is  smallness  of  end  region.  Let  us  assume  that  this  condition  is  satisfied. 

As  was  already  noted,  generalized  hypothesis  of  autonomy  is  reduced  to  require¬ 
ment  of  constancy  of  work  of  T,  produced  by  forces  of  interaction  of  opposite 
sides  of  crack,  during  formation  of  unit  of  length  of  crack  during  quasi-static 
advance  of  its  end.  Quantity  T  is  expressed  through  A',  B'  by  the  formula  of 


(1.12) 


f  _  J* _ (Mi  4-  Mt*i)  (Ma  -{-  HiXi) 

2  MiM«iMi(x,-h  l)  +  Mi(xj-j  1)| 


(/!'*  +  fi'1) 


Hence,  from  conditions  of  equilibrium  (1.9)  and  formulas  of  (1.8)  we  obtain 
following  expression  for  lei  gth  1  of  mobile-equilibrium  crack 


/  = 


1  +  W  f  P  I  W  .  2l/l {7'i  i  2/,?1 

«-  (i  +  ^3a)  1.  P  '  nP> —  V  **/>'  '  np' 

* _ 

(n-Y (Hi  +  HjXi)  (Mi  +  Mix»)/MiMi) 


In  Fig.  1  is  given  graph  of  dependence  of  length  1  of  mobile-equilibrium 

crack  on  quantity  of  concentrated  force  stretch¬ 
ing  crack.  This  graph  is  a  loop  located  in  the 

first  quarter  of  plane  PI.  In  Fig.  1  is  also 

depicted  straightline  S  {P  —  ^*(0)-  Under 

this  straightline,  and  near  it  (above  it)  lie 
points  to  which  small  end  region  corresponds, 
and  for  which,  consequently,  application  of  generalized  hypothesis  of  autonomy  is 
permissible. 

According  to  this  hypothesis,  during  increase  of  load  P,  length  of  crack  1 
remains  unchanged  so  long  as  quantity  P  does  not  attain  value  corresponding  to 
given  length  1  on  curve  l(P).  If  length  1  is  sufficiently  small,  after  laod  P 

attains  indicated  value,  quasi-static  increase  of  length  of  crack  begins  on 

curve  ((Pi-  Within  limits  of  generalized  hypothesis  of  autonomy,  after  this  in¬ 
crease,  it  is  possible  to  trace  only  up  to  values  of  1  which  exceed  somewhat 
length  Lp  This  corresponds  to  point  of  intersection  of  straightline  S  with 
curve  J(P).  It  is  easy  to  show  that  in  region  of  such  values  of  1,  dependence 
l(P)  is  single-valued. 

For  the  largest  values  of  1,  use  of  generalized  hypothesis  of  autonomy  is 
not  possible,  because  terminal  region  of  crack  ceases  to  be  small  compared  with 
length  of  crack.  However,  one  can  assume  that  for  sufficiently  large  values 


Fig.  1. 
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of  length  of  initial  crack  quasi-static  development ,  during  increase  of  P, 
cannot  continue  indefinitely.  Such  an  assumption  is  derived  in  the  following 
manner. 

During  decrease  of  tensile  force  P,  the  crack  is  closed.  In  uniform 
material  this  would  not  lead  to  advance  of  its  ends,  in  the  interior  of  body. 

If  however,  materials,  among  which  crack  is  located,  are  different,  then,  near 
ends  of  crack,  small  areas  of  contact  will  alternate  with  places  where  crack 
is  open.  As  a  result,  on  extent  of  crack  concentration  of  stresses  will  appear. 
Due  to  this,  ends  will  advance  into  interior  of  body.  Increase  of  length  of 
crack,  during  compression,  is  a  characteristic  peculiarity  of  brittle  fracture 
of  glued  bodies.  If  we  now  start  to  increase  tensile  force  P,  this  will  lead 
to  lowering  of  concentration  of  stresses,  and ^ends  of  crack  will  stop.  They, 
apparently,  will  remain  motionless  as  long  as  the  main  part  of  crack  is  not 
freed  from  sites  of  contact  and  these  sites  are  not  concentrated  near  ends  (full 
disappearance  of  sites  of  contact,  as  was  already  shown  is  generally  impossible). 
In  Fig,  1  to  such  a  process  corresponds  transference  of  point  depicted  on 
horizontal  above  straightline  S  up  to  this  straightline.  During  further  increase 
of  load  P,  body  should  be  fractured,  since  by  assumption,  initial  length  of 
crack  significantly  exceeds  quantity  lp  and  from  generalized  hypothesis  of 
autonomy  in  this  case  it  ensures  that  equilibrium  crack  does  not  exist. 

During  infinite  increase  of  compressing  load  p,  characteristic  length  1-^ 
aspires  to  zero.  Together  with  it,  minimum  length  of  equilibrium  crack  decreases. 
This  phenomenon  is  analogous  to  that,  which  takes  place  for  crack  in  uniform 
material,  stretched  to  infinity  by  stresses  normal  to  the  crack.  Maximal  equili¬ 
brium  length  of  such  a  crack  aspires  to  zero  during  infinite  increase  of  tensile 
load  (see,  for  example,  (lj).  However,  an  above  mentioned  interesting  peculiarity 
of  the  considered  case  is  the  fact  that  this  phenomenon  sets  in  during  compression, 
but  not  during  tension. 
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If  compressive  stresses  p  decrease,  then  region  under  straightline  S  is 
increased,  and  within  limit  p~-  0  occupies  entire  first  quarter.  Intersection 
point  of  curve  1{P)  with  straightline  S  here  departs  to  infinity.  Thus,  when 
only  tensile  loads  act  on  crack,  end  region  is  always  small,  which  is  a  neces¬ 
sary  condition  of  application  of  generalized  hypothesis  of  autonomy.  Applying 
this  hypothesis,  we  receive,  for  case  p  —  o  a  result,  not  qualitatively  dif¬ 
ferent  from  corresponding  result  for  crack  in  uniform  bodyr 

We  note  also  that  if  distinction  in  properties  of  glued  bodies  disappears, 
loop  in  Fig.  1  is  turned  into  open  curve  departing  to  infinity,  and  straight line 
S  occupies  a  certain  limited  position.  Above  this  straightline,  as  before,  lie 
points  corresponding  to  case  of  mutual  overlap  of  opposite  sides  of  crack.  But 
now  stresses  on  extent  of  cracks  are  final,  and  a  crack  remains  motionless  during 
any  changes  of  P  in  interval  0  <  P  <  />*{/).  At  />>/%(/)  spread  of  crack  occurs, 
as  was  already  described  for  small  length  1  of,  when  glued  materials  are  dis¬ 
similar.  The  only  distinction  is  that  now  a  part  of  the  mobile-equilibrium 
development  is  not  limited.  At  very  large  values  of  compressing  stress  p, 
influence  of  specific  surface  energy  T  becomes  insignificant,  and  within  limit, 
curve  l(P)  becomes  straightline  P  =  P*(l)  .  Thus,  in  the  same  manner,  without 
regard  for  cohesive  forces,  the  problems  of  cracks  in  uniform  rocks  (see  survey 
[1]),  where  large  compressing  stresses  are  caused  by  pressure  of  the  overlying 
rock  strata,  are  considered. 

If  a  crack  spreads  in  a  non-uniform  layer,  and  on  the  boundary  between  two 
uniform  layers  with  various  elastic  properties,  then  at  large  values  of  compres¬ 
sing  stresses,  calculation  of  specific  surface  energy  becomes  immaterial  in  a 
certain  intermediate  interval  of  quasi-static  development  of  the  crack.  This 
intermediate  interval  is  wider,  the  less  the  distinction  between  properties  of 
layers,  and  within  limit  when  distinction  disappears  it  becomes  unlimited  from 
above . 
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In  problem  analyzed  in  this  paragraph,  terminal  region  was  small  only  during 
definite  relationship  between  loads.  Another  case,  when  terminal  region  i3 
always  small,  is  represented  by  problem  of  wedging. 

2.  Wedging  along  glued  boundary  by  wedge  of  constant  thickness.  Lot  U3 
assume  that  along  boundary  of  gluing  (axis  x)  is  inserted  a  rigid,  smooth,  semi¬ 
infinite  wedge  of  constant  thickness  2  h,  so  that  end  formed  before  it  a  free 
crack  of  length  1  at  origin  of  coordinates.  Wedge  itself  is  located  in  interval 
*  <  *  <  °c.  We  assume  also  that  to  the  wedge  —  body  system  no  external  forces 
are  applied.  Thickness  of  wedge  2h  will  be  considered  small  comparatively  with 
length  of  free  crack.  The  problem  can  be  solved  in  linear  placement  analogous 
to  that  for  problem  of  a  uniform  body  [8],  Here  boundary  conditions  fall  on 
axis  x.  Assumption  about  smoothness  of  wedge  means  that  friction  is  absent,  on 
its  sides,  i.e.,  shear  stresses  are  equal  to  zero.  Since  thickness  of  wedge  is 
constant,  along  it  transverse  displacement  v  remains  constant.  Surface  of 
crack  is  considered  not  loaded.  Thus,  we  have 

xxv  -  0,  cy  =  0  <0<*<L  y  —  ±0) 

(dv/dx)  =  0,  xxv  —  0  GOO.  y  ==  ±0) 


Solution  of  problem  of  wedging  at  y  >  0  is  given  by  formulas  Muskhelishvili 
(1.2).  On  basis  of  results  of  work  [4].  it  can  be  shown  that 


Q  =  mO 


(2.1) 


where  O  —  function  analytic  in  entire  plane  of  complex  variable  z  =  x  +  iy, 
except  perhaps,  semiaxis  x  >  0.  This  function  at  z  —  oc  becomes  zero,  and 
on  semiaxes  x>0  satisfies  following  boundary  conditions: 


O  (x  +  iO)  +  mO  (x  —  1O)  =  0,  Im  (P  (  x  ±  *0}  =  0 
(0  <  *  <  0  GOO) 


(2.2) 


Introducing  function  cp  (z)  ^  <P(z),  problem  (2.2)  can  be  reduced  to  conjugate 
problem  for  system  of  two  functions  [9].  In  given  case,  problem  for  the  system, 
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with  the  help  of  simple  conversions,  reduces  to  Riemann  problem  for  one  function 
[9,  11.1  •  In  result  of  solution  of  this  problem  is  obtained. 


<D  = 


exp 


(,p 


In 


Vi—  t~t  yi 


Vt-i  +  iV 


?} 


(2.3) 


Here,  at  1  —  *  <  0 


Vi- l  =  i  yi-x,  yT(t  -  /)  =  yx(x  ~  /)  (2.4) 

and  imaginary  part  of  logarithm  is  equal  to  zero. 

Constant  C,  in  expression  (2.3)#  is  determined  from  condition,  that  opening 
of  crack  h}  during  change  of  x  from  0  to  1,  changed  from  zero  to  2h.  This 
constant  is  equal  to 

C  •*  —  ch  np 

(2.5) 


Investigating,  as  and  in  preceding  paragraph,  elastic  field  near  end  of 
crack,  it  io  possible  to  show  that  size  of  region  of  action  of  reactive  forces 
is  always  small  as  compared  with  length  of  crack  1.  Application  of  generalized 
hypothesis  of  autonomy  leads  to  following  expression  for  length  1  of  a  mobile- 
equilibrium  crack 

/  8*Vi  m  cir*  ng 

*  “  xT  (xi  +  1)  +  Hi (x*  +  1)1  l\ 


where  T  specific  surface  energy. 

Thus,  as  in  analogous  problem  of  wedging  of  uniform  material,  length  of 
free  crack  1  is  proportional  to  square  of  thickness  of  wedge  2h.  If  elastic 
properties  of  glued  bodies  were  identical,  then  in  each  of  these  bodies  wedge 
would  deepen  by  quantity  h.  In  general,  quantities  of  deepenings,  h^  and  h^, 
first  and  second  media,  accordingly,  are  equal  to 


X.  A-  1  £t\-1 

xi.+t  **«/  ’ 


ht  =  2h  (l  + 


xt  4- 1  PiX"1 

x,  +  1  pi/ 


(2.7) 


Received  qualitative  and  quantitative  results  it  can  be  checked  by  experi¬ 
ment.  In  particular,  using  these  results,  one  can  find  experimentally  specific 
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surface  energy  T,  and  verify  if  it  remains  constant  during  change  of  external 
parameters. 
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Institute  of  Mechanics 
Moscow  State  University 


Literature 


Submitted 
1 L  June  196? 


1.  G.  I.  Barenblatt.  Mathematical  theory  of  equilibrium  cracks  formed 
during  brittle  fracture.  PMTF  1961,  No  A. 

2.  R.  L.  Salganik.  On  brittle  fracture  of  glued  bodies.  PMM,  1963,  vol. 
XXVII,  issue  5. 

3.  N.  I.  Muskhelishvili.  Certain  basic  problems  of  mathematical  theory  of 
elasticity.  Pub,  House  of  Acad,  of  Sci.  of  USSR,  1954. 

4.  G.  P.  Cherepanov.  On  stressed  state  in  nonuniform  plate  with  notches. 
Pub.  House  of  Academy  of  Sciences  of  USSR,  OTN,  Mechanics  and  machine  building, 
1962,  No  1. 

5.  Yu.  P.  Zheltov  and  S.  A.  Khristianovich.  On  mechanism  of  hydraulic 
ruptura  of  oil-bearing  layer.  Pub.  House  of  Acad,  of  Sci.  of  USSR,  OTN,  1955, 

No  5. 


6.  G.  I.  Barenblatt.  On  conditions  of  finiteness  in  mechanics  of  solid 
media.  Static  problems  of  theory  of  elasticity,  PMM,  I960,  vol.  XXIV,  issue  2. 

7.  G.  I.  Barenblatt  and  G.  P.  Cherepanov,  On  finiteness  of  stresses  on 
edge  of  arbitrary  crack,  FWM,  1961,  vol.  XXV,  issue  4. 

8.  G.  I.  Barenblatt.  On  certain  problems  of  theory  of  elasticity,  appearing 
during  investigation  of  mechanism  of  hydraulic  rupture  of  oil-bearing  layer. 

PMM,  1956,  vol.  XX,  issue  4. 

9.  N.  I.  Muskhelishvili.  Singular  integral  equations.  Fizmatgiz,  1962. 

10.  F.  D.  Gakhov.  Boundary  value  problems.  Fizmatgiz,  1963. 

11.  M.  A.  Lavrent'yev  and  B.  V.  Shabat.  Methods  of  theory  of  functions 
of  the  complex  variable,  Fizmatgiz,  1958. 


101 


EQUILIBRIUM  CRACKS  IN  STRIP  OF  FINITE  WIDTH 


I.  A.  Markuzon 
(Moscow) 


Considered  is  problem  of  determination  o**  length  of  equilibrium  crack 
formed  in  strip  of  finite  width  under  the  conditions  brittle  factors. 
With  this  aim,  initially*  is  solved  problem  of  distribution  of 
stresses  near  3lit  of  certain  given  length,  and  then  results  of  work 
[1]  are  used,  allowing  to  determine  size  of  equilibrium  crack  depending 
upon  applied  loads.  In  connection  with  this,  consideration  is  initially 
conducted  without  regard  for  cohesive  forces  acting  near  tip  of  crack. 

Simultaneously  considered  is  analogous  problem  of  crack  having  form 
of  round  disk  in  plate  of  finite  thickness. 

1.  Formulation  of  problem.  Let  us  consider  a  strip  of  width  2h,  axis 

of  symmetry  of  which  we  will  take  for  axis  of  abscissas.  Axis  of  ordinates  y 

we  direct  upwards.  Let  on  boundary  of  strip,  i.e.,  at  y  =  ±h,  distributed 

breaking  load  act  of  intensity  p  (x)  symmetric  with  respect  to  axis  ordinates 

and  abscissas.  We  will  create,  in  proximity  of  origin  of  coordinates  along  axis 

of  abscissas,  a  crack  (cut).  Then  under  action  of  applied  system  of  loads  a 

crack  will  occur  (Fig.  1),  in  general,  of  certain  equilibrium  length  2a.  Removing 

stresses  on  boundary  of  ulrip  and  considering,  in  view  of  symmetry,  a  half strip, 

we  obtain  following  boundary  conditions: 

at 

T«v  =  0  <l*|<~)  (1.1) 
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(1.2) 


(1.3) 


Here  g(x)  —  stress  appearing  in  solid  strip  on  axis  x  from  application  of 
loads  taking  stresses  on  boundary. 

2.  Obtaining  of  integral  equations.  Following  the  method  presented  in 
Sneddon’s  book  [2],  ard  considering  symmetry,  we  take  following  expressions  for 
components  stress  tensor  and  displacement: 


where 


W  03 

au  = - §-  ^  V  G  (y,  l)  cos  cx  d*,  Txy  =  — ^  |  ^  s.;>  £x  d; 

0  0 

2(1  j- v)  Tr..  .  (PC  .  di 

9  =  — nT1 1  r1  “  v>  Tpr  -  (2  -  V)  ^Jco.<  lx~ 


(2.1) 

(2.2) 


G  {$,  y)  =  (4  +  BEy)  ch  |y  +  {C  +  0|y)  sh  ly 


Functions  /i(|)f  5(£),  C&j,  D(l)  are  determined  from  boundary  conditions  of 
problem. 

Shown  system  of  stresses  and  displacements  satisfies  equations  of  equili¬ 
brium  and  compatibility  (components  ax  and  u  here  are  not  written  out).  Using 
boundary  conditions  (1.1)  and  (1.3),  we  obtain  system  of  three  equations  for 
A,  B,  C,  D,  whence,  in  particular,  it  follows 

We  now  demand  fulfillment  of  boundary  conditions  (1.2).  As  a  result, 
considering  x  -  axv  X  =  a\.  h  =  ad,  obtain  following  system  of  dual  integral 

equations: 

OO  00 

^  Xfl  (61)  (1)  cos  Xxx  dX  =  g,  (x,),  ^  Bl  [X)  cos  ax,  dX  =  0 

O  0 

(0<x,<i)  (n>i) 

r(«.))  ( B.  (>■)  =  V  B  (v)) 
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Let  us  note  that  displacement  and  stress  0«~°v  at  points  of 

axis  of  abscissas  are  determined  by  formulas 


«  00 
i<i^H  J  5,  (X)  cos  Xz.dk,  o/  -  -  ~  J  XII  (61)  Z?,  (X)  cos  kx.dk 


(2.1) 


3.  Reduction  of  system  of  dual  lnte 


tions  to  one  Fredholm  equation 


of  second  kind.  Integrating  the  first  of  equations  (2.3)  from  0  to  x,  we  obtain 


system 


MW  X 

$*(X)//(«X)sinXxdX~G(x)  (0  <  *  <  l )  («(*)- Jr,  (»<**)  (3.1) 


if  (X)  cos  XxdX  «  0  (*>1) 


(3.2) 


(index  for  and  is  omitted). 

We  will  introduce  new  function  ?(M  is  following  form 


B  (X)-j  /(<)/.  (X/)* 


(JD  -  Bessel  function  of  zero  order). 


On  basis  of  formula 


^  /,  (X<)  cos  XxdX  «  |q 


(l»  _  (X  <  t) 

0  (*>0 


(3.3) 


equation  (3.2)  satisfies  identity  with  the  help  of  (3.3).  We  present  equation 


(3.1)  in  following  form: 


OO  rno 

^  B  (X)  sin  Xr  dX  +■  ^  II t  (6 X)  B  (X)  sin  Xx  dX  =>  G  (x)  (0  <  »  <  t) 

*  ( Hx  (6X)  =  U  (6X)  -  i ) 


(3.1) 


First  component  in  (3.1),  with  the  help  of  relationship  (3.3)  and  formula 


*  /0  ("^^0 
J/,  (X/)  sin  Xx  dX  =  _  ,tp,  (x  >  f) 


will  convert  in  following  manner: 


j  00  *  *  ()  dt 

\  B  (X)  sin  Xx  dX  =  (  <p'  (t)dt  ^  sin  Xx  /,  (kt)  dk  -  ^ 

i  •* 


(3.5) 


104 


integrating  by  parte  (3.3),  we  obtain 


5  (X)  =-  9  (1)  j*  (X)  -l-  x  \  <r  (0  /,  (X0  dt  (,  (0) ...  0) 

•  (3.6) 

If  we  now  place  (3.6)  in  eecond  component  of  left  part  of  equation  (3.4) 
and  consider  (3.5),  then  equation  (3*4)  can  be  written 


,  * 

5  +  'M*. *)<P(0  «'  «■  G(t)  (0<,<i)  ^ 

where 

00 

it,  (*;  6)  “  5 ;/» J' (X)  8iQ  Xz  A 
0 
00 

At  (x,  t\  ft)  ~  J  Xtf,  (4X)  /,  (Xf)  sinXx  dX 


We  will  introduce  function  1'  (x)  by  following  relationship 


=  9«)  — M 

'  '  '  yV~  «*  or  n  J 


2  f  r/(r)rfi’ 

y'ifzri* 


(3.8) 


Using  (3.8)  and  changing  order  of  integration  in  iterated  integral,  we 
obtain  from  (3.7)  the  Fredholm  integral  equation  with  Kernel  having  a  removable 
discontinuity 


1 

t  W  +  ^  \  [L  (x*  v<  *)  +  K  (jr,  r;  4)]  /  (a)  (jf  =  C  (x)  (0<I  <  ,) 


(3.9) 


where 


L  ( x ,  r,  4) 


r/l]  (r;  6) 


( j,  r;  4)  -  A'Sj-J^jL 
'  1  J 


V i~ •  .  . . '  -  ' 3  -JTTy—  (3.10) 

The  same  equation  can  be  written  in  somewhat  different  form,  more  convenient 
for  its  solution 


/(*)  +  “)  *  (r,  ir,  6) /(v)  dtr  *=  G,(r)  (0<x<l)  (3,11) 

c 


Here 


C,(x)  =  C(x)  -9(1M,(x;  4) 

If  one  were  to  temporarily  consider  constant T  (1)  known,  then  right  3ide  of 


equation  (3.11)  will  be  given  function.  Then,  solution  of  equation  (3.11)  can 


take  the  form  [3] 


1 

/  (z)  =  Gx  (x)  -4S  W  K  (*•  f>)dv-r  ..  . 


9(1). 


Formula  (3.8)  allows  to  obtain  relationship,  necessary  for  finding  constant 


4.  Case  of  constant  load.  If  strip  breaks  due  to  load  of  constant  intensity 


p9,  applied  to  its  surfaces,  then  G  (*)  =  0.5  n/v j’x,  and  consequently. 


/  (x)  -  ~  Po***  —  <P  (0  fi)  —  PoQ,\  ^  t>)  dv  -r 


I 

+  ~  «p  (1)  ^  Ax  (r;  6)  A'  (z.  r;  6)  di>  +  .  .  . 


(4.1) 


We  convert  expressions  ,4,(1;  6)  and  K  (x,  r;  6).  entering  (4.1).  Here  we 
integral  representations  of  Bessel  functions  -^o  and  A* 


Thus 


<*!  *>=  -B  "•  <w> si»  ^  *) 7f=|  =  t\  “•  *> 


Here 


//p(x,  a;  fl)  —  \  II x  (flA)  sin  Xz  cos  hi  dX 
« 

Analogous  to 

1  At  l 

K  (z,  v;  6)  =  --  v  J  J  #*o  (*.  a;  6) 

*  0 

where 

CO 

//jo  (x,  a;  6)  =  jj  X1  //,  (6X)  sin  Xx  cos  Xu  dX 
0 

1st  us  note  that  expression  (z)  entering  into  these  formulas  under  the 
sign  of  integral  can  be  is  represented  in  following  manner* 


where 


*®> »  =  -  i  -«-■*+« - 

-  -f  4.2  xT**  +  10.4  z*e-p,t  +  12.4zVp**  —  8ze~p'z  - 

-  10x*«~p’1  -  16  z*e~p,z) 

»  4.8,  ”  4.0,  p,  =  2.8,  pt  =  2.0) 


(4.2) 


lOg 


Here  is  used  [2]  that 


Calculating  integrals  entering  into  solution  of  (4.1)  and  expanding  integrands 
in  series  by  degrees  of  ft-',  we  obtain 

/  (*)  *=  —  <j  (1)  C,z6-S  <j>  (I)  c,  (lx*  3x)  ir*  -f 

4-  */,  -r  .  .  . 

(d  «  —  2.3! ,  e»»~  0.83.  ct  -  —  0.63)  (4.3) 

Having  found  <p  (/)  by  formula  (3.8)>  we  determine  value  of  constant  <r  (1) , 
entering  into  (4.3)*  After  that  we  immediately  find  that 


<p'  (0  «  lttnplfltHi  +  M'*  -  (n,  +  a^‘)  6'4  -i*  {at  +  a,/*  4*  a/)  6‘* 

(«i  **  1.15,  4|  —  0.71,  «i  «  1  ,2j.  ti  t=  —  0.38,  a,  =»  0.00,  a,  =/0,77)  (4.4 ) 

Expression  (4*4)  allows,  by  formula  (3.3)»  to  find  D  (1)  and  thereby,  on 
basis  of  formulas  of  section  2,  to  obtain  solution  of  problem  of  stress  state 
in  strip  with  crack.  In  particular,  displacement  of  points  of  surface  of  crack 
(z  <  1)  is  expressed  as 


<  (1  -  v») 


-  v*)  f  <?'«)</ 1  2(1  -v»)  ./•- - .  .  . 

«/;«  J  yt,  _  I ,  /•;  /’e'1  r  1  — -  z1  A  (z;  6) 


(4.5) 


where 


A  (z;  6)  ==  1  4-  ajfi-5  ~  fa,  4-  (y  4-  f  z* )  n,J  d'1  +  ja4  -j-  (-j  +  z* )  /ij  -|- 

+  (t  +  B**+B*,)« U.6) 


However,  length  of  equilibrium  crack  has  still  not  been  determined,  since, 
as  wa3  said,  solution  of  problem  was  conducted  neglecting  cohesive  forces.  For 
finding  of  length  2a  of  equilibrium  crack,  we  demand  smoothness  of  closing  of 
its  opposite  surfaces  near  tip.  This  length  can  be  determined  from  relationship 
written  in  dimensionless  form 


Jim  (f 

x-t 


r  )  •- 


2  A'  (I  -  v«)  Va 

nt. 


(4.7) 
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Hence 


(a  (i;  6)  =  1  +  1.15  6-*  -  0.55  6-4  + 

+  0.49  4-  +  ...-^)  0*-8> 

When  6  —  co  (A  (1;  6)  =  1)  ,  condition  (4*8)  takes  form,  coinciding  with  known 
solution  for  strip  of  infinite  width. 

Relationship  (4.8)  can  be  written  in  the  form 


A  (I;  6)  KVz  ,t 

~W =  ivTvT  1  ('‘  =  ,4) 


(4.9) 


As  can  be  seen  from  graph  (Fig.  2),  constructed  formula  (4.9)  at  given  strip 
width,  with  increase  of  load  p0,  size  of  equilibrium  crack  decreases.  As  expected 
equilibrium  of  cracks  in  considered  case  of  load  of  constant  intensity  is  unstablo. 
From  graph,  furthermore,  it  is  clear  that  instability  of  development  of  crack 
with  decrease  of  parameter  6  =  hi  a  assumes  a  sharper  character.  This  may  be 
seen  also  from  Fig.  3>  in  which  is  given  dependence  of  size  a  of  equilibrium 
crack,  at  given  load,  on  parameter  6.  Thus,  for  example,  if  h  =1.5  a,  then 
critical  size  of  crack  decreases  approximately  twice  in  comparison  with  that  in 
infinite  body.  At  4  >  5a  critical  size  of  equilibrium  crack  in  strip,  practically, 
coincides  with  critical  size 

a  —  2A',n*pJ  =  ** 

of  crack  in  infinite  body. 

5.  Case  of  axial  symmetry.  Let  us  consider  thick  infinite  plate  with  a 
round  crack  in  the  middle  plane;  selecting  beginning  of  coordinates  in  center  of 
crack,  we  direct  axis  z  perpendicularly  to  middle  plane  of  plate.  Let,  under 
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action  of  given  symmetric,  with  respect  to  axis  z,  breaking  load,  crack  open  up. 
Removing  stress  at  boundary,  as  was  done  in  section  1,  we  obtain  following  boundary 
conditions : 

when  2  —  0 


Xn  —  0  {0<  r  <oe) 


(5.1) 


O,  =  ~  g  (r)  (0  ^  r  <  a)  w  =  0  (/•>  a) 


(5.2) 


when  z  =  h 


Xn  =  0,  at  —  0  (0  <  r  <  oo) 


(5.3) 


Here  g  ( r )  —  cracking  stress  at  points  of  surface  of  crack  (in  converted 
stress  state  [1]),  2h  -  thickness  of  plate,  «  -  radius  of  equilibrium  crack, 
r  -  radial  coordinate. 


Biharmonic  function  [U], 

9  0  =  l  x-  {[2v  +  a^JHnaJd.  xc  - 

-  [«  -  ] * «}  ’ 

(p  =  r  /  a,  6  =  A  /  c,  £  =  2  /  a) 

through  which  are  expressed  components  of  displacement  and  stress,  allows  to 
satisfy  boundary  conditions  of  (5.1)  and  (5.3 ),  equations  of  equilibrium  and 
compatibility.  Here,  on  basis  of  boundary  conditions  (5.2),  function  xW 
should  appear  by  solution  of  following  system  of  dual  integral  equations: 

OO 

^  Xtf  (M)  X  (X)  /e  (Xp)  dX  =  ~  a*  g  (p)  (0  <  p  <  1) 

fxW/.(xrt<o.  =  o  (p>i), 

0 

It  is  interesting  to  note  that,  as  and  in  problem  of  a  stamp,  plane  and 
axisymmetric  cases  are  described  by  equations,  analogous  in  form,  to  replace¬ 
ment  only  of  Bessel  function  (for  case  of  axial  symmetry)  by  cosine. 

We  will  introduce  new  function  [.4,  5] 

t 

lW=  J  ®  (i)  SiD  \1  dl  ,  r\ 


1 


Then,  the  second  of  equations  (5.4)  'will  be  satisfied  identically,  and  the 

first  of  equations  (5.4),  taking  into  account  formulas  of  type  (3.8),  after 

corresponding  conversions  [4]  takes  form 

1 

/  (p)  +  /  (r)  K  (v,  p;  6)  dv  =  -7-  *  (p)  a*  (p<  1) 

Here 

/<«  =  (fJSr  «  fr. « *>  =  h\ » (“■  '■  s>  7#“ 

u  P  0 

where 

r  00 

/V  (u,  /;  6)  —  ^  X//x  (61)  sin  1/  cos  Xu  sfX 


(5.6) 


Solution  of  equation  (5.6)  can  be  taken  in  the  form 


/  (p)  =  X a*  (P)  -7JA'  (r;  p;  6)  g  (v)  dv  + 

0 

1  1 

+ (4F  \ K  (*  p- fl) (r* -  6)  *  (*>  *  + . . .} 

0  0  (5.7) 

Let  us  consider  a  particular  case  when  plate  is  ruptured  by  constant  load 
of  intensity  pQ  applied  on  its  edge.  Using  relationship  (4.2)  and  expanding  in 
(5.7)  integrands  by  degrees  of  6“\  after  rather  clumsy  computations,  we  obtain 


<D(0=a*p#{/  S  (—  l)v< 


(m+3). 


m-l.a.J 


6mta 


m+i 

s 


•Mm-i) 

2  c,* 

*—o 


/**+» 


(2fr-fl)  (m— 2Ar-f  2) 


"•}  (5.8) 


Here 

ai  -  ~  4-21’  ««  =  -  4.84,  os  =  —  3.24,  a4  =  —1.68 
a»  =  -  °-75.  a*  =  -  0.31,  a,  =  -  0.12,  a,  =  -  0.04 


At  sufficiently  large  m 


«V.(m+I>  -  2~<m-f,)(m  -f  3)*  (m  +  2) 


Now,  oy  formula  (5.5)  can  be  found  function  X  (M  However,  for  finding 
of  displacements  and  stresses  in  points  of  middle  surface  of  plate  there  is  no 
necessity  to  find  x  (1)  .  Indeed,  stress  °*°  outside  crack  (z  -  0,  p  >  1  ) 

is  determined  by  formula 


„<>_  2  r  «x>(i) 

1  K<**\  /p»— 1 


1  :<» 

+  \  d>  (0  dt X//x(X 6)  sin  U  /,  (Xp)rfxl 

Vo*  —  f*  J  J 

J  r  §  0 


(5.9) 
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Displacement  of  points  of  surface  of  crack  (p  <  i)  is  given  by  following 


expression; 

wo=  Ml-  v»)f  ® (0 dt 

nEa  )  V t*  —  p* 

'  (5.10) 


Function  O  (t).  into  both  these  formulas  enters.  We  will  show  that  for  deter- 


r  —  a  (p  _  i)  have  order  of  magnitude  A'  /  a 


mination  of  previously  known  radius  of 
equilibrium  crack  it  is  sufficient  to 
know  value  A  (1;  6)  =  O  (1)  /  a*/>6. 

For  finding  of  relationship,  determining 
sought  radius  of  equilibrium  crack,  we 
will  demand,  that  3tress  °°  when 
V  r  —  a  .  As  a  re-  ‘lit,  we  obtain 


Pv  K2a  A  (i;  6)  =  K  (5.11) 

The  same  condition  can  be  obtain<sd,  using  principle  smooth  closing  of  free 

surfaces  of  equilibrium  crack  (see  (4.7)).  From  (5.10)  we  find  that 

*<_*<*  —  Vs)  f  ^lts  p  ,  Y  0'(pu)du  1  Y  0»(P u)du  ) 
dp-  nEa  t  Tvtrzn  ~T  J  J 

Hence,  with  the  help  of  (4.7)  we  arrive  anew  at  relationship  (5.11). 

When  6  —  oc  ,  from  formula  (5.8)  we  have  ®  (1)  a*Po.  therefore,  relation¬ 
ship  (5.11),  when  6  —  oo  coincides  completely  with  known  result  for  3pace  with 
crack. 

Calculated  with  the  help  of  formula  (5.8),  expression  for  A  (i;  A)  has  form 

A  (i;  6)  =  i  i-  (0.89  6*J  -  1.64  6'J  +2.36  6'1-  3.05  6"*  +  3.72  6"l5-...)  + 

+  (0.80  6'*  —  2.57  6_*  +  5.40  6'10  —  9.G9  6'u  +  14.4  d'14  —  -  .  .)  +-. 

In  Fig.  4,  with  the  help  of  relationship 

MUfr  =  ^  x 

Vb  po  5  (5.12) 

obtained  from  formula  (5.11),  is  built  graph,  allowing  to  find  equilibrium 
radius  of  crack  as  a  function  of  applied  load.  Comparison  of  graphs,  built  in 
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Figs.  2  and  4,  shows  that  behavior  of  crack  in  axisymmetr 3 c  case  is  analogous 
to  behavior  of  straight  crack  in  strip. 
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EQUILIBRIUM  OF  A  WIN  FOR  PUNE  SURFACE  OF  ISOTROPIC  MEDIUM 


A.  M.  Kosevich  and  L.  A.  Pasmur 
(Khar 'kov) 


Considered  is  dislocation  model  of  quasi-static  twinning  on  surface 
of  crystal*  General  qualitative  picture  of  hysteresis  phenomena  during 
such  twinning  is  explained. 

We  will  assume  that  twin  is  infinite  in  one  direction  parallel  to 
surface  of  crystal,  i.e.,  is  formed  by  load  created  by  infinitely  long 
blade.  Here,  form  of  twin  is  completely  characterized  by  its  profile 
;n  plane  perpendicular  to  indicated  direction.  In  dislocation  model 
xh  a  twin  is  equivalent  to  totality  of  rectilinear  dislocations, 
axe3  of  which  are  located  on  its  outline.  Usually,  thickness  of  twin  i3 
very  small,  therefore,  it  is  natural  to  consider  that  all  dislocations 
are  located  in  one  plane  (plane  of  twinning),  and  besides,  since 
number  of  them  in  macroscopic  twin  is  sufficiently  great,  it  i3  pos¬ 
sible  to  introduce  linear  plane  of  dislocations  which  is  continuous 
function  of  coordinate  y,  counted  off  along  plane  of  twinning  from 
surface  to  interior  of  crystal.  These  representations  were  assumed 
on  the  oasis  of  works  of  authors  [1-4].  In  indicated  works,  for 
plane  of  dislocation  p  (y),  were  formulated  equations,  which  describe 
quasiequilibrium  development  of  thin  twin,  and  also  their  qualitative 
investigation  is  conducted. 

In  simplest  case,  when  twin  is  formed  purely  by  edge  dislocations,  and  it  is 
perpendicular  to  surface  of  isotropic  body,  indicated  equation  has  form 

i  j  y*  4-  4ytl  — *  Tl* 

\A'(</.Tl)p(T])rfT]  =/to>  ri(y).  A'(y-R)=^^+  (y+Tj)*"-  (0.1) 

where  1  -  length  of  twin;  f(y)  -  force,  acting  on  dislocation  from  side  of 
external  load  (we  can  always  consider  that  /(y)  >  °)«  b(y)  -  so-called  force 
of  nonelastic  origin.  Let  us  note  that  force  of  the  same  physical  nature  causes 
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presence  "modulus  of  cohesion"  in  theories  of  fragile  cracks,  offered  by  G.  I. 
Barenblatt  [5]* 

If  end  of  twin  is  free,  i.e.,  there  are  no  stoppers,  preventing  its  growth 
into  depth  of  crystal,  then  p0  is  determined  from  following  equation 


I 


(0.2) 


where  po(ii) 


-  solution  of  homogeneous  equation,  adjoint  to  (0.1), 


In  general,  resisting  force,  acting  on  dislocation,  depends  on  previous 
history  of  its  given  state. 

Such  dependence,  as  in  [6],  is  cause  of  hysteresis  during  twinning  under 
action  of  external  load,  infinitely  slow,  but  non-monotonic  varying  with  time 
(process  of  loading  and  subsequent  unloading).  It  is  interesting  to  note  that 
fcr  explanation  of  qualitative  picture  of  hysteresis  phenomena  in  dislocation 
model  only  certain  things  are  essential,  sufficiently  general  properties  of 
function  p»(n)  ,  entering  into  (0.2):  fixed  in  interval  (0,  1)  and  definite 

asymptotics  on  ends  of  interval.  To  proof  of  these  properties  po(n)  is  devoted 

first  part  of  present  work.  In  second  part  is  conducted  qualitative  analysis 
of  hysteresis  phenomena  during  twinning  at  surface  of  crystal,  and  also  briefly 
considered  is  question  of  stability  of  twins. 

1.  As  was  already  indicated,  p9  (y)  represents  solution  of  uniform  integral 
equation,  adjoint  to  (0,1) 


(1.1) 


By  substitution  B  ■*  U,  y  -  lx,  equation  (1.1)  we  come  to  form 


i 

\  [t  -  X  "J  (Z  +  if  }  9  (0  dt  =  0  (<p  (<)  —  pa  I 


(1.2) 


Nonuniform  equation  of  such  type  was  considered  by  Wiggleevorth  [7]  in 
connection  with  problem  of  crack  at  surface  of  solid  body,  where  solution  was 
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obtained  by  method  of  Wiener  -  Hopf.  We  will  solve  equation  (1.2),  following 
essentially  the  method  of  work  [73. 

We  will  introduce  functions 

'  10  («</<«).  **  *  t'  i  Tf,  (^)  (1  <*<o.) 

1 

T.  (*)  =  S  A'  (/.  x)  tp_(/)  dl 

% 

With  the  help  of  these  functions,  and  also  taking  into  account  homogeneity 
K  (t,  x),  we  write  (1.2)  in  the  form 


\  1-  k  (v)  T  “  to)  (*  (*)  -  ~  xzr,+  '-(iTv/j 


(1.3) 


By  Mellin  transform,  considering  that  left  part  of  (1.3)  has  the  form 
Mellin  convolution,  we  bring  (1.3)  to  form 


Here  <!>*  (*)  is  Mellin  transform  of  functions  (jr)*  i.e., 


(1  .4) 


oo  L 

d>t  (*)  «.  5  (x)  x"*</x,  0>.  (*)  =  i  <f-  (-0 

i  * 

We  will  solve  functional  equation  (1.4)  by  method  of  Wiener  -  Hopf  (see, 
for  example,  [8].  Following  main  idea  of  this  method,  we  will  explain  first  of 
all,  general  strip  of  analyticity  of  both  parts  of  equation.  If  we  assume  that 

(x)  .when  x  -  0  conducts  self,  as  «»  («  >  "  »•  then  0».  («)  will  be  analytic 

in  half -plane  Re  *  >  -  a.  Further,  since 

f.(.)-J»-(0*(7)T~5  wh,n  '-*00 

(P, (,)  is  analytic  in  half-plane  Re  *  <  2.  Therefore,  general  strip  of  analyticity 

of  equation  (1.4)  will  be  P<  *<  *•  »  P  =  {_a’  0)  5  function 

is  analytic  in  each  of  strips,  shown  in  parentheses. 


*(')  = 


Ain*  (V.  w«)  -  •' 


(2«  <  Hr/  <2.  t.  "  0,  ±  1.  ■  •  •) 


Following  stage  of  solution  consists  of  factorization  of  *  (>).  i.e.,  in 


,  where  x¥  (t)  -  analytic, 


its  representation  in  the  form  x  (<)  -  x.  (<)  /  x,  (<) 
and  functions  not  turning  into  aero,  corresponding,  in  half -planes,  to  Ke  #  >  p 
and  He  f  >  i ,  This  was  performed  in  work  [73}  here  is  given  only  expres¬ 
sion  for  x.(<)  ,  which  will  be  needed  in  the  future 


*-(*) 


*.(»>r  (i/,(«  -Mi) 

r  }*/••) 


(1.5) 


where  r  (#)  —  ■  Euler  gaaa  funotion,  and 

k -  W  -  (*  +  •)  ft  (*  +  £)  (4  +  £)  (*  H-  i) 


(1.6) 


Here  m  —  roots  of  equation  iln*  (V,  «»)  —  **-  0,  lying  in  first 

quadrant,  except  for  0  ■»*  *  (*m  >  0*  R®  >  0),  and  dash  designates 

complex  union.  For  A_  («)  can  be  obtained  also  integral  representation,  from 
whioh  is  established  [ 7 ,  8],  that  Hm  /»_(*)  •  1  (He#>P). 

Using  factorization  funotion  x  (*),  we  represent  (1.1)  in  the  form 


<M»)  x.  (t)  -  O.  (t)  x,  (*)  (1.7) 

Hence,  it  follows  that  both  parts  of  (1.7)  are  equal  the  same  entire  function 
P  (e),  which,  as  usually,  in  Wiener  -  Hopf  method,  can  always  be  selected  poly¬ 
nomial.  Thus 


«*  (»v 


(1.8) 


Prom  (1.5)  it  follows  that  x.  («)  ~K5  when  |*|  -  oo,  Roi>p  .  Since 
<D_ (*)  should  disappear  to  infinity  (this  is  necessary  condition  for  application 
of  Mellin  transform  [8)),  then  P  (s)  can  be  on]y  a  constant.  Finally  we  obtain 
that  ’l**  (*)  “  6’  l*%  (*)*  and  means 


?-(*) 


x-  (*) , 


x-ds 


(1.9) 


where  L  -  straightline  He  »  -  ft  >  0  ,  Since  hers  0  <  x  <  1,  it  is  possible  to 
add  contour  L  to  semicircle  of  infinite  radius,  lying  more  to  the  left  of  L, 
and  then  <p-  (*)  will  be  equal  to  sum  of  residues  of  <I>.  (*)  at  poles,  lying 


more  to  the  left  of  I.,  i.e.. 


(x)  =  Ct+  2  Re^x^) 


(1.10) 


Here  C0  and  CR  -  residues  of  0_  (5)  at  points  *s  =  0  and  s  =  pn  respectively. 
From  (1*10)  one  may  see,  that  9  (0)  =  C0  (since  Rcp„>0)4 

For  explanation  of  behavior  of  9  (*)  when  z  —  1  we  will  use  following 
affirmation  [9]:  if  f  (c)  11  half -plane"  of  Mellin  transform,  functions  of 

S’  (0>  then  are 

Um<,W=lim«/W  (/<.)  =  $♦,„.«*)  .  .  , 

.  0  U.j.1; 

Here,  from  existence  of  limit  in  left  part,  follows  existence  of  limit  on  the 
right.  We  assume  now  that 


9  (z)  -r  A  (1  —  x)Y  ^en  r—  t  (,i  =  const,  T>  — 1) 

Then  from  (l.ll),  it  follows,  first  of  all,  that  T<0,  since  *<!>_(*),  when 

#  —  oo  ,  also  aspires  to  infinity  (*)  V*  when  x  —  do  ).  Further, 

applying  (1.11)  to  9  (0  =  9  (0.  —  A  (i  —  t)y,  we  conclude  that  necessarily 

lira#  {0U#)  -  A  — »  0 
*-«  l  #’  j 

and  since  at  large  s 

O.  (#)  =  Csr  V.  -f  0  (s-V.) 


then  obviously 

r-  1  A-  C 

t-  2,  ^  ~  r  (»/,> 

Thus,  finally 

9  (3) (1  —  z)~ when  ‘*-*1 

We  will  now  prove  nonnegat-ive  character  of  function  9  (*)•  This,  its 
property,  is  result  of  one  theorem  of  S.  N.  Bernstein  (10],  which,  as  applied 
to  considered  case,  is  formulated  thus,  so  that  function  ?(z)  is  nonnegative, 
it  is  necessary  and  sufficient,  that  its  "half -plane"  Mellin  transform 

i 

0_  (fi)  =  ^  9  (z)  x*~xdx 
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be  an  absolutely  monotonic  function,  i.e., 

<I>„  (»)  >  0,  0_' ($)<(),  O_'(s)>0  .  .  (0 < * < oo) 


Because  of  this  theorem,  it  is  necessary  only  to  be  convinced  of  the  fact 
that  <t>_.  (s)  satisfies  condition  (1.12)..  For  that  we  will  use  expression  (1.8) 
for  <i>_  (s),  from  which,  taking  into  account  form  of  x~  given  in  (1.5),  it 
is  immediately  clear  that  (s)  >  ^  (0  <  *  <  oo).  Further,  we  examine 


'r(.)Sln4..W=[rts-i+S(.- 

-  *  rv-J 


1 


2n  3 


Ro 


;)] 


It  can  be  shown  that  Re  pn  —  (2n  +  3)  <0  at  any  n,  whence  it  follows  that 
( s )  <0,  (s)  >  0,  .  .  .  .  Now  applying  method  of  mathematical  induction,  it  is 

easy  to  prove  that  (s)  satisfies  (2.12),  and  means  <P  (■')  is  nonnegative. 

2.  Let  us  consider  development  of  twin  during  infinitely  slow,  but  non¬ 
monotonic  change  of  load.  For  basis  ve  will  take  equation  (0.2),  which  gives 
connection  of  length  of  free  twin  with  quantity  and  character  of  forces,  acting 
on  dislocation.  We  note,  first  of  all,  that  force  of  resistance  S  (x)  consists 
of  two  considerably  different  part3 


S  =  s  +  S° 


where  s  (x)  .  -braking  force  (Peierls  force),  ~.nd  S°  (x)  —  force  of  surface  tension. 

Regarding  s,  we  will  assume  that  it  is  directed  against  possible  motion  of 
dislocations  and  in  limit  of  infinitesimal  speed  is  equal  to  constant:  | $|  —  = 

=  const.  During  monotonic  buildup  of  external  load  3  —  -  SQ,  and  during  its 
non-monotonic  change,  in  general,  —  5,  <  *  <  5#. 

Force  of  surface  tension  S°  (x)  is  applied  directly  to  "mouth"  of  twin  and 
threfore,  it  can  be  considered  non-zero  only  near  end  of  twin,  i.e.,  S°  (x)  = 

=  Q  (l  —  *).  where  Q  (x)  0  only  at-0  <  x  <  dand  d  is  small. 

External  load  f  (x),  let  us  assume,  is  proportional  to  certain  parameter 
A  (f(x)  =  Ag  (x)),  so  that  increase  or  decrease  of  load  is  caused  by  increase 
or  decrease  of  A.  Then,  for  case  of  load,  equation  (0.2)  is  rTitten  in  the 
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form 


F  (0  =  +  J  {/) 


(2.1) 


Here 


i 

f  (0  =  *  w  1  w  *. 


0 


1 

B  =  J  9  (x)  tfz  =  0>_  (1), 


T)  (X)  = 


£f^J) 

i 


It  is  not  difficult  to  show  now,  considering  results  of  Section  1,  that 
equation  (2.1)  has  the  same  properties  as  corresponding  equations  in  [5,  6]. 
Thus  J  (l)  will  be  monotortely  diminishing  function  1,  of  and  its  main  member 
at  l^>  d  equals 


M  — 


c  r  Q(r)dx 

fiKnJ  V* 


Further,  F(l)  also  will  be  monotonically  diminishing  fimction  of  1,  if 
f(x)  monotonically  diminishes.  If  however.  f(x)  non-monotonically  depends  on 
x,  then  F(l)  can  have  several  maxima  and  minimuas  (however,  always  F{oc)  =0, 
only  if  f(x)  is  integrated  in  infinite  interval).  Marked  coincidence  of  pro¬ 
perties  of  equation  (2.1)  and  corresponding  equations  of  [5,  6]  allows  to  affirm 
that  all  basic  conclusions  and  results  of  these  works  will  also  be  correct  and 
in  given  case.  In  brief,  we  will  formulate  these  results. 

Loading.  During  increase  of  external  force  Ag(x)  while  parameter  A  less 
than  certain  A*,  twin  does  not  appear.  Quantity  A*  is  determined  by  the  condition 
that  external  force  at  locus  point  of  source  is  equaled  by  full  resisting  force 
at  this  point  S  (0).  When  A  =  A*  twin  appears,  which  is  increased  with  further 
rise  of  A.  Depending  upon  form  of  g(x),  length  of  twin,  when  A  =  A*,  can  be 
either  as  small  as  desired  (during  monotonous  and  is  sufficiently  fast  decrease 
of  g(x) ,  when  equation  (3.1)  has  only  one  solution),  or  finite  (during  3low 
decrease  or  non-monotonous  change  of  g(x),  when  equation  (2.1)  has  two  or  more 
roots).  In  latter  case,  twin  of  finate  dimensions  intermittently  develops. 

Unloading.  During  examination  of  unloading,  a  simplifying  assumption  is 
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made  about  form  of  g  (x),  which  is  considered  monotonely  diminishing  with  rise 
of  x.  It  turns  out  that  a  determining  role  is  played  here  by  relation  S0  to 
S°,  depending  upon  size  of  which,  two  cases  can  be  represented. 

1.  Surface  tension  is  slight  ,S°{0)  <  S0.  Then,  if  twin  is  formed  by 
comparatively  little  force,  such  that  always  /( 0)  <  2S0,  then  after  removal  of  load, 
dimensions  of  twin  remain  unchanged..  Otherwise,  when  external  stress  at  point 

x  =  0  in  end  of  load  is  larger  than  2S0  ,  during  removal  of  load,  a  certain  thin¬ 

ning  of  twin  occurs  in  its  mid  part,  without  change  of  length. 

2.  Surface  tension  is  great.  In  this  case,  twins  of  large  dimensions, 

such  that  S«)'T>  M,  conduct  themselves  just  a3  in  case  1,  i.e.,  only  then 
without  changing  length.  If  length  of  twin  is  not  very  great,  and  reverse  inequal¬ 
ity  SoVT <'A/.’  occurs,  then,  during  removal  of  load,  at  first  occurs  decrease 
of  thickness,  at  constant  length,  and  then,  at  most  extreme  decrease  of  external 
force,  length  also  starts  to  decrease,  and  finally  twin  completely  disappears. 

Apparently,  case  2  corresponds  to  real  twin  layers,  whereas  case  1  i3  more 
probable  for  incomplete  shifts. 

In  conclusion,  we  will  list  certain  considerations  about  stability  of  twins 
at  surface  of  crystal.  Twin  will  be  called  stable,  if  its  length  increases  with 
increase  of  load,  i.e.,  if  dl/dA  >0. 

Considering  equation  (2.1)  as  implicit  assignment  of  function  1  (A),  we 
will  find  that  from  condition  dl/dA>0  ,  it  follows  thatf”(/) 

During  sufficiently  large  1 

fO~t  (P^'AnDis), 

and,  consequtrtly,  condition  stability  is  fulfilled  .  This  means  that  long  twins 
are  always  stable,  where,  under  long,  one  should  understand  such  twins,  length 
of  which  is  great  as  compared  with  dimensions  of  region  of  application  of  load 
to  surface  of  crystal. 
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ON  STRAIN  WAVES  IN  DURABLE  ROCKS 


Ye.  I.  Sherayakin 


(Novosibirsk) 


1°.  During  dynamic  loadings  of  solid  media  by  explosion  or  shock, 
strain  waves  appearing  in  these  media  have,  as  a  rule,  small  spatial 
extent  of  region  of  loading.  If  the  biggest  dimension  of  this  region, 

Sp  is  significantly  less  than  distance  rQ  from  source  (in  center  of 
charge  or  at  point  application  of  impact  load),  for  example,  s]~0.1  rQ, 
or  still  less,  then  such  a  strain  wave  can  be  considered  short  [1,  2]. 

In  significant  range  of  distances  from  source,  strain  waves  in  solid 
media  can  be  considered  weak.  This  is  due  to  fact  that  compressibility 
of  solid  bodies  is  3mall:  bulk  modulus  of  compression  of  majority  of 
durable  rocks  has  a  magnitude  of  ~-lCr  kg/cm2,  so  that  relation  of  ampli¬ 
tude  of  strain  in  wave  to  magnitude  of  this  modulus  is  of  small  size  of 
order  0.1  for  waves  with  amplitude  of  105  kg/cm2. 

As  an  example,  of  short  strain  waves  can  serve  waves  on  section  of  load 
in  durable  rocks,  appearing  during  underground  explosion  of  high  explosive 
charge.  Practically,  in  entire  range  distances,  starting  from  2-5  radii 
of  charge  and  further,  these  strain  waves  are  weak.  These  facts  allow 
to  apply  to  study  of  strain  waves  methods  of  theory  of  short  waves  [1,  2]. 

2°.  On  basis  of  given  measurements  of  strains  and  particle  velocities 
in  durable  rocks  (diabase,  limestone,  granite,  marble  [3])  it  is  possible 
to  note  following  peculiarities  of  strain  waves,  appearing  during  under¬ 
ground  explosions: 

1)  in  entire  range  of  measurements,  starting  with  10-15  R*  (R*-  radius 
of  charge),  on  stress  curves  shock  waves  are  not  observed. 

2)  starting  from  distances  10-15  R*  to  100,  relation  of  length  of 
section  of  stress  build-up  s-^  to  distance  from  point  of  explosion  has 
magnitude  of  order  of  0.1,  and  then  approximately  proportionally  decreases 
with  distance  from  point  of  explosion; 

3)  build-up  of  strain  occurs  sharply,  and  decoy  of  strain  has  smooth 

character;  ration  of  stress  gradients  in  regions  of  loading  and  unloading 
can  be  estimated  by  ration  of  magnitudes  where  S2-extent  of  zone 

of  compression  in  region  of  unloading.  This  ratio  in  zone  near  charge 
has  magnitude  ~0. 05-0.1,  and  at  great  distances,  where  stresses  are 
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already  small,  equal  0.25-0.3; 

4)  length  of  zone  of  compression  s^  +  S2  increases  slightly  with  dis- 

♦  tance  from  point  of  explosion  (with  increase  of  distance  from  30  to  150 

R*  magnitude  of  s^  +  s^  is  increased  approximately  by  10-20$). 

Region  of  stress  build-up  s-|_,  approximately  up  to  100  R*  grows  signi¬ 
ficant! y  faster,  than  s^  +  S2,  so  that  position  of  peak  on  stress  curve 
sharply  shifts  from  beginning  of  curve  to  sides  toward  point  of  explosion- 
peak  of  stresses  "will  lag"  behind  entry  of  wave; 

5)  starting  from  distances  of  order  20-30  R*,  entire  stress  curve,  on 
the  whole,  travels  approximately  with  speed  of  3ound  aQ  and  in  stationary 
medium.  Difference  of  propagation  speed  between  peak  of  stresses  and 
wave  front  is  approximately  equal  to  5-10$  at  distances  ~30  R*  and  -41.-2$ 
at  distances  of  100  R*;  difference  of  these  speeds  decreases  with 
distance  from  point  of  explosion; 

6)  peaks  of  stress  and  strain  in  section  of  stress  build-up  decrease 
with  distance  approximately  proportionally  with  r“n,  where  n  =  1.6  -  1.8; 

7)  at  distances  ~50  R*  ratio  of  maximum  travelling  speeds  u,  to  speed 
of  sound  in  stationary  medium  is  «/«,~10“^:  longitudinal  deformation 
has  the  same  order. 

Peaks  of  stress  ar  at  distances  -*50  R#  have  magnitude  of  order  100 
kg/cnr;  for  a  given  particle,  these  stresses  increase  for  a  time  — 10~3 
sec  (for  charge  of  TNT  weighing  1  t). 

3°.  In  article  are  considered  short  strain  waves  in  medium,  which, 
during  rapid  dynamic  loadings,  changes  to  maximum  state  in  part  of  loading 
it  is  assumed  that  in  thi3  state  principal  normal  stress  in  wavs  are 
connected  wi;h  certain  condition  of  type  of  Coulomb-Mohr-Prandtl  condi¬ 
tions.  Dependence  of  hydrostatic  pressure  on  volume  strain  is  assumed 
weak-nonlinear . 

Solution  of  problems  for  spherical  and  cy Under ical  symetry,  and  also 
for  plane  wave  is  constructed  by  method  of  theory  of  3hort  waves;  all 
main  results  about  loading  waves  coincide  in  accuracy  with  results  of 
article  [4]*  New  data  relate  to  generalization  of  condition  of  limiting 
state  in  case  of  weak  nonlinearity  and  to  appraisal  of  influence  of 
unloading  law  of  attenuation  of  maximum  applitudes. 


1.1.  Let  us  consider  one-dimensional  problems  of  propagation  of  strain  waves 
in  continuous  medium.  We  will  select,  as  independent  variables,  the  Lagrange 
variables:  rQ-initial  coordinate  of  particle,  r-coordinate  at  moment  of  time  t. 
Equations  of  motion  and  inseparability  in  Lagrange  variables  have  following 

form* 

d*  , _ 1_ _ ^  (3r  —  3t)  /■,  _  dr  P» 

**’  dr/dridrt  *  r ,  r  ~  ’  dr,  =  p  \  r }  (l.l) 

Here  o„  a»  —  o,-principal  normals  of  3tress;  p -density,  -its  initial  value; 
u  speed  of  travel  in  direction  r. 

*In  equation  of  motion,  compressive  stresses  are  considered  positive  quantities 
Equations  of  (1.1)  a/e  writen  for  case  of  spherical  symetry,  but  all  subsequent 
calculations,  with  elementary  changes,  can  be  applied  to  cylindrical  and  plane 
cases . 
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If  one  were  to  introduce  instead  of  p  volume  strain  of  particle  i  —  pc  /  p  —  1 
and  to  differentiate  second  equation  of  (1<.1)  by  t,  this  equation  of  inseparability 
can  be  represented  in  the  fora 


9u  _  (u=t  =  ±(r-r9).  f  = 

\r  )  dl  r  d •#  r9  \  dl  dtK  p  ) 


dr  d 


(1.2) 


In  equations  of  motion  and  inseparability  we  shall  turn  from  stresses  to 
deformations;  let  u  (r0,  t)  -  velocity  of  a  particle;  e  (r  ,  t)  -  volume  3train; 
r(r0,  t)  -  pcsitio..  of  particle,  w  (t)  -  dislocation  of  particle;  then 


„  /)  =  {  udt'  +  r0  or  w  =  $  u  dl' 

v  a 


(1.3) 


We  Introduce  new  independent  variables  A,  t  ,  and  new  unknown  functions  m 
and  e  with  the  help  of  relationships 


r  —  aj  (i  • f  A,6),  t  =  In  /,  u  =  a^M^m  (6,  v),  t  =  (6,  t)  .  . 

\1  »A/ 

Here  aQ  -  speed  of  sound  in  stationary  medium;  Mq  and  e0  -  small  quantities, 
having  order  of  maximum  Mach  number  and  of  maximum  deformation.  Assumption  of 
smallness  of  Mq  and  c0  is  assumption  of  weakness  of  amplitudes  in  wave.  As  was 
indicated  above,  M0  has  order  of  magnitude  10”3  to  1(H*-,  quantity  e0  also  is 
small;  as  will  be  shewn  below  (during  derivation  of  equations  of  short  vaves), 
e0~  M0;  quantities  6,  t-  are  of  order  of  one  unit. 

In  (1*5)  is  considered  that  A06  i  due  to  smallness  of  A0. 

Assumption  on  smallness  of  A0  ia  assumption  of  shortness  of  wave.  This 
signifies,  at  follows  from  (1,4)  and  from  determination  of  s^  (see  above),  that 
length  of  region  of  stress  build-up  s^  ~  a0t6  Ae  is  significantly  less  than 
distance,  passed  by  wave  from  point  of  explosion  r%  ~  aoi 

»i<4  (1.5) 

In  short  (A^*<  1)  and  weak  (M0  <<  1;  e0<<l)  waves,  following  appraisals 
o.f  lateral  and  longitudinal  deformations  in  spherical-symaetric  wave  are  correct: 
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•g-^/’ornApt 

r*  a*?  (1  +  A«6) 


(1.6) 


e*  = 


AqAAq, 


«r 


dw 

drt 


~i/a 


From  comparison  of  appraisals  of  (1.6),  it  follows  that  e,  is  small  quantity 
of  order  of  MQ,  and  *«  -  is  small  quantity  of  a  higher  order,  since  *• '— A  a3/r 
i.2.  We  assume  that  during  dynamic  loading  behavior  of  medium  is  described 
by  the  following  two  functions: 


—  0  -  V  (e),  o  =  V,  (ar  +  Or—o*  =  f  (a)  (1.7) 

Connection  of  average  stress  a  with  volume  strain  will  be  obtained,  further, 
in  the  form 

^  0  d"  l  e)*  U  e  |  1  (K  —  X  -f  */*P.  I'  —  const)  f  ^  g  j 

Here  K  -  bulk  modulus,  p  -  Lame/  constants. 

In  (1.7)*  function  /(c)  describes  limiting  state  of  medium  and  connects 
first  and  second  invariants  of  stress  tensor;  we  obtain 

f  (a)  —  3 mo  (i  —  x'o)  (x'a  <  1:  t  -  c°nst  >  °) 

This  corresponds  to  decrease  of  shearing  stress  at  site  of  slipping  with 
increase  of  normal  stress  at  this  site  (or  with  increase  of  average  stress  CT)- 
In  this  case,  using  smallness  X'<x,  we  have 


a%  =  aar  (1  +  yp) 


1  —  m 
i  -r  ’ 


v  __  (»-«)(!  4  2a) 
3a 


X. 


(1.9) 


Unknown  parameters  %  will  be  considered  constant  in  range  of  high  speeds 
of  loading,  near  shock  loads.  With  the  help  of  (1.8)  and  (1.9)  we  obtain 


-  *  =  ifs  <*  +  fe>  '=',+r fs** 

T+i2*  ‘  (‘  +  *■«)•  r-e+tK  (lao) 

We  put  these  expressions  in  equations  of  motion  (l.l),  replace  in  it,  p,  r,  r, 

by  expressions  through  deformations 

i  Su'  ofX  5e  24,*(l-a)e(H -re)i  +  e, 

nw  IF  -  a«o  - - r^7  =  0  (1.11) 
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Here  a-|_Q  -  local  speed  of  sound  in  region  of  limiting  state j  it  is  deter¬ 
mined  by  factor  de  /  dr4;  wg  have 


if!l 

p«  dt 


=  a»*  =  «,*(!  + 2  It), 


a 


10  p0(l+2a) 


In  elastic  medium,  instead  of  (1.10),  we  have  Hooke  law 


(1.12) 


—  c,  =  (A.  +  2p)  e#  —  4pe„,  <jr  —  <r»  =  2p  (e  —  3e.) 
Equations  of  motion  of  elastic  medium  have  form 


(1.13) 


l 


(!+«,)*  dt 


w  ~ fl°*  h  +  (e  ~ 3e,)]  ~  m  (e  -  3e»)  rr^  = 0 


(-V^) 


(1.14) 


Here  component  in  parentheses  is  obtained  during  differentiation  of  e«  with 
respect  to  rQ. 

1.3.  We  will  derive  equation  of  short  waves  for  medium  in  limiting 
state  and  for  elastic  medium.  In  equations  (l.ll)  and  (1.14)  let  us  turn  to 
variables  of  (1.4) J  here  we  will  consider  appraisal  of  (1.6)  for  r.0  and  er  and 
use  following  transfer  formulas 


dn 

Mo  dm 

du 

dr%  “ 

737  56  ’ 

17 

dr. 

f.  Be 

dt 

577  ^ 

i/.JAo  56  ’ 

df 

a»M»  I  dm  1  -i-  Ao6  dm  \ 

T~  \  dx  An  55  I 

in  (de_  _  1  AoA  de  \ 

t  \  dr  Ao  56/ 


(1.15) 


Transforming  equation  of  inseparability  of  (1.2)  we  have 

Aft  dm  1  tnfde  1  -I-  Ao6  del  _  1  -  tv  —  2t,  2naM c/n 

(A.  56  1=1  (1  j  r4)»  l  j  dr  Ao  wj  t  t  e»  (1  +  Ao6) 

Hence,  with  accuracy  within  small  parts  of  a  higher  order,  respectively 


<V(i  A,  . 


dm  ,  tt  de  .  to  f df  .de 

"W  '  Mo  56  ~  a°  M,[dX  ~  °  56 


Transformation  for  equation  of  motion  gives: 
for  limiting  state  of  medium 


(1.16) 
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(1.17) 


~  t  v  ~  ~ 

ft  Altft 


2/,V 


h 

Ao  56 


(1 


for  elastic  medium 

dm  .  e.  dt  A  f  dm  .  dnt  "1 

+  S77  as  =  6 16 1  (1.18) 

From  comparison  of  (1.16)  and  (1.17),  and  also  (1.16)  and  (1.18),  assuming 
that  right  sides  of  equations  -  small  quantities,  we  find 


*•  =  M*.  N  —  1  —  2 AA0  (6  =  const  >o,  A  ~  1)  (1.19) 

From  (1.16),  (1.18)  and  from  (1.16),  (1.17)  of  equation  of  short  waves  will 
obtain : 


for  elastic  medium 


^L4.al_0 
ft  +  as  u* 


for  medium  in  limiting  state 


dm  .  dm 
~dx~°d6 


•f  m  ~  0 


(1.20) 


+  (»  +  w.  +  ft)^-  +  (2-«)«-0  (1.21) 

If  x<^l,  it  is  possible  to  show  that  speed  of  propagation  of  deformations 
in  regions  of  limiting  state  will  be  constant,  and  that  quantity  Xm  in  equation 
(1.21)  should  be  disregarded. 

From  first  equations  of  (1.20)  and  (1.21)  it  follows 

m  =  —  *  (1.22) 

(arbitrary  function  of  x  is  equal  to  zero  due  to  continuity  of  m  and  e  on  boundary 
of  elastic  zone  and  state  of  rest  on  boundaries  of  zones  of  elastic  and  limiting 
states ) • 

During  derivation  of  equation  o.  short  waves  with  acceptable  accuracy  (to 
small  parts  of  first  order  inclusively)  into  final  equations  did  not  enter 
quantity  e«,  since  it  is  small  of  order  of  Ao.Uo.  Since  Lagranpe  coordinate 
rG  differs  from  r  by  .  then  with  acceptable  accuracy  r  =  rQ. 


Therefore  equations  of  short  waves  (1.20)  and  (1.21)  have  the  same  form 
in  Lagrange  and  Euler  coordinates. 

If,  in  expression  for  N  from  (1.19),  wo  replace  a^Q,  a0  by  their  expres¬ 
sions  through  Lame  parameters  and  quantity  a  from  conditions  of  limiting  state, 
it  is  possible  to  establish  following  relation 

a  =  r+2^~/lA» t1  +  rr^)' or  a  =  r=^(1_  t~')  (1.23) 

Here  v- Poisson’s  ratio.  Quantity  h A0,  as  follows  from  formula  for  N, 
determines  jump  of  local  speed  of  sound  during  transition  from  elastic  region 
to  region  of  limiting  state 

fl»o  =  a#  (1  —  M 0)  (1.24) 

i.e.,  in  case  of  weak  short  wave  (a10  -  a  )  /  aQ  -  small  quantity  of  order  of 
A0-  From  (1.23)  it  follows  that  for  such  wave  a  =  v  /  (1  —  v)  with  accuracy 
within  small  part  of  order  d0. 

If  speed  of  sound  changes  continuously,  then  h  =  0  and  quantity  a  in 
accuracy,  is  equal  to  v  /  (1  —v),  as  was  noted  in  [4]. 

We  return  to  relationships  of  (1.10).  Let  us  consider  simplest  case, 

considering  «  =  v  /  (1  —  v)and  disregarding  nonlinearity  1  =  1'  =  0  ;  we  have 

-  or  =  +  2p)  e,  -  a,  =  >.e 

We  will  compare  these  and  elastic  dependences 

—  or  —  (X  4-  2p)  e  —  4pe»,  —  o,  —  Xt  -f  2 pe, 

One  would  think,  that  due  to  smallness  of  in  comparison  with  tr  ,  there 
should  be  no  difference  both  in  laws  of  propagation  and  wave  attenuations  in 
elastic  and  limiting  zones.  However,  this  is  not  so.  Into  equation  of  dynamics 
of  elastic  media  (1.14)  enters  derivative  dijdro,  having  the  same  order 
MQ  as  longitudinal  deformation  e,  (see  (1.6)),  and  size  of  this  derivative 
can  be  disregarded  no  longer.  This  determines  faster  attenuation  of  stresses 
in  region  of  limiting  state  as  compared  with  attenuation  of  stresses  in  short 


1^8 


elastic  wave  (compare  second  equations  in  (1.20)  and  (1.21)).  We  will  show,  at 
last,  that  if  into  conditions  of  limiting  state  (1.7)  or  1.19)  we  introduce 
constant  component  (J  (let  us  consider,  for  example,  linear  condition  (1.9)  and 
connection  a  and  v  in  the  form  (1.23)) 


a,  =  <xar  —  p, 


(1.25) 


then,  for  short  wave  P  /  (i  +  2p)  will  be  small  of  order  quantity 

P  in  equation  of  motion  should  be  disregarded. 

We  make  following  appraisal.  From  condition  (1.25)  we  have 


and  from  elastic  connection 

0>  =  - 3  Vrv  <>■  +  2  ft)  t, 

Since,  during  transition  from  elastic  region  to  region  of  limiting  state, 
stresses  are  continuous,  then 


re5;  =  M/.(3V^-T^)~^  (1.26) 

In  this  case,  during  derivation  of  equations  of  short  waves  (1.21)  under 
condition  of  (1.25),  into  the  right  part  of  (l.l?)  would  enter  a  quantity  of 
order  A,.  Mq,  which  one  should  reject.  Thus,  during  the  study  of  continuous 
strain  waves,  one  should  use  condition  (1.9)  and  consider  <x  and  v  connected 
by  relationship  (1.23). 

1.4.  We  will  find  common  integrals  of  equations  (1.20)  and  (1.24). 
Integrating  ordinary  differential  equations 

dt  dt>  dm 

1  —  (A  +  —  (2  —  a)  m 

we  determine 

&  =  Ctm~  +  ^~h 

Hence,  common  integral 

A  =  < D  (ml'-)  +^-h  (1.27 ) 

where  <t>  -  arbitrary  function. 
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Consaon  integral  can  be  rewritten  in  the  form 


m 


(1.28) 


where  (by  meaning  of  problem)  ¥  -  arbitrary  positive,  monotonically  increasing 
function;  entry  with  variable  T  was  selected  for  convenience  of  determination  of 
V  from  initial  data  at  t  =  t0. 

We  will  write  (1.28)  in  variables  (r,  t) 

£  =  '(•-  f^)  -  «1  -  “.)  I  (1-29) 

coinciding,  at  h  =  0  ,  with  integral,  shown  in  [4]. 

Conaaon  integral,  of  equation  of  short  elastic  waves  has  form 


m  =  6< D  (6T),  or  m  = 
where  <t>,  -  arbitrary  function.  Or 

u  g>|  (r  —  apt) 
<*#  r 


(1.30) 

(1.31) 


From  comparison  of  (1.29)  and  (1.31),  it  follows  that  in  region  of  limiting 
state,  decrease  of  amplitudes  with  distance  occurs  reciprocally  to  r 5-4 , 
independently  of  quantity  x,  which  determines  change  of  speed  of  sound  as 
f  met  ion  of  size  of  load.  In  elastic  medium  it  is  reciprocal  to  r. 

Comparison  of  formulas  (1.10)  and  (1.13)  shows  that  at  a  =  v/  (1  —  v )  connection 
a,  00  ,  in  elastic  and  limiting  states,  hardly  differ,  Thi3  fact  is  well 

illustrated  by  experiments  with  fast  loading,  for  example.  Fig.  1  from  [8] 

(with  increase  of  velocity  of  loading,  function  <jr  (e)  changes  from  (5)  to  (1)). 
But,  as  follows  from  presented  [example),  law  of  attenuation  of  amplitudes  does 
not  determine  thi3  connection,  but  derivative  of  or  in  respect  to  r,  which  is 
various  for  elastic  and  limiting  states. 

In  concluding  this  section  we  will  introduce  integrals  of  equations 
for  short  waves  in  elastic  medium,  and  in  medium  of  limiting  state. 

In  cylindrical  case 


9m  .  dt 
96  “r 


0, 


dm 

ch; 


(1.32) 
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These  equations  allow  common  integral  (h  =  0,  ^(x)  -0,  i.e.,  m  =  -  e) 

d  =  m*-*  <!>(/«/*)  -f-  ~xm  or  m  —  T  *  O0  ^6  —  yxm  j  f  j  (1.33)* 

Here  <D»-  arbitrary  positive,  roonotonically  increasing  function.  In  cylin- 
derical  case,  conmon  integral  of  equation  of  short  elastic  waves  has  form 

m  =  T~"><V  (67) 

which  coincides  with  main  member  of  asymptotic  expansion  of  known  solution  for 
elastic  waves. 

In  case  of  plane  wave  (or  for  wave  in  rod,  included  in  rigid  shell)  connections 
of  stresses  and  deformations  in  elastic  and  limiting  states  do  not  differ,  since 
as  before,  from  continuity  of  speeds,  follows  connection  a  =v/(l  —  v),  and 
lateral  deformations  are  absent. 

Equations  of  short  waves  for  medium  in  limiting  state  will  differ  from 

equations  of  short  elastic  waves  only  by  component,  allowing  for  nonlinearity 

of  volume  strain  (1  (h<  which  influences  only  rebuilding  of  stress  profile, 

and  does  not  affect  attenuation,  if  we  disregard  unloading 

dm  ,  de  n 
di  +  db  ~  ° 

$-<»+/«)£-  o 

Hence,  if  follows  that 

m  =  a>((d  +  /m)/i  (1.34) 

Fig.  1.  Here  -  arbitrary  function.  Case  of 

plane  elastic  wave  follows  from  (1.34)  at  1=0. 

As  in  elastic  medium,  so  also  in  medium,  lccated  in  limiting  state  (dis¬ 
regarding  unloading),  decrease  of  amplitudes  of  continuous  plane  wave  of  loading 
with  distance  does  not  occur.  This  agrees  with  known  facts. 

2.1.  We  will  investigate  influence  of  elastic  unloading  on  attenuation  of 
amplitudes  in  spherically-symmetrical  strain  wave,  region  of  loading  of  which 
is  described  by  solution  of  Section  1. 
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Influence  of  irreversible  losses  on  lowering  of  peaks  of  stresses  in  spherical 
(and  cylinderical)  case  can  appear  in  two-fold  manner: 

1)  in  region  of  loading,  velocity  of  propagation  of  perturbations  (speed 
of  sound)  a-j  is  less  than  speed  of  sound  Sq  in  stationary  medium  (or  in  zone  of 
elastic  tinloading),  because  of  this,  wave  of  unloading  continuously  lowers 
peaks  of  stress  in  wave; 

2)  presence  of  irreversible  losses  during  loading  (limiting  3tate  of 

medium)  leads  to  faster  lowering  of  all  stresses  in  zone  of  loading,  as  compared 
with  case  of  elastic  (reversible)  deformations.  As  was  shown  above,  in  region 
of  load  faster  lowering  of  amplitudes  of  all  stresses  occurs,  as  compared  with 
lowering  in  elastic  wave  a  <  1  instead  of  r->). 

Influence  of  unloading  wave  on  decrease  of  peak3  of  stresses  in  strain 
wave  is  determined  by  conditions  of  reflection  and  refraction  of  waves  at  bound  r\.y 
of  region  of  elastic  unloading  and  region  of  loading.  Influence  of  unloading 
depends  on  difference  in  velocities  of  propagation  of  perturbations  and  on 
relative  magnitude  of  gradient.3  of  stress  curve  in  regions  of  loading  and  un¬ 
loading  [5,  6]. 

Knowing  solution  of  problem  of  wave  propagation  in  region  with  limiting 
3tate,  for  determination  of  unloading  wave  it  is  necessary  to  solve  boundary 
problem  for  equations  of  theory  of  elasticity  (data  on  one  of  characteristics 
and  data  on  unknown  curve,  near  characteristic  of  second  family),  which  can  be 
done  by  numerical  methods  (for  example,  method  of  characteristics). 

If,  however,  we  consider  only  appraisal  of  influence  of  unloading  on  attenu¬ 
ation  of  maximum  amplitudes,  it  is  possible  to  use  following  method:  to  derive 
formula  for  initial  velocity  of  unloading  front  (by  analogy  with  derivation  for 
plane  elastic-plastic  wave  [5,  6]^  and  then  by  deviation  of  speed  of  unloading 
front  from  speed  of  sound  to  estimate  contribution  of  unloading  to  decrease  of 
amplitudes . 
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2.2.  We  will  derive  equation  of  elastic  unloading.  Equations  of  motion  and 
inseparability  of  small  elastic  deformations  have  form 


fc  ar+ -  =  0’ 


4.  2—  -  —  -  0 

dt  +  z  /•  dt  ~  u 


(2.1) 


During  unloading,  differences  between  stresses  and  deformations  obey  the 


Hooke  law 


—  (0,  —  a,.)  =  (X  -f-  2p)  1  —  4pe,  —  (X  +  2p)  e.  +  4pe* 
~  (01  a»_)  ~  Xe  -f  2pe»  —  Xe_  —  2pe#.. 


(2.2) 


where  quantities  with  minus  index  are  calculated  on  front,  of  unloading  t  -  £  (r) 

from  side  of  region  of  loading  (f  (r)  -  unknown  function). 

Using  connection  of  stresses  and  deformations  in  region  of  limiting  state 

(not  limiting  generality  of  conclusion,  we  assume  below  h  =  0,  so  that 
a=v/(i'~v)) 

°r-  =  (X  -f  2p)  e_  (1  -f  ItJ,  —  a,_  =  Xe_  (1  -f-  U.  )  (2.3) 

From  (2.2)  we  find 


—  0,  =  (X  -f  2p)  e  —  4pe»  *f-  (X  +  2p)  ItJ  -f  4 pe»_ 
or  —  «*  =  —  2p  (s  —  3e*)  —  2 p/e_*  —  6pe»_ 

Putting  (2.4)  in  equation  of  motion  (2.1),  we  find 


(2.4) 


p.£  -  <1  +  =  M.’  a  (r) 


where 


If  we  introduce  characteristic  variables 


l  =  r  —  aj,  T]  =  r  -f  aj 


(2.5) 


G  (r)  =  (JL  -l)[^  +  2  (1  ~  c)y]  +  2  (1  -  a)~  {2.6) 


(2.7) 


in  region  of  elastic  unloading,  equations  of  (2.1)  can  be  written  in  following 
form 


r  +  a*  2  aj 


dfi  «  C  (r)  /  =  u  — 

~  r  2  [fi=  u  -f  a*/ 


(2.8) 


Relationships  of  (2.8)  will  be  represented  in  following  form,  convenient 
for  further  computations: 
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along  characteristic  4  *=  const 


.  =  ^_5[i_0.£M]rfn+„(5|  (r-l+JL) 

% 

» 

along  characteristic  n  =  const 

( 


U  =« 


G(r) 


■](%  +£  (tj) 


(2.9) 


(2.10) 


2.3.  We  will  derive  formula  for  initial  velocity  of  unloading  c,  following 
method,  shown  in  [6],  for  plane  of  unloading  wave. 

Let,  at  r  *=  rQ  deformation  curve  be  given  «•(*).  having  corner  at 
«•  =  «*,,.  t  =  tQ.  In  vicinity  of  this  point,  it  is  possible,  approximately,  to 
describe  curve  by  formulas  (Fig.  2) 


**  *ao*jt  —  4) 

*•  =  +  *»(*  —  4) 


(<  <  4) 
0  >  4) 


(2.11) 

Loading  corresponds  to  <  <  4.  unloading  -  t>tc,  kp  -  positive 

values  of  gradients  of  deformation. 

Solution  of  problem  of  unloading  is  based  on  joint  solution  of  equations  of 
short  waves  for  region  of  limiting  state  and  equations  (2.9),  (2.10)  for  elastic 
unloading,  taking  into  account  boundary  conditions  of  (2.11)  at  r  =  rQ  and 
conditions  of  continuity  of  particle  velocities  and  deformations  on  unloading 
front  t  =  f  (r),  position  of  which  is  not  known. 

Using  approximations  of  (2.11),  we  will  define  values  of  deformations  at 
points  A,  B,  and  C,  on  characteristics  in  region  of  loading  and  unloading  re¬ 
spectively,  considering  quantities  of  velocities  c  and  a-^  constant  in  section 
(r0,  rG  +  dr*): 


«b=*W +  **(**-  ~) 


«r  =  +  I*** 


(2.12) 


At  point  M  (rQ  +  dr*,  t0  +  dt*)  on  front  of  unloading,  we  will  calculate 
deformation  and  particli  velocity  by  the  formulas  for  region  of  limiting 


state 


e  =  |r  —  r,  —  at  (t  —  /*)],  it  =  —  «»e 


(2.13) 


Hence,  with  the  help  of  (2.11),  for  section  of  load  it  follows 


*-  =  |r'm»x  -  ^  (**  (‘  ~  M '.))} 


(2.U) 


Thus,  on  front  of  unloading 


r  —  rt  =  e  (I  —  /,)  or  dr*  edt*  (e  s=  dr  /  dt  =  1  /  /’) 


rt  rt.dr * 


Fig.  2. 


will  be 

eJf  =ero»x- (2~ a)e«n«rf'*  -«/«,)  (2.15) 

“W  ~“max  —  (2“  a)  “m*x  rfr*  ,r»  h  —  o/a,)  (2.16) 

with  accuracy  within  first  degrees  of  dr*,  dt* 
inclusively. 

We  will  determine  "reflectivity  factor"  of 


waves  in  region  of  elastic  unloading  from  front  of  unloading. 
From  proximity  of  points  B  and  G  to  point  0  it  follows 


=  ST  l,_,„  - 

•c  -  «...  =  £  I  '<>c  -  M  =  I  (i  +  i) 


(2.17) 


where  /  -  acceleration  at  origin  of  unloading. 


Hence, 


*0  *11111  _  l  —  g  / «» 

“c— “■« 


(2.18) 


For  calculation  of  Ug  -  u^y  and  u^  -  we  will  use  relationships  on 
characteristics  in  region  of  elastic  unloading,  will  calculate  Ug  -  u^  and  u^  -  u^ 
with  the  help  of  (2.9)  and  (2.10),  and  then,  with  the  help  of  formula  (2.16) 
for  u^,  let  us  turn  to  required  quantities.  Inasmuch  as  relationship  along 
charcteristic  (2.9)  and  (2.10)  is  applied  in  immediate  vicinity  of  point  (rG,  t0), 
integrals  in  (2.9)  and  (2.10)  are  calculated  approximately;  integrand  is  calculated 
at  point  M  (or  point  0)  and  is  multiplied,  by  length  of  interval  of  integration 


2d r* 


Omitting  intermediate  calculations,  wo  arrive  at  final  expressions 
*B  ““«**  “  a*f‘t(i  —  ellat)dl*  +  2n0ki(\-e/ai)df  f-  Gxa^xdl* 
stC~l‘mMX  =*  *-"•**(*  +  */*«)  **  —  2a*aenix  / rt  —  Gxa*kxdP 

where 

■-(s-'jtfgf+p-s)] 

Putting  these  egressions  in  (2.18),  we  obtain  equation  for  unknown  quantity  c 


i  -  cja%  ^  (*,/*,)  (1  +  el*,)  +2  (1  -  c/a,)  +  C, 
I  -j-  c/«,  — (1  ■+■  e/a#)  +  2  s  {/  —  6', 


(2.19) 


Quantity  U,  as  easily  shown,  will  be  small,  due  to  shortness  of  wave.  Indeed, 
for  curve  with  linear  build-up  of  quantity  of  deformation  U  =  8-,/r0,  so  that  U 
has  order  of  smallness  A#-, 

Using  experimental  data  on  proximity  of  quantity  c  and  «o  (l  —  c / «o  i), 

and  assuming  that  1  —  <■>, from  (2.19),  we  obtain,  with  an  accuracy 

to  the  small  order  of  the  products  aii.ui,  a». 


±  ,  .  kjf ,  ±\ 

«l  '*1^  00/ 


(2.20) 


i.e.,  velocity  of  front  of  unloading  is  nearer  to  velocity  of  propagation  of 


deformations  in  limiting  region  a^,  the 
less  kg/k^  -  ratio  of  gradients  in  region 
of  unloading  and  loading  -  and  the  less 
o>i  -  deviation  of  velocity  of  propagation 
of  peak  c  from  a0. 

Formula  (2.20)  coincides  with  anal¬ 
ogous  formula  for  plane  wave  of  unloading 
[5,  6],  if  in  the  latter,  are  consider 

Coincidence  of  (2.20)  with 
results  for  plane  wave  is  result  of 
shortness  of  loading  wave. 


J  ■ 


Application  of  (2.20)  to  appraisal  of  influence  of  unloading  on  attenuation 
of  peak  amplitudes  of  strain  waves  during  explosions  in  durable  rocks,  shows 
that  this  influence  is  insignificant,  since  at  short  distances,  where  o>(  ~o.i. 
ratio  k2/k-^  is  small,  and  at  groat  distances,  where  kg/k^  ~~  0.26  -  0.3,  there 
is  minute  difference  1  -  c/uq.  For  appraisal  of  influence  of  unloading,  following 
calculation  was  performed,  in  which  experimental  strain  curves  were  used  [3]. 

Law  of  attenuation  of  maximum  stresses,  according  to  this  data,  is  represented  by 
dependence  .1  (Fig.  3).  As  initial  curve  was  taken  stress  curve  at  distance  of 
20  R^,  shown  in  Fig.  3.  Using  experimental  data  on  quantities  k2  and  k^,  and 
on  speeds  a0  and  c,  with  the  help  of  formula  (2.20),  was  calculated  decrease 
of  maximum  amplitude  owing  to  unloading  at  all  distances  from  point  of  explosion. 
For  intermediate  distances  between  empirical  curves,  interpolation  was  made. 

Thus,  dependence  2  (Fig.  3)  was  determined,  which  corresponds  to  change  of  maxi¬ 
mum  stress,  without  influence  of  unloading. 

At  distance  150  9  ,  as  soen  from  Fig.  3,  amplitude  of  stresses,  measured 
in  experiment,  is  equal  to  13.8  kg/cm2,  without  regard  for  influence  of  unloading, 
amplitude  or  -  16  kg/ cm .  If  we  calculate  attenuation  of  amplitudes,  without 
regard  for  transfer  of  rock  in  limiting  state  in  regions  of  loading  (i.e.,  for 
elastic  medium),  amplitude  of  stresses  is  equal  to  62  kg/cm2. 

In  [7],  remarks  concerning  our  article  from  N.  S.  Medvedeva  [4]  were  expres¬ 
sed  in  which  preliminary  results  of  investigations  of  waves  of  loading  in  rocks 
were  presented.  These  notes  relate  to  connection  between  a  and.  v  and  to  possible 
influence  of  unloading  (which  was  not  estimated  in  [4]).  This  criticism  forced 
return  to  problem  of  strain  waves  and  re-examination,  once  again,  of  basic 
conclusions  of  [4].  As  reader  may  note,  all  basic  assertions  of  [4]  are  true. 

Author  extends  sincere  gratitude  to  S,  A.  Khristianovich  for  valuable  advice 
an  instructions,  given  during  execution  of  present  work. 

Submitted 
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APPROXIMATE  EQUATION  OF  STATE  OF  SOLID  BODIES 

V.  M.  Gogolev,  V.  G.  Myrkin,  and 
G.  1.  Yablokov 

(Leningrad) 


In  series  of  problems,  coupled  with  study  of  strong  shock  waves  in 
solid  bodies,  information  is  necessary  about  their  thermodynamic  proper¬ 
ties  during  high  loads.  At  present,  for  study  of  mentioned  properties, 
so-called  method  of  shock  compression  [1-10],  is  widely  used.  This 
method  allows  to  obtain  shock  adiabat  for  investigated  material. 

Using  shock  adiabat  and  theoretical  model  of  solid  body  in  Debye  approxi¬ 
mation  or  in  more  accurate  approximation,  equation  of  state  and  other 
thermodynamic  relationships  can  be  obtained. 

Large  variety  of  solid  materials  and  insufficient  knowledge  their 
properties  during  shock  compression  pose  question  of  consideration  of 
possibility  of  generalization  of  experimental  data  and  obtaining  of 
unified  relationships,  describing  thermodynamic  properties  of  definite 
class  of  solid  materials,  which  would  allow  to  make  extrapolation  of 
these  properties  on  other  materials.  Such  generalization,  in  accurate 
moaning,  is  hardly  possible.  However,  for  problems  of  applied  character, 
in  many  cases  presence  of  approximate  information  is  sufficient  for 
this  question. 

Below  are  given  results  of  generalization  of  experimental  data  of 
[1-10]  concerning  shock  compression  of  metals,  rocks,  and  several 
other  solid  materials.  Offered  is  single  shock  adiabat  for  shown 
materials.  On  the  basis  of  theoretical  model  of  solid  body  in  Debye 
approximation  and  shock  adiabat,  generalized  equation  of  state  expres¬ 
sion  for  internal  energy  and  several  other  thermodynamic  relationships 
for  solid  bodies  are  given.  These  results  have  an  approximate  character 

1.  Generalized  shock  adiabat.  At  present,  in  sufficient  detail,  shock 
compressibility  of  metals  has  been  studied  [1-5,  8-10],  Furthermore,  in  published 
literature  there  are  experimental  data  on  shock  compression  of  series  of  rocks 
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[6,  11]  and  certain  other  solid  materials  [6,  73.  Let  us  consider  possibility 
of  their  generalization  and  obtaining  of  single  shock  adiabat.  For  comparison 
of  shown  data,  it  is  necessary  to  bring  them  to  dimensionless  form.  As  measured 
parameters,  which  would  characterize  form  of  hard  material,  it  is  rational  * o 
select  speed  of  sound  C0  in  undisturbed  medium  and  density  ?«• 

In  Fig.  1  are  given  experimental  points  on  shock  compression  of  solid  rocks 
and  related  materials  in  system  of  coordinates 


A  P  = 


P—  Pa 
par**  ’ 


"'■NT 


where  p  -  p*  -  pressure  jump  at  front  of  shock  wave,  spreading  in  undisturbed 
medium,  u  -  particle  velocity  at  front  of  shock  wave.  From  consideration  of 
figure,  it  is  clear  that  for  various  materials,  experimental  points  are  sufficiently 
well  coordinated  among  themselves  without  any  noticeable  systematic  deviation. 

In  Fig.  2,  in  that  same  system  of  coordinates  are  given  experimental  points 
for  dimensionless  pressures  up  to  magnitudes  ~  35.  Since,  for  large  pressures, 
information  about  shock  compressibility  of  solid  rocks  is  absent,  on  figure  are 
given  points  for  metals;  in  given  case,  experimental  points  for  various  materials 
are  well  coordinated. 

Below,  on  basis  of  given  data,  is  made  an  attempt  to  obtain  single  shock 
adiabat  for  solid  rocks,  metals,  and  several  other  materials. 

During  approximation  of  experimental  data  on  compressibility  of  liquids  anl 
solid  bodies  analytic  function  is  frequently  used,  of  form 

d.i) 

where  A  and  n  -  constants,  determined  by  experimental  data.  Using  conditions 
of  dynamic  compatibility,  we  proceed  in  (1.1)  to  variables  a  ?,  M 

i_  Jt -(/tAP -M)"1/nl 


M* 

As  a  result  of  approximation  of  data  of  Figs.  1  and  2,  we  obtain 

A  =  5.5,  n  =  5  *h,n  0.1<AP<35 
when  0  <  AP  <  0.1 


A  =  3,  n  =  3 


(1.2) 

(1.3) 

(1.4) 
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In  Figs.  1  and  2,  graph  of  depen- 


Fig.  1.  Curve-calculation  by  formula 
(1.2);  points: 

1  -  marble  <*«*3275- 

2  —  quartz  '•  *=  17005 

3  -  paraffin  e*“®00' 

4  -  NaGl,  single  crystal  <*•  - 220 ■  «•  ~  331s> 

5  -  C0o  solid  -  *57-  «•  -  zf'M) 

6  -  tuff,  rose  (».«■>•*.  e.~t»50j 

7  -  tuff,  white  <*.-««• 

(f.J- Icej  —  m/sac 


dercce  of  (1.2)  with  respect  to  (1.3) 
and  (1.4)  is  shown  by  solid  lines.  This 
graph  is  sufficiently  well  coordinated 
with  experimental  points.  Relative 
deviation  of  experimental  points  from 
curve  lies  within  limits  ten  percent. 


Fig.  2.  Curve-calculation  by  formula 
(1.2);  points: 

1  -  paraffin 

2  -  C02,  solid 

3  -  NaCl,  single  crystal 

4  -  Cd‘,*“w‘- 

5  -  Cu  <*.  -  »*.  -  •**>) 

6  —  Pb  W.  -  IIH. 

7  -  Sn  te. -70.  r,-27M 

8  —  Zn  <c*  ~  “-m.  <■.  -  »oo) 

9  -  tuff,  white 
10  -  tuff,  rose 


It  is  necessary  to  note  that  formula  (1.2),  under  condition  of  (1.4),  has 
interpolating  character,  since,  in  this  range  of  pressures,  experimental  data  are 
absent. 

Detailed  comparison  of  approximation  (1.2),  under  conditions  (1.3)  and 
(1.4),  with  experimental  data  for  various  metals  is  given  in  Fig.  3.  This 
comparison  once  again  shows  good  coincidence  of  experimental  data  with  approxi¬ 
mation  (1.2)  -  (1.4). 

In  plane  of  variables  a  P  and  P'P*  there  is  rather  large  scattering  of 
experimental  points.  In  connection  with  this,  deviation  of  experimental  points 
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from  curve  (1.2)  reaches  20^. 

Thus,  conducted  comparison  of  experimental  data  for  various  solid  rocks, 
metals,  and  several  other  materials  shows  that  for  approximate  description  of 
shock  compressibility  of  these  materials  it  is  possible  to  use  generalized  shock 
adiabat  (1.1). 

2.  Equation  of  state  for  solid  bodies.  Knowledge  of  shock  adiabat  of  solid 
body  allows  to  receive  equation  of  state  and  other  thermodynamic  characteristics, 
if  one  were  to  use  theoretical  model  of  solid  body  Debye  approximation.  It  is 
known  [12],  that  in  this  approximation,  internal  energy  and  equation  of  state 
can  be  represented  in  the  form 


E  =  Ex(v)  +  E-(v,  T) 


(2.1) 


P  - 


+  T 


fo 


Here,  p  -  pressure;  T  -  temperature;  v-  specific  volume;  -  energy  of 
cold  compression;  -  energy,  connected  a  with  thermal  motions  of  particles; 

1  -  Grimeisen  coefficient.  In  these  expressions  EL,  Ex,  and  y  are  unknown 

functions.  If  they  will  be  determined,  then  full  thermodynamic  description  of 
30lid  body  will  be  obtained.  Let  us  consider  their  determination.  Thermal 
energy,  in  this  case,  can  be  calculated  in  following  manner  [12]: 


=  (2.3) 

If  we  assume  that  temperature  of  body,  on  the  one  hand,  is  noticeably 
ubove  room  temperature,  and,  on  the  other  hand,  does  not  exceed  tens  of  thousands 
degrees,  then,  according  to  Dulong  and  Petit  law  [12],  we  have 


cm  ~  e9  =  const 


(2.4) 


i.e.,  heat  capacities,  during  constant  volume  and  pressure,  are  identical  and 
constant.  Thus,  thermal  energy  is  determined  completely  by  (2.2)  and  (2.3),  in 
the  above  mentioned  interval  of  temperatures.  For  determination  of  energy  of 


1- 12 


3.  Curve-calculation 

;  points: 

1  -  CO  58.  -  9"0. 

£,=.*830) 

2  -  Be<p.“«8s, 

e.  =  78u0) 

3  -  Th  <P."»ii«o. 

£.  =  2050) 

A  -  Tl  «p.  -  >2t0. 

f.  =  1830) 

5  -  Zn 

6  -  Cd 

7  -  Zr  (8.-6C2. 

£,  =  3330) 

8  -  Ag  <P.  =  1070.  £,  =  3190) 

9  -  Au  «.-*»» 

10  -  Cr  (P.-72S,  £.  =  5l5f> 

11  -  Mo  (P.»t0«.  C.-M90) 

12  -  Hi  (»."»»■  C*-W30> 

13  _  Ti  <8.~«0,  c.  =  tSS0) 

1A  -  V  ~  622>  C.**5I80) 

15  —  W  (P.-1955.  C.-WMI 

16  -  Sn  (p;  -  7u.  c,  -  zimi 

17  —  Cu  (p,  *=■  908,  e,  »  3980) 


cold  compression,  shock  adibat  i3  used 
[1,  8],  For  that,  from  condition  of 
dynamic  jointness 

E  _  £,  =  >/*  0>  +  A»)  (p  -  p#> 

where  E0,  pQ,  -  values  of  parameters 
before  front  of  shock  wave,  thermal 
part  of  energy,  is  excluded  with  the 
help  of  (2.1)  and  (2.2).  As  a  result, 
equation  for  determination  of  energy  of 
cold  compression  is  obtained  by  3hock 
adiabat 

+ JL  &bs  = 

iwt 

=  -!■  (2.5) 

Here  index  0  designates  quantity 
of  parameters  of  medium  in  undisturbed 
state,  value  of  pressures  is  taken  on 
shock  adiabat  (1,1) 

&RX  ~  Bx-Exc,  A  =  (2  +  T)/t 
This  equation  determines  energy  of 
cold  compression  with  accuracy  within 


immaterial  additive  constant. 

For  determination  of  Gruneisen  coefficient  by  L,  D.  Landau  and  Slater  [1  -A], 
was  offered  dependence 


2  9  PPx  I dci  (  \ 

T=  T  T  ~dpjdv  \Px~~~dr)  (2.6) 

Here  Px  (v)  pressure  of  cold  compression;  -  energy  of  cold  compression. 

aewhat  later,  MacDonald  and  Dugdale  offered  a  more  accurate,  though  bulkier, 


1  V> 


formula  [1  -  4,  8],  For  aims  of  present  work,  it  was  more  convenient  to  use 
dependence  (2.6).  Totality  relationships  (2.5)  and  (2.6)  gives  differential 
equation  for  determination  of  energy  of  cold  compression.  However,  accurate 
solution  of  this  equation  is  possible  only  by  numerical  methods  and  entails  great 
difficulties.  Therefore,  we  will  make  approximate  solution  of  shown  equation. 

M 

Calculations  show  that  Gruneisen  coefficient  is  a  slowly  variable  function  as 
compared  with  remaining  variables  in  (2.5).  In  connection  with  this,  we  will 
integrate  (2.5),  considering  that  y  is  constant.  Then  with  the  help  of  (2.6), 
we  will  determine  dependence  of  t  on  v.  Before  doing  this,  let  us  turn  to 
dimensionless  variables. 


P  V  .dfi x 

P  =  '  V  =  17  *  *x  =  ~Cor  *  tm  ~  ~cS~ 


(2.7) 


Making  replacement  in  (2.5),  according  to  (2.7),  and  executing  integration. 


we  receive 


where 


ex  =  (p)  +  2  [*”*  y-t-1  V]+  V  *[2(7  +  l)~e">o] 


B)..JLl±r1..£L±«  v]  +  -L- h-  Sl±MLzJLv]v-n, 
*  •  ^lil  (t  +  1)  t(«  — t  — 1>  J  + 


(2.8) 


_ "  (ft  +  1) 

7  (7  +  1)  («  —  T)  (* 


(2.9) 


Quantities  A  and  n  are  determined  according  to  (1.3)  -  (1.4). 


Thus,  relationships  (2.1),  (2.3)  and  (2.8)  allow  to  receive  expression  for 
internal  energy.  From  (2.2),  (2.7),  and  (2.3)  we  obtain  equation  of  state 


P  =  PxW  +  T-tm 


where 


Px  =  PI<1,(V')  +  -Y~T  +  ^[2(T  +  i)-emo] 

p  (l)  (V)z=- L  { — 1 [  /T-~l  l  V  __  j  ]  y-{n+\)  _ 

P*  2A  [n—  7  L  7  (n  —  y  —  1)  ft  J 

_ »(*  -H) _ v-(y.i) _ L 

(7+  !)(*  —  7)(«  —  7—  1)  7(T+1)J 


(2.10) 


(2.11) 


(2.12) 


Quantity  7  is  determined  from  (2.6)  and  (2.11).  Disregarding  initial  values 
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of  parameters  in  (2.11),  we  obtain 


2  +  1  3l(*  +  \)-Di(n  +  2)V-'-Dt{T  +  2)Vn-''-1 

3  2  Bi—BiV-'  —  DtVn-r-1 


(2.13) 


where 

(T  +  2)(h-1)«  _  „  _  7"  <l±il _ 

Bl  “  n  -  T  —  1  ’  Dt~  »  —  T  *  ("  ~  T)  (*  —  7  ~  1) 

Graph  of  function  7  (V)  is  shown  in  Fig.  4.  Analytic  dependence 

7  =  2.3^»  (2.14) 

gives  sufficiently  good  approximation  of  graph  of  Fig.  4. 

Thus,  relationships  (2.1),  (2.3),  (2.8),  (2.10),  and  (2.14)  give  expres¬ 
sion  for  internal  energy  and  equation  of  state  for  metals,  solid  rocks,  and 
several  other  materials. 

In  Fig.  5,  are  given  curves  for  comparison  shock  adiabat  and  isotherm  of 
cold  compression  (2.11)  with  regard  to  (2.14).  At  comparatively  small  pressures, 
these  curves  differ  little  one  from  another.  Of  interest  is  analytic  appraisal 
of  difference  of  these  quantities.  We  will  introduce,  for  this  quantity 


Considering  it  small,  as  compared  with  one,  and  expanding  expressions  (l.l) 
and  (2.11)  in  a  series  along  S.  we  obtain 


Ap  pi  i)  1  f  "T<"  4- 1 )[(/»—' '!)(/■—  2t)4-t(t  —  01  ..  . 

*  ~  12(n— T)(«-T-i)  6  + 

.  Tft  (*  4-  t)  f(n  —  1)  (h  —  2)  (2/i  —  3t)  —  7  (7  —  1)  (7  —  2))  \ 

2-41  «+•••}  (2.15) 

Since  V  changes  little  here,  we  consider  7  constant.  From  (2.15),  it 


follows  that  difference  between  shock  adiabat  and  isotherm  of  cold  compression, 
at  relatively  low  pressures,  is  proportional  to  6J. 


Fig.  4.  Curve-calculation  by  formula  Fig.  5.  Comparison  of  shock  adia- 

(2.13)  J  points  -  calculation  by  formula  bat  1.  with  isotherm  of  cold  com- 

(2.14) .  pression  2. 


of  Gruneisen  coefficient  is  different 


If,  in  solid  body,  there  is  isoentropic  process,  then,  from  (3 •  5 )  and  (2.10) 
we  obtain  following  expression  for  Poisson's  adiabat 


=  const  (3*6) 

From  (3*6),  it  follows  that  product  of  thermal  pressure  on  specific  volume 
in  degrees  (t  ^  is  constant  quantity,  i.e.,  in  given  case,  there  is  also  the 
above-noted  analogy  to  ideal  gas.  This  analogy  is  associated  with  assumption 
of  (2.3). 

In  order  to  receive  appraisal  of  jump  of  entropy  <-n  front  of  shock  wave, 
depending  upon  its  intensity,  we  exclude,  from  (3.5)*  thermal  energy,  with  the 
help  of  equation  of  state  (2.10) 


l  I'm*  J 


i  (3.7) 

During  comparatively  slight  intensity  of  shock  wave,  fraction  in  expression 
(3.7)  is  small.  Therefore,  we  represent  logarithm  in  the  form  of  a  series 

Using  (2.15)  and  expanding  V™  in  series  along  5,  we  obtain 


S-So~T^» H)l&‘  5  ---}  •  (3 ,8) 

where  -  coefficient  from  (2.15)  at  V  •  A2  -  coefficient  from  (2.15)  at  6*. 

From  this  expression,  it  follows  that  jump  of  entropy  on  front  of  shock  wave 
is  proportional  to  jump  of  density  in  degrees  not  lower  than  3. 

Thus,  on  basis  of  generalization  of  experimental  data  on  shock  compression 
of  metals,  solid  rocks,  and  several  other  nonporous  materials,  we  managed  to 
obtain  single,  for  these  materials,  shock  adiabat.  As  a  result  of  use  of  theoret 
ical  model  of  solid  body  and  of  single  shock  adiabat,  generalized  equation  of 
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state,  expression  for  internal  energy  and  entropy  are  obtained,  which  can  be 
used  for  approximate  description  of  thermodynamic  properties  of  metals,  solid 
rocks,  and  several  other  hard  nonporous  materials. 
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EXPERHiENTAL  INVESTIGATION  OF  DYNAMIC  STRESS  FI  ELD  IN 
SOFT  EARTH,  DURING  CONTACT  EXPLOSION 

V.  D.  Alekseyenko 
(Moscow) 


Contact  explosion  occurring  at  boundary  ef  two  strongly  differing 
(by  properties)  media  -  air,  and  ground,  creates,  in  lattGr,  non¬ 
stationary  axisymnttrical  stress  fields  and  speeds,  and  leads  to 
motion  of  air.  Theoretical  solution  of  corresponding  problem  arising 
for  equation  of  gas  dynamics  describing  motion  of  air,  and  equations 
of  mechanics  of  ground  (eight  of  which  are  considered  here),  present 
great  difficulties.  Difficulties  also  appear  during  experimental  study 
of  this  phenomenon. 

Below  are  expounded  certain  results  of  experimental  investigation  of 
non-stationary  stress  field,  created  by  contact  explosion,  in  medium- 
granular  sand  of  undisturbed  structure  with  specific  weight  7-  1.6  g/cnK 
and  absolute  humidity  w  -  7  -  10%.  The  following  scheme  of  measurements 
was  used  (Fig.  i).  On  spherical  surfaces,  far  from  center  of  explosion, 
to  relative  distances  r,  equal  to  15,  20,  30,  and  kO  (r  =  R/rg,  R — distance 
from  center  of  explosion,  rv  —  radius  of  charge),  at  points  1-9,  were 
established  four-component  tensomcteric  data  units.  With  the  help  of 
these,  were  measured  normal  stresses  <u.  oy,  an,  acting  in  coordinate  areas 
of  cylinderical  system  of  coordinates  x.,o.  and  normal  stress  a„,  acting  in 
meridian  plane  on  area,  normal  of  which  constituted,  with  axis  p,  fixed 
angle  Details,  competed  with  necessity  of  such  measurements, 

are  contained  in  [l].  We  will  give  only  necessary  formulas,  allowing,  by 
results  of  measurement  of  a>,  oe,  a*,  3*  to  calculate  main  characteristics 
of  stress  field:  -  3hear  stress,  a,  -  main  stresses  in  meridian 

plane,  $  -  angle  between  one  of  main  directions  and  direction  z 


in  -■  (?,  coJ  -j  f  sin 
nin  1!  1 


1*9 


(1) 


Oi  ■=  3,  cos1  <p  +  3,  siw1 9  +  xpt  sin  29 


(2) 


Fig-  1. 


3s  —  sia1 9  +  3,  cos1 9  —  rpt  sin  29 


(3) 


9  =  0.5  «rC' 


2in  —  2  (3,  cos1 3  +  3,  sin1  a) 
(3j  —  3C)  sin 


(4) 


At  point  10,  capsule-microphones,  were  established  fixing  moment  of 
arrival  of  front  of  air  shock  wave.  Signals  from  strain  gauges  through 
amplifier  UTS-12/35  were  recorded  by  loop  oscillographs  MP0-2  or  N-102, 
and  from  capsule-microphones  directly  by  oscillographs.  Angular  distance 
between  points  of  measurement  1-5  constituted  15° ,  and  6°  between 
points  5  10.  Trotyl  charges  of  cubic  form,  by  weight  1.6,  5 .4,  12.8  kg, 

were  disposed  as  shown  in  Fig.  1. 


1.  Kinematic  characteristics  of  motion.  Experimental  investigation  showed 
that  in  significant  region  of  ground  half-space,  adjacent  to  axis  of  symmetry 
2  (0°  <  p.<  co°— CG°).  blast  wave  has  one  stress  peak,  but  near  surface  of  ground 
(60°  -  66°e;0s;9Oo)  -  two  peaks,  corresponding  to  two  longitudinal  waves,  generated 
by  perturbation,  proceeding  through  the  ground  from  focus  of  explosion  and  by  air 
shock  wave,  spreading  on  surface  of  ground  [1,  2],  In  Fig.  2  are  depicted  stress 
oscillograms  at  poxnt  1,  when  r  =  20,0=  0°  (oscillogram  48  -l),  and  at  point  7, 
when  r  =  20,  0*=  72°  (oscillogram  34-6).  Lines  downward  correspond  to  a»,  on,  00, 
time  marking  -  sinusoid  of  500  cps.  Region,  in  which  are  observed  waves  with 
two  peaks,  we  will  call  surface. 

Experiments  showed  tliat  at  relative  distances  from  center  of  explosion, 
r  <  20,  wave  in  the  ground  is  characterized  by  discontinuity  of  stresses.  Here 
the  greatest  of  stresses  at  the  front  constitutes  4-5  kg/cm^.  At  distances 
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r  >  20,  there  are  waves  with  smooth  build-up  of  stresses  to  a  maximum  value.  Above 
information  relates  to  waves,  having  one  peak.  Waves  having  two  peaks,  at  distances 
r  a  20  also  have  shock  fronts  at  both  maxima,  and  at  r  >  20,  stress  in  second 
maximum  grows  for  some  time,  but  first  maximum  preserves  intermittent  character 
longer,  the  nearer  point  of  observation  is  to  surface  of  ground.  Here,  time 
increase  of  stress  in  first  maximum  decreases  with  approach  to  free  surface,  and 
at  P  =  90°,  obviously,  equals  zero.  Time  increase  in  second  maximum,  at  fixed 
distance  from  center  of  explosion,  does  not  depend  on  angle  coordinate  P  Time 
increase  relative  to  second  maximum,  is  determined  as  time  between  minimum  and 
second  maximum.  In  Fig.  3  are  represented  experimental  function  of  time  of  build¬ 
up  on  linear  r,  and  angle  3  coordinates  for  wave  having  one  maximum,  and  on 
first  maximum  for  waves  having  two  maxima*.  Curve  1  corresponds  to  value  of 
angle  '3  from  0  to  66°,  curves  2,  3,  4  for  P  =  72°,  78°,  84°.  Let  us  note  that 
difference  from  zero  of  time,  corresponding  to  dotted  line  in  Fig.  3.,  should  be 
subtracted  from  true  time  of  build-up,  since  it  characterizes  boundedness  of  re¬ 
solving  power  of  applied  equipment.  By  given  data  of  Fig.  3  is  obtained  formula 

for  determination  of  time  of  build-up  for  waves  shown 

t,  -UR-d]'C)  (1.1) 

In  all  formulas  (including  (1.1))  are  obtained  following  units  of  measurement: 

msec  for  time,  m  for  length,  kg  for  weight 
of  charge,  kg/cm^  for  stresees,  kg  sec/cm^ 
for  specific  impulses,  and  m/sec  for 
velocity.  Numerical  (dimensional) 
coefficients  1  and  d  in  formula  (1.1) 
depend  on  angle  coordinate  P-  In  sub¬ 
sequent  formulas,  analogous  coefficients 
will  also  be  functions  of  P  .  On  graphs, 

*Here,  and  in  the  future,  superscript  *  means  that  given  parameter  is  related 
to  linear  scale  of  charge  t,*  =  ti  J  c  fmsec/kg1/^!  (C-weight  of  charge  in  kg). 
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depicting  this  dependence  on  p.  dotted  parts  are  natural  extrapolation.  In  Fig. 
4  are  show  functions  of  1  and  d  on  p.  Data  on  time  of  stress  Duild-up  in 
second  maximum  is  more  conveniently  given  later. 


Fig.  3  Fig.  4 


For  determination  of  velocity  of  propagation  of  blast  wave  in  ground,  by 
experimental  data  on  time  of  its  arrival  at  points  of  measurement,  hodographs 
of  fronts  of  shock  waves  or  maximum  stresses  for  unstressed  waves  were  constructed. 
Hodographs  of  fronts  of  sound  waves,  arising  at  a  definite  stage  before  shocks 
were  also  constructed.  By  means  of  differentiation  of  these  curves  was  determined 
velocity  of  propagation  of  maximum  stresses  at  various  points  of  ground  half¬ 
space.  In  Fig.  5,  in  coordinates  t0*,  r,  are  depicted  hodographs  of  waves;  by 
da3h  lines  is  depicted  front  of  sound  wave,  solid  lines  -  front  of  first  maximum, 
and  dash-dotted  -  second  maximum  of  stresses.  From  Fig.  5  it  is  clear  that  at 

any  fixed  value  of  r,  in  certain  region  adjoining  axis  z  and  having  angle 
dimension  u  '  p  %  p-  only  one  stress  maximum  is  observed  in  wave,  time  of 
arrival  of  which,  within  limits  given  region,  does  not  depend  on  p.  Beyond 
limits  of  this  region,  i.e.,  at  P>P(r),  wave  has  two  maxima.  Here,  time  of 
arrival  of  first  stress  maximum  t0l*  decreases  as  compared  with  time  of  arrival 
of  wave  in  region  0#<P<P(r),  and  the  more  intense,  the  nearer  to  free 
surface  is  the  considered  point.  It  is  obvious,  that  at  P  =  90°,  tol*  is 
equal  to  time  of  arrival,  at  given  point,  of  front  of  air  shock  wave.  Arrival 
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tine  of  second  3tress  maximum  to2*»  beyond  limits  of  region  0°<sP<P(r),  on 
the  contrary,  increases  as  compared  with  arrival  tine  of  wave  within  limits  of 
this  region.  However,  as  seen  from  Fig.  5,  this  increase  is  insignificant. 


Fig.  6 


Data  of  Fig.  5  are  well  described  by  formula 

/*•=  Jk  (18.5ft*  —  l)n  (l»2) 

Differentiating  (1.2)  in  respect  to  t,  we  obtain  formula  for  determination 
of  propagation  velocities  of  stress  maximums 


D  "  A*(18.5ft‘—  I)'1'1  (1.3) 

Graphic  functions  of  coefficients  k  and  n  are  represented  in  Fig.  6.  By 
data  of  Fig.  5  is  obtained  formula  for  determination  of  time  between  arrivals  of 
first  and  second  maxima 


tyn  =  (an»-b)Yc 


(1.4) 


Fig.  8 


Coefficients  a  and  b  are  determined  by  graph  in  Fig.  7.  Position  of 
minimum  of  stresses,  as  experiments  show,  depends  mainly  or.  distance  from  center 
of  explosion.  If  fronts  of  first  and  second  maxima  are  shock,  the  minimum  of 
stresses  coincides  in  time,  with  second  maximum,  i.e.,  time  between  arrival  of 
first  maximum  and  minimum  tw^n  =  t^,  When  stresses  in  second  maximum  increase 
smoothly  for  some  time,  minimum  of  stresses  is  displaced  in  direction  of  first 
maximum.  In  Fig.  8  is  depicted  function  of  ^minA^  on  **.  Using  for  la  (1.4) 
and  data  of  graph  of  Fig.  8,  one  can  determine  rise  time  of  stress  in  second 
maximum  by  the  formula 

Yi«fu  —  *mla  (1.5) 


Full  time  of  action  of  blast  wave,  within  limits  region  where  wave  has  one 
maximum  (0°  '"P<  60°  -  66°),  practically,  does  not  depend  on  angle  of  p  at 

fixed  value  of  r.  At  P  >  66°,  full  time  of  action  diminishes  with  increase 
of  angle  of  0,  in  spite  of  the  fact  that  in  surface  region  there  is  a  composition 
of  two  waves  displaced  in  time.  In  this,  apparently,  is  developed  essential 
influence  of  rarefaction  wave  on  stress  field  in  surface  region.  Data  of  experi¬ 
ments  are  well  described  by  formula 


6  =-.  (tj/j*  +  if/c  (1.6) 

Function  of  n  and  f  on  p  are  depicted  in  Fig.  9. 

On  basis  of  data  of  Fig.  5,  it  is 
possible  to  construct  wave  fronts  in 
half -space  at  various  moments  of  time 
and,  thus,  to  trace  transformation  of 
wave  front  in  process  of  propagation. 
During  construction  of  wave  front, 
for  characteristic  moments  of  time  were 
taken  arrival  times  of  wave  at  points 
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Fig.  9. 

of  measurement  on  axis  of  synmetry  $  r-  o4),  far  from  center  of  explosion  at 


r  =  15#  20,  30,  and  40.  At  distances  of  r  ^>20,  during  construction  wave  front, 
arrival  time  of  sound  front  and  arrival  time  of  stress  maximum  were  considered. 

In  wave  with  two  maxima,  arrival  times  of  beginning  of  wave  of  first  and  second 
maxima  were  considered.  In  Fig.  10  is  depicted  meridian  section  of  wave  front 
at  various  distances  from  center  of  explosion.  Points  of  measurement  were  disposed 
on  spherical  planes  with  center  coinciding  with  center  of  charge.  Therefore,  in 
regions  where  arrival  time  of  wave  does  not  depend  on  angle  coordinate  p,  wave 
front  has  spherical  form.  In  surface  region,  fronts  of  first  and  second  stress 
maxima,  due  to  dependence  of  their  arrival  times  on  angle  of  P  are  not  spherical 
in  form.  Here,  front  of  first  stress  maximum,  as  been  in  Fig.  10,  with  approach 
to  free  surface,  seems  to  "follow"  front  of  air  shock  wave.  Front  of  second 
stress  maximum  deviates  slightly  from  spherical. 

In  Fig.  10,  it  is  clear  that  magnitude  of  value  p,  separating  surface  region 
from  remaining  space,  changes  together  with  r.  Increase  of  angular  dimension  of 
surface  region  occurs  due  to  faster  deceleration  of  propagation  of  spherical 
wave  spreading  through  ground  from  center  of  explosion,  as  compared  with  wave 
generated  by  air  shock  wave.  Slope  of  front  of  latter  wave,  due  to  decrease  of 
ratio  of  velocity  of  air  wave  to  velocity  of  ground  wave  Df  /  D,  is  increased 
with  departure  from  center  of  explosion.  However,  absolute  values  of  angle  of 
inclination  ^  are  small,  and  at  distance  r  =  40  contitutes  approximately  16°. 

Thus,  wave  front  in  meridian  section  represents  semicircle  with  center 

coinciding  with  center  of  charge,  and 
a  certain  slightly  distorted  line, 
convex  in  the  direction  of  free  surface, 
and  inclined  towards  it  under  certain 
angle  'f.  magnitude  of  which  increases 
together  with  r.  The  above  refers  to 
fronts  of  maximum  stresses.  Regarding, 

■1  rc- 
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sound  wave,  however,  with  removal  from  center  of  explosion,  its  outline,  in  half¬ 
space,  approaches  configuration  of  longitudinal  waves,  appearing  in  elastic 
isotropic  half -space  during  action  on  its  surface  of  a  concentrated  force  and 
weak  air  wave. 

2.  Main  characteristics  of  stress  waves.  During  investigation  of 
dynamic  stress  field,  at  every  point  of  measurement,  four  normal  stresses 


a..  ac.  O',  on 


were  fixed  in  time.  Measurements  of  shown  stresses  give  full 


information  about  state  of  strain  at  point  of  ground  half -space,  which  allows 
to  produce  manifold  analysis  of  dynamic  stress  field.  Furthermore,  with  the 
help  of  data  on  stressed  state,  it  is  possible  to  check  derivations  made  from 
kinematic  parameters. 

In  Fig.  11,  by  solid  lines  are  represented  experimental  functions  of  maximum 

values  of  components  of  stresses 
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3,.  oe,  on  of  angle  p  at  distance 
from  center  of  explosion  r  =  40,  when 
center  of  charge  coincided  with  surface 
of  ground.  In  this  figure,  by  dotted 
lines  are  depicted  curve  changes  of 
shown  stresses  in  centrally  symmetric 
field  constructed  from  formulas 


Fig.  11 


0j  =  3l0  cos’? +  5,0  sin*  p 

Oy  —  3;n  sirt*3  +  Sjo  fOS*3 


(2.1) 

(2.2) 


3n  =  0-5  K3«  +  d 
+  ~  sin  23l 


cg  =  ow  =  const 


(2.3) 

(2.4) 


where 


-  experimental  values  of  stresses  at  P  =0°.  There  are  anal¬ 


ogous  data  for  other  relative  distances,  however,  they  are  not  listed  here  due 


to  lack  of  space.  It  is  natural  that  each  curve,  relating  to  any  component  of 
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stress,  starting  from  certain  value  of  angle  p,  consists  of  two  branches,  expres¬ 
sing  change  of  maximum  stress  in  first  and  in  second  maxima*  Relationship  of 
maximum  magnitudes  of  stresses  in  first  and  in  second  maxima  depends  on  angle  P 
In  beginning  (on  p  )  aurface  region,  stress  has  large  magnitude  in  second  maximum, 
but  with  approach  to  free  surface  -  in  the  first.  This  is  explained,  by  various 
laws,  as  wave  attenuation,  spreading  from  center  of  explosion,  and  wave  generated 
by  air  shock  wave.  Stress  in  wave,  propagated  through  the  ground  from  center  of 
explosion,  decreases  with  approach  to  free  surface,  and  increases  in  wave,  generated 
by  air  shock  wave  and  diffused  from  free  surface.  From  Fig.  11,  it  is  clear  that- 
unloading  influence  of  free  surface  on  wave,  propagated  through  the  ground 
from  center  of  explosion,  is  so  intense  that,  in  spite  of  the  fact  that  second 
maximum  is  result  of  imposition  of  this  rave  on  wave,  propagated  from  free  surface, 
this  maximum,  during  approach  to  free  surface,  becomes  minute. 


During  conduction  of  experiments  position  of  center  of  charge  changea.  rela¬ 
tive  to  aurface  of  ground.  Results  of  measurements  of  stress  field  showed  that 
maximum  stress  rather  considerably  depends  on  this  factor.  Thus,  for  example, 
when  location  of  charge  is  directly  on  surface,  maximum  stress  in  region,  where 
wave  has  one  maximum,  is  twice  as  low  as  when  charge  is  flush  with  free  surface. 
Influence  of  position  of  charge  on  magnitudes  stresses  in  first  and  in  second 
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maxima  spreading  in  surface  region,  is  varied,  Change  of  stress  in  second  maximum 
is  approximately  the  same  as  in  regions  with  one  maximum  in  wave.  Change  of 
stress  in  first  maximum,  depending  upon  position  of  charge,  occurs  in  opposite 
manner.  When  charge  is  directly  on  surfaces  of  ground,  stress  in  first  maximum 
is  larger  than  when  charge  is  located  flush  with  surface.  All  this  is  natural, 
and  is  connected  with  varied  distribution  of  energy  of  explosion  between  movements 
of  ground  and  air  in  initial  moments  of  development  of  process  at  varied  location 
of  charge  relative  to  surface  of  ground.  In  Fig.  12  are  presented  data  on  depen¬ 
dence  on  p  of  ratio  K  of  maximum  stresses  at  above  mentioned  two  extreme  locations 
of  center  of  charge  (in  reference  to  free  surface)  to  maximum  stresses  where 
center  of  charge  is  on  surface  of  ground. 

Maxi  mums  of  measured  components 
of  stresses  can  be  described  by  formula 

-  KAV) (~)nii  (i  =  e.:.».p: i  =  1.2)  (2.5) 

Coefficients  K,  A-jj,  and  a,  ^  are 
determined  by  graphs  in  Figs.  12,  13, 
and  14.  Here,  value  of  index  j  =  1.2 
indicates  in  which  maximum  otm;,x  is 


determined. 

Analysis  of  experimental  data  showed  that  within  limits  of  region  with  one 
maximum  in  wave,  laws  of  change  of  specific  impulses  are  similar  to  laws  of 
change  of  corresponding  components  of  stresses.  This  is  explained  by  the  fact 
that,  as  shown  above,  total  time  of  action  of  wave  in  this  region  does  not  depend 
on  angle  p.  In  surface  region,  specific  impulses  for  each  component  of  stresses 
are  total  throughout  entire  wave  with  two  maxima.  Obviously,  on  free  surface, 
specific  impulse  is  equal  to  specific  impulse  of  air  shock  wave.  Experiments 
showed  that  position  of  charge  of,  in  reference  to  free  surface,  noticeably 
influences  the  magnitude  of  specific  impulse.  We  note,  however,  that  influence 


of  this  factor  shows  up,  mainly,  in  regions  where  wave  has  one  maximum.  Since 
in  this  region,  time  of  action  doe3  not  depend  on  angle  coordinate  P ,  specific 
impulse  changes  here  proportionally  to  coefficient  K.  In  surface  region,  because 
position  of  chaige,  in  reference  to  free  surface,  affects  magnitude  of  stresses 
in  first  and  in  second  maxima  differently,  magnitude  of  total  (by  wa%re)  specific 
impulse,  practically,  does  not  depend  on  position  is  charge.  By  data  of  experi¬ 
ments,  it  is  possible  to  construct  following  formula  '.’or  determination  of 
magnitude  of  specific  impulse. 


j, - jr«$T!  (jp)T*  (2.6) 


Fig.  15  Fig.  16 


Coefficients  «,  and  are  determined  by  graphs  in  Figs.  15  and  16.  On 
basis  of  data  on  stresses,  time  of  action,  and  specific  impulses,  i3  obtained 
dependence,  characterizing  law  of  change  of  stress  in  wave  in  time.  Here,  it 
was  assumed  that  blast  wave,  in  time,  is  described  by  binomial  law. 


(2.7) 


In  Fig.  17  i3  shown  change  of  exponent  v  depending  upon  r  and  (5. 


Fig.  17 


Obtained  experimental  data  allow  to 
analyze  in  detail  the  qualitative  and  quan¬ 
titative  sides  of  dynamic  stress  field.  By 
above  mentioned  data  are  calculated  maximum 
magnitudes  of  principal  normal  stresses,  and 


their  orientation  in  meridional  planes  (35m*\  3,a,x.  <?).i3  determined  along  with  maximum 
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value  of  shear  stress  effective  in  that  same  plane.  In  Figs.  18,  19,  20,  and 
21  respectively  are  presented  results  of  calculations  for  ter 

From  Fig,  20,  it  1?  clear  that  angle  calculated  by  maximum  values  of  stresses 
in  wave  with  one  maximum  and  by  stresses  in  second  maximum,  in  surface  region, 
within  limits  all  half-space,  iu  very  near  in  magnitude  to  angle  3.  Proximity  of 
angles  <p  and  p  indicates  that  wave  front,  spreading  from  center  of  explosion, 
can  be  considered  spherical.  Angle  <p,  calculated  by  stresses  in  first  maximum, 
in  the  beginning,  in  surface  region,  sharply  diminishes,  and  then,  practically, 
is  equal  to  angle  h>  of  slope  of  wave  front,  spreading  from  free  surface.  Thu3, 
outline  of  wave  front  is  half-space,  constructed  from  kinematic  data,  i3  confirmed 
by  data  of  measurements  of  stresses. 

Examination  of  Fig.  11  shows  that  experimental  curves,  within  limits  of 
region  o-  <  p  <  30°  f  is  immaterially  deviate  from  dotted  cur  ves  expressing  laws 
of  change  of  corresponding  components  of  stresses  in  centrally  symmetric  field. 
This  fact,  jointly  with  received  data  on  sphericity  of  front,  justifies  conclusion 
that  distribution  of  stresses  in  this  region  (is  will  call  it  axial)  can  be  con¬ 
sidered  approximately  the  same,  as  in  ease  of  centrally  symmetric  field.  Indeed, 
in  Figs.  18,  and  19,  it  is  clear  that  principal  normal  stresses  <n.  <a.  <*•■ 
within  limits  of  axial  region,  depend  little  on  angle  coordinate  3  ,  and  that 


smaller  of  them  are  close  by  absolute  magnitude,  i.e.,  ot  =  o».  Data  of 
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Fig.  21  also  confirm  expressed  affirmation.  ThU3,  in  axial  region,  character  of 
wave  propagation,  distribution  of  stresses,  and  consequently,  the  movement  of 
ground  are  qualitatively  similar  to  case  of  centrally  symmetric  field,  created 
by  camouflet  explosion.  This  means  that  influence  of  free  surface  (from  the 
viewpoint  of  distortion  of  stress  state  in  azial  region,  by  comparison  with  stress 
state  on  axis  of  syrunetry  z,  where,  as  known,  conditions  of  cental  symmetry  are 
satisfied)  is  insignificant.  Beyond  the  limits  of  axial  region,  as  seen  from 
Figs.  11  and  21,  experimental  and  dotted  curves  strongly  differ.  Let  us  note 
that  comparison  of  these  curves  has  meaning  only  in  region  where  wave  has  one 
maximum.  It  is  characteristic  that  in  region  30°<  P <60°-66°  (we  will  call  it 
the  moan  region),  in  spite  of  sphericity  of  front,  is  observed  essential  deflection 
in  distribution  of  stresses,  as  compared  with  centrally  symmetric  field  (Figs. 

18  and  19).  In  addition,  we  note  that  smaller  main  stresses  are  close  in  absolute 
magnitude  at  any  fixed  value  of  angle  3-  Consequently,  it  is  possible  to 
consider  that,  in  mean  region  conditions  of  central  symmetry  are  approximately 
satisfied,  i.e.,<p;sP,  o»ao#,  and  main  stresses  depend  on  p,  as  on  parameter* 

The  greatest  influence  free  surface  appears  in  surface  region.  This  is 
confirmed  by  the  very  fact  of  existence  of  a  wave  with  two  maxima.  Due  to  this, 
stress  field  in  surface  region  is  the  most  complicated.  From  Fig.  10  it  is  clear 
that  front  of  wave  of  generated  air  shock  wave,  has  small  angle  of  inclination, 
in  reforence  to  free  surface.  This  circumstance  and  the  fact  that  smaller  main 
stresses  are  approximately  equal,  gives  possibility  to  assume  that  stress  state 
created  by  this  wave,  insignificantly  differs  from  stress  field  in  plane  wave. 
Analysis  of  differential  equations  describing  movement  of  ground  evoked  by  waves 
of  similar  kind,  by  method  of  estimations  presented  in  [3],  showed  that  movement 
of  ground,  due  to  smallness  of  angle  occurs  practically  vertically.  Allowable 
error  proportional  to  sir.2  However,  because  pressure  on  front  of  air  shock 
wave  is  function  of  distance  from  center  of  explosion,  movement  of  ground,  in 
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various  vertical  sections  of  half -space,  will  be  varied.  Thus,  the  process  of 
wave  propagation,  excited  by  air  shock  wave,  is  analogous  to  phenomenon  of  flow 
around  thin,  pointed  bodies  by  stationary  gas  stream  with  very  great  supersonic 
speed.  Distribution  of  stresses  beyond  second  maximum,  generated  by  wave,  spread¬ 
ing  from  center  of  explosion,  during  ..ts  imposition  on  wave,  generated  by  air  shock 
wave,  is  very  complicated.  Principal  normals  of  stress  depend  considerably  on  p, 
the  smaller  of  them  are  not  equal  to  one  another  which  is  especially  noticeable 

in  direct  proximity  to  free  surface. 

Front  of  second  maximum,  as  seen  from 
Fig.  10,  although  insignificantly, 
differs  from  sphere.  Thus,  by  experi¬ 
mental  means,  are  revealed  characteristic 
sides  of  the  dj.  -unic  stress  field  in 

soft  grouni  during  a  contact  explosion. 

In  conclusion,  let  us  consider  the  very  significant  question  of  distribution 
of  energy  of  a  contact  explosion  in  ground  and  in  air.  By  experimental  means, 
by  method  of  intersection  of  front  of  air  shock  wave,  spreading  along  free  surface, 
were  obtained  dependences  of  time  of  arrival  of  wave  front  t*  on  distance  from 

center  of  explosion  r,  at  varied  position 


of  center  of  charge,  relative  to  free 
surface.  By  means  of  differentiation 
of  these  dependences  and  use  of  gas- 
dynamic  relationships  on  front  of  shock 
wave,  were  constructed  dependences  of 
pressure  on  wave  front  AP,  as  functions 
of  r.  By  comparison  of  these  dependences 

with  dependence  A  p(r),  for  case  of  explosion  in  incompressible  half -space, 
established  by  M.  A.  Sadovskiy  [/J,  was  determined  share  of  energy,  radiated 
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in  air  and  expended  on  excitation  of  air  shock  wave.  Regaining  energy,  obviously, 
is  transmitted  to  ground.  In  our  experiments,  it  was  found  that  during  location 
of  charge  in  such  a  way  that  its  center  coincided  with  surface  of  ground,  in  air 
and  in  ground  is  radiated,  coorespondingly,  65  and  35^  of  the  energy  of  the 
explosion.  In  cases,  when  upper  or  lower  bounds  of  charge  were  disposed  on  sur¬ 
face  of  ground,  in  air  and  in  ground  are  radiated  78  and  22,  53  and  Kl%  of  the 
energy  of  the  explosion,  respectively. 

These  data  give  possibility,  in  axial  region,  to  use  theoretical  or  experi¬ 
mental  dependences,  by  which  are  determined  parameters  of  waves  in  spherical 
stress  field,  and  also  more  accurately  to  calculate  parameters  of  air  shock 
wave /as  compared  with  case,  assuming  half-space  to  be  incompressible. 

The  author  thanks  S.  S.  Grigoryan  for  direction  and  help  during  execution 
of  given  work,  G.  V.  Rykov  and  A.  F.  Novgorodov  for  help  in  conduction  of  experi¬ 
ments. 
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FORMING  OF  SHOCK  WAVE  AND  SCATTERING  OF  PRODUCTS 
OF  EXPLOSION  IN  AIR 


V.  V.  AdushkLn 
(Moscow) 


With  the  help  of  piezo  apparatus,  high-speed  photographing,  and  ioni¬ 
zation  probe  were  studied  laws  of  movement  of  front  of  shock  wave  and 
products  of  explosion  (PE),  during  explosion  in  air  of  spherical 
charges  of  certain  types  of  explosives  (HE).  By  speed  of  front,  were 
constructed  dependences  of  main  parameters  of  front  near  charge  to 
distances,  at  which  formulas  of  M.  A.  Sadovskiy  [1]  are  correct.  In 
region  of  action  of  PE  is  constructed  dependence  of  width  of  layer, 
compressed  in  wave  of  air  between  front  and  PE  on  distance. 

By  method,  developed  in  [2]  similiar  to  method  of  film  [3,  43,  on 
basis  of  measurements  of  parameters  of  front  of  shock  wave  is  obtained 
distribution  of  pressure  and  density  in  layer  of  air  behind  front  to 
contact  surface.  Calculated  pressure  distribution  in  layer  is  augmented 
by  diagrams  of  ap  =  f(t),  obtained  during  measurement  of  parameters  of 
shock  waves  in  air  near  a  charge  of  HE  [53.  By  distribution  of  pressure, 
density,  and  velocity  of  air  in  shock  wave  is  calculated  energy,  which 
air  acquires  from  expanded  HE  as  result  of  its  intense  braking.  Shown 
is  at  what,  stage  and  how  energy  of  air  is  distributed  behind  front  of 
shock  wave.  Comparison  is  conducted  of  certain  obtained  results  with 
results  of  numerical  calculation  of  shock  wave  from  explosion  of 
spherical  charge  of  trotyl  [63,  strong  point  explosion  [73,  and  point 
explosion  with  counterpressure  [83. 

1.  Description  of  experiment.  In  experiment  were  measured  arrival  times 
t  of  wave  front  and  PE  at  various  distances  r  from  center  of  charge  in  three 
series  of  experiments  on  charges  of  various  types  of  HE  of  spherical  form. 

Charges  were  triggered  from  center.  In  Table  1  are  given  data  on  charges  of 
trotyl-hexogen  50/50  (TH)  and  PETN,  used  in  experiment. 
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Table  1. 


)  Ct>ps«|(b)r«n  aapmji  BB  (£)p.  1 1  rj*' 

(d)  c.  It*  |ei.  KKOA/Kt 

a.  mm 

ft 

)  i 

Tr  JIHTOU 

1.68 

24- 10-*.  135- 10'* 

1140 

0 

0.052 

}  2 

Tr  Hacunnou 

0.9 

36  -10-\  150- 10-* 

lo:« 

2 

0.064 

T3H  npecccjaiiHuu 

1.6 

0.8-10-*,  2.5-10“* 

1400 

0.2 

0.053 

KEY:  (a)  Series;  (b)  Type  of  charge  HE;  (c)  p,  g/cnp; 

(d)  C,  kg;  (e)  t  ,  kcal/kg;  (f)  TH,  cast;  (g)  TH  granular; 
(h)  PETN,  pressed. 


Here  p -density  is  charges,  C-weight  of  charges,  * -specific  energy  of  explosion, 
5-thickness  of  scattered  layer  of  HE,  (3  -  rQ/ C1^,  where  r0-radius  of  charge  in 
meters  after  subtracting  scattered  layer. 

In  series  of  experiments  1  and  2  movement  of  wave  front  and  PE  in  region  from 
surface  of  charge  to  13  rQ  was  obtained  by  method  of  ionization  probe,  bared  ends  of 

which  were  connected  by  front  of  strong  shock  wave,  where  air  was  partially  ionized. 
Recording  was  done  on  cathode-ray  oscillographs  OK-17  and  CK -24.  Furthermore,  in 

realm  of  distances  above  U  r  ,  arrival  times  of  wave  front  were  measured  in  records 
of  A p  —  i  (t),  obtained  with  the  aid  of  piezo-probes.  Results  of  measurements  of  para¬ 
meters  of  shock  waves  by  piezo-probes,  in  near  zone  of  explosion,  and  their  organiza¬ 
tion  are  given  in  [5].'  In  Fig.  1  are  shown  samples  of  recordings  obtained  with  the 

help  of  piezo-probe  (a)  and  ionization  probe  (b)  at  a  distance  of  11.1  r  . 

o 

Movement  of  PE  was  photographed  by  instrument  SFR-2M,  which,  besides  continuous 
scan  in  time,  allows  to  receive  a  series  of  frames  with  frequency  of  shots  from  20 
thousand  to  2  million  frames  per  second.  Some  frames  of  photographs  of  explosion  from 
series  1  of  charges  weighing  135  g  are  presented  in  Fig.  2.  Near  frames  is  designated 
dimension  of  visible  cloud  from  center  of  explosion  in  radii  of  charge  r  .  Let  us 
note  that  in  direct  proximity  to  charge,  source  of  light  is  surface  of  front  of  snock 
wave  formed  by  expanding  PE.  Then  possibly,  glow  comes  from  deeper  layers  of  tur¬ 
bulent  air  behind  wave  front.  In  region  above  3-4  r  ,  which  is  especially  well 
seen  in  photographs,  obtained  on  SFR  by  method  of  stereo  survey,  surface 


Fig.  1 


than  temperature  of  air  hehind  wave  front 


'■'is  bared"  of  PE's  themselves  in  the 
form  of  a  rough  cloud.  However,  it  is 
possible  that  source  of  light,  neverthe 
less,  is  a  thin  layer  of  air,  adjoining 
the  surface  of  PE,  especially  so  since 
temperature  of  the  air  behind  wave 
front  increases  (especially  3harp  near 
contact  surface)  while  temperature  of 
PE's  themselves  is  significantly  lower 

C93. 


Fig.  2 


Results  of  measurements  on  movement  of  wave  front  (curve  1)  and  PE  (curve 
2),  for  explosions  of  series  1,  are  shewn  in  Fig.  3  in  the  form  of  dependence 
of  shown  time,  t°  =  t  /  c1^  in  sec/kg’^,  on  distance  in  radii  of  charge.  Since 
temperature  of  PE's,  during  their  expansion,  is  many  times  lower  than  temperature 
of  th*'  compressed  air  behind  front  of  shock  wave,  it  was  expected  that  ionization 
probe  would  sense  difference  in  electrical  conductivities  of  air,  compressed  in 
wave,  and  PE.  In  Fig.  3>  results  of  measurements  by  ionization  probe,  of  arrival 
times  of  PE  in  region  up  to  13  rQ,  are  designated  by  crosses.  On  recordings  of 


ionisation  probe  (Fig.  lb),  the  arrival  time  of  PE  was  taken  as  the  moment  of 
sharp  drop  after  second  peak  of  the  recording.  These  measurements  of  arrival 


times  of  PE  coincided  with  optical  obser- 


Fig.  3  Fig.  4 


of  HE  are  recorded  trie  hottest  layers  of  air  at  the  very  contact  surface,  or 
external  layers  of  PE. 

In  the  case  of  explosion  of  charges  of  PETN,  movement  of  front  in  region  up 
to  25  rQ  was  obtained  during  photographing  of  explosions  in  parallel  bundle  of 
light  (schlieren  method)  slave  photo  recorder  ZhFR.  Photograph  of  unfolding  of 
explosion  of  2.5  g  of  PETN  is  shown  in  Fig.  4.  Scattering  PE  was  photographed 
by  instrument  SFR-2M.  As  a  result,  was  obtained  dependence  r  =  r  (t)  for  front 
and  PE  of  charges  of  PETN. 

In  Fig.  3>  by  dash~dotted  line  3  is  presented  movement  of  contact  surface, 
obtained  during  calculation  of  trotyl  explosion  Brode  [6].  It  is  clear  that 
movement  of  contact  surface,  from  center  of  explosion,  in  [6],  ceases  at  distance 
13  to  14  r0,  in  contrast  to  movement  of  PE  observed  in  experiment,  which  starts 


approximately  from  5  to  7  r0. 


Width  of  layer  of  air  between  front  and  products  of  explosion.  By  law 


of  motion,  r  =  r  (t)  of  wave  front  and  PE  is  built  an  empirical  formula,  presenting 
dependence  of  width  of  layer  of  air  a  between  PE  and  front  from  a  distance  to 
wave  front  r3 


.7“ O.C« l<-!<35 


(2.1) 


Within  limits  experimental  variance 
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Fig.  5 


(near  10^),  difference  in  width  of  layer, 
depending  upon  form  of  HE  was  not  obser¬ 
ved. 

3.  Parameters  of  front  near  charge 
of  HE.  By  graphic  differentiation  of 
experimental  dependences  r  =  r  (t),  for 
front  and  PE  were  determined  velocities 
of  their  movement,  a3  functions  of 
distance.  By  speed  of  front,  with  the 


help  of  known  tables  of  parameters  of 
front  of  a  shock  wave  in  air,  composed  by  A.  S.  Kompaneyts  and  N.  M,  Kuznetsov, 


and  also  presented  in  [10,  11 J,  functions 
mass  velocity  at  wave  front  on  distance. 


were  plotted  of  maximum  pressure  and 
In  Fig.  5>  curve  1  represents  dependence 
of  velocity  of  front  on  distance,  in 
case  of  experiments  of  series  1;  curve  2 
-  dependence  of  mass  velocity  of  air  at 
wave  front.  Circles  represent  experi¬ 
mental  velocities  of  boundary  of  PE  - 
air,  at  that  same  moment  of  time,  at 
which  velocity  of  front  is  measured. 
Similar  plotting  was  done  for  explosions 
of  series  2  and  3.  Location  of  experi¬ 
mental  points,  in  reference  to  curve  2, 
indicates  that  measured  velocities  of 


boundary  PE  -  air  agree,  with  accuracy  up  to  10  to  15%,  with  magnitude  of  mass 
velocity  of  air  at  front.  In  connection  with  this,  the  layer  of  air  between 
front  and  PE,  within  limits  of  indicated  accuracy,  consists  of  particles,  which 
move  with  nearly  identical  velocity,  varying  only  with  time  (or  radius  of  front). 

In  Fig.  6  are  presented  dependences  of  maximum  pressure  on  distance:  figures 
on  curves  designate  series  of  explosions,  by  dashed  line  are  continued  the  depen¬ 
dences  of  pressure,  corresponding  to  trinomial  formula  of  M.  A*  Sadovskiy  [lj. 
Dash-dotted  line  shows  result  of  Brode  calculation  [6],  under  conditions,  noted 
in  [53. 


In  near  zone  of  explosion,  dependences  of  maximum  pressure  and  velocity  of 
front  on  radius  of  front,  and  also  dependence  of  radius  of  front  on  given  time 
t°,  obtained  oy  integration  of  expression  for  velocity  of  front  under  the  condition 
that  t  =  t(j  at  r  =  re,  where  td  -  time  of  detonation  of  charge  of  HE,  can  be 
described  by  following  empirical  formulas  corresponding  to  the  three  series  of 
experiments : 

at  (i  <»-/>•,<  12) 
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In  the  future,  exponent,  in  law  of  attenuation  of  pressure  with  distance, 
starts  to  increase,  attaining  greatest  magnitude  2.7  at  pressure  near  20  kg/ cm', 
then,  starting  from  distance  15  to  18  r0,  dependence  of  maximum  pressure  corresponds 
formula  of  M.  A.  Sadovskiy,  which  occurs  in  realm  of  distances,  where  influence  of 
PE  is  absent  and  pressure  at  wave  front  from  charge  of  various  type  of  HE  is 
determined  only  by  amount  of  energy  of  explosion. 
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4.  Parameters  of  air  behind  front  of  shock  wave*  Obtained  experimental 
results  characterizing,  basically,  front  of  shock  ware,  with  the  help  of  method 
presented  and  well-grounded  in  [2],  were  used  for  calculation  of  parameters  of 
air  entrapped  by  shock  wave,  during  explosion  of  charge  of  KE.  This  determina¬ 
tion  of  parameters  is  made  according  to  accurate  values  of  derivatives  of  main 
gas-dynamic  quantities  at  wave  front  in  Lagrange  (mass)  coordinates.  By  experi¬ 
mental  data  for  explosions  of  series  1,  derivatives  were  calculated  of  pressure 
a  and  speed  b,  taking  count erpressure  into  account,  in  the  case  of  spherically- 
syranetric  motion  (v  ”  3) 
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For  undisturbed  air  kQ  =  1.4,  c0  =  330  m/sec,  p*  =  1.29  x  10“^  g/cnr^. 

Results  of  calculation  of  a,  b,  U*,  depending  upon  amount  of  pressure  at 
front  are  given  in  graph  of  Fig.  7  and  designated,  respectively,  1,  2,  and  3. 
For  comparison,  in  the  same  graph,  by  dash-dotted  lines  1',  2',  and  3'  are  showii 
corraspor aing  magnitudes  of  a,  b,  and  U1  calculated  by  results  of  calculation 
of  point  explosion  with  counterpresaure  [8].  From  graph  of  Fig.  one  may  see 
that  magnitude  of  derivatives  of  a,  b  and  U'f  in  case  of  explosion  of  real, 
charge  of  HE,  considerably  differ  from  case  of  point  (without  mass)  explosion, 
in  region  of  strong  shock  wave,  there,  where  Ap.>i0  -  20  kg/cm^.  Thus,  in 
case  of  explosion  of  charge  of  HE,  derivative  of  pressure  a  is  almost  three 
times  less  than  corresponding  derivative  of  point  explosion,  and  derivative  of 
mass  velocity  b  vanishes  to  zero. 

Assuming  profiles  of  pressure  and  velocity  to  be  linear  by  mass  of  air 
compressed  by  wave  [2],  distribution  of  pressure,  density  and  velocity  in 
Lagrange  coordinates,  in  that  layer  of  air,  can  be  written  in  the  form 

f*  =  *  ~  •(*  —  H).  =  n  =  rr./,V  (4*2) 
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p  (m)  p  (m)  (  p  (M)\ _ i— 

r.  -  JWj“rrifv  1 11  - « (>-  h)|  *‘m> 


(4.3) 


«,«=-•  '4.4) 

In  expression  (4.3),  for  air  density  it  is  assumed  that  process  of  expansion 
of  compressed  air,  behind  front  of  shock  wave,  is  adiabatic  with  its  own  effective 
adiabatic  exponent  k(m),  at  fixed  m.  Here,  effective  adabatic  exponent  k(m) 
for  each  m,  is  coupled  with  compression  in  shock  wave  by  known  formula 


k(m)  4-  1  _  P.(m)  M-  1  p,  («)  _pc _ Pp_ 

*(m)  — l"  pe  l*?o  p,(/«j  pjm) 


(4.5) 


In  order  to  obtain  distribution  of  parameters  behind  wave  front  by  radius, 

it  is  necessary  to  establish  bond  of 
Lagrange  coordinate  of  m  with  the 
Euler  of  r.  In  the  case  of  spherical 
symmetry,  these  coordinates  are  coupled 
with  equation  of  inseparability 


dr* 

dm 


(4.6) 


Integrating  and  inserting  boundary  condition  which  at  r  "  r  ,  m  =.M  (r  =  1), 

we  obtain 


k  —  i  f  rfp 

J  =  f  _  _ \  —  rm  -s  — 

•  '  *+0p/  # 


(4.?) 


where  sagnitude  of  ?*  is  determined  oy* 
(4.3).  As  a  result  of  numerical  inte¬ 
gration  of  expression  (4.7),  distribution 
was  obtained  of  main  parameters  of  air, 
by  radius,  behind  front,  of  shcck  wave. 

In  Figs.  8  and  9  is  shown  change  of 
prossure  and  air  density  up  to  contact  surface  0),  Figures  on  graphs  desig¬ 

nate  position  of  front  in  radii  of  charge  r0.  For  comparison  in  Figs.  8  and  9 
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by  dotted  line  is  represented  distribution  of  corresponding  magnitudes  in  case 
of  strong  point  explosion  [7],  by  dash-dotted  line  -  from  calculation  of  point 
explot  ion  with  regard  to  counterpressure  [8]  for  wave  with  =  7.9  kg/cm^ 

which  corresponds,  in  our  case,  to  position  of  front  near  25  rQ.  We  note,  first, 
essential  difference  from  case  of  strong  explosion  [7],  and  secondly,  that 
distribution  of  pressure  and  density  of  air,  in  case  of  explosion  of  HE,  becomes 
the  same  as  and  in  case  of  point  explosion,  starting  from  20  to  25  r0,  where 

<  10  kg/ cm2.  We  should  note  that  distribution  of  density  and  magnitude 
of  dynamic  pressure  Pu*  in  layer  of  air  between  wave  front  and  PE,  have 
practically  the  same  form.  For  appraisal  of  dynamic  pressure  of  air  during 
explosion,  it  is  possible  to  use  magnitudes  of  u,  presented  as  curve  2  in  Fig.  5. 

In  conducted  calculation,  result  was  not  used  of  experiment  on  position  of 
boundary  of  PE  -  air  and  velocity  of  its  motion.  Therefore,  determination  of  law 
of  motion  of  contact  surface  from  (4.7)  at  y.  ~  0,  and  also  calculation  of  magni¬ 
tude  of  derivative  of  pressure  on  contact  surface  by  speed  of  its  motion,  and 
comparison  of  it  with  value  of  derivative  at  front,  can  serve  as  control  of 
applied  approximation  method  of  determination  of  parameters  of  air  behind  wave 
front.  On  the  other  hand,  this  will  bu  additional  confirmation  of  result  of 
experiment  on  motion  of  contact  surface,  obtained,  basically,  with  the  help  of 
optical  observations  of  expanding  cloud  of  PE.  Indeed,  at  M  =  0  r  =  r^,  i.e.. 


u 

Result  of  calculation  of  r^  is  represented  by  dotted  line  2‘  in  graph  of 

Fig.  3 ,  where  curve  1  -  front,  2  - 
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Fig.  9 


boundary  of  PE  -  air  from  experiment. 

It  is  clear  that  there  is  good  coin¬ 
cidence  of  calculated  r^  with  motion  of 
edge  of  PE  from  experiment,  in  entire 
range  where  calculation  of  parameters 
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of  air  in  shock  wa ve  was  conducted. 


Further,  calculation  was  made  of  derivative  of  pressure  at  contact  surface, 


From  equation  of  motion 


(4.9) 


after  certain  conversions,  we  obtain 


dp  M  |wf>  /«•  A*  d  In  uk 


*ul’  "k  /'A  a  In  u.  „ 

Ti-TV  P.-IM0  +  * 
r,  u  d  In  .»/ 


(4.10) 


Result  of  calculation  of  derivative  at  contact  surface  by  (4.10)  is  repre¬ 
sented  in  Fig.  7  by  curve  1".  It  is  clear  that  there  is  satisfactory  coincidence 
with  curve  1,  the  derivative  of  pressure  at  front  of  shock  wave.  Thus,  profile 
of  pressure,  with  sufficient  degree  of  accuracy,  is  near  to  linear. 

5.  Form  of  shock  wave  in  near  zone  of  explosion.  Fig.  8  shows  that  profile 
of  pressure,  in  layer  of  air  compresseu  by  shock  wave,  changes  comparatively 
slowDy  from  one  moment  of  time  to  another.  Using  this  fact  and  including  experi¬ 
mental  dependence  r  =  r  (t)  for  wave  front,  on  basis  of  obtained  distribution  of 
pressure  by  radius,  were  plotted  curves  of  attenuation  of  pressure  in  time,  in 
this  perturbed  layer  of  air,  for  certain  fixed  distances  from  center  of  explosion. 
Then,  at  those  distances,  where,  with  the  help  of  piezo-probe,  were  obtained  pres¬ 
sure  recordings  as  functions  of  time  (33»  experimental  curves  of  &r  =  f(t)  were 
augmented  by  those  calculated.  This  allowed  correctly  to  reproduce  head  portion 
of  profile  of  shock  wave  heaped  up  by  piezo-probes  because  of  finite  size  and 
insufficiently  high  frequency  responses  of  the  data  unit  and  electrical  circuit. 
Result  of  such  combination  in  regions  near  charge  of  HE,  is  presented  in  Fig.  10. 
On  axis  of  abscissas  is  plotted  time  from  moment  of  67  'osion  t°  in  sec/kg^/3, 
near  curves  is  designated  distance  from  center  of  charge  to  point  of  measurement 
in  radii  of  charge  "0*  Shaded  head  portion  of  curve  represents  compressed  air 
in  wave  behind  which  follows  PE. 


1  '3 
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Fig.  10 


Furthermore,  degree  of  attenuation  of  pressure  Bp  in  phase  of  compression, 
as  proportion  of  passage  by  shock  ware  to  point  of  measurement,  is  represented 
in  table  as  function  of  timet®,  reckoned  from  moment  of  arrival  of  wave  front. 

By  solid  line  is  designated  boundary  of  PE  -  air.  In  first  line,  are  values  of 
pressures  at  wave  front  A/>1#  Magnitudes  of  excess  pressures,  given  in  Table  2, 
show  process  of  forming  of  compression  phase  of  shock  wave.  We  note  that  piston 
action  of  PE  is  finished,  when  pressure  at  wave  front  becomes  less  than  20  kg/cm2. 
Wave  length (compression  phase),  by  then,  is  near  6  r0.  PE  is  still  present  in 
compression  phase,  their  volume  attaines  4000  volumes  of  charge  of  HE.  Shock 
wave  is  gradually  detached  and  is  liberated  from  PE.  However,  approximately 
up  to  30  r0,  PE  are  expanded,  being  in  compression  phase  of  wave.  Wave  length, 
by  then,  is  already  15  r0. 

Analysis  of  form  of  shock  wave  in  near  scone  of  explosion  showed  that  law 
of  attenuation  of  pressure  with  time,  behind  wave  front,  is  not  exponential. 
However,  near  front,  at  x*  <5  •10“-’  sec/kg"^,  it  can  be  represented  in  exponential 
form 

Bp  <0  Bp  /  r) 


As  functions  of  distance,  quantities  ec,  characterising  steepness  of  slump 
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of  pressure  behind  wave  front,  can  be  represented  by  following  empirical  formula 


o* « 


6’ 


dp/dx*' 


1  <Cf  <35 

r « 


(5.1) 


For  comparison,  in  Fig*  10  by  dotted  line  is  shown  change  of  pressure  in 
time  by  calculation  of  point  explosion  with  counterpressure  [8].  It  is  clear 
that  in  region  where  there  are  PE,  there  is  a  marked  essential  difference  in 
character  of  pressure  slump  in  wave  of  a  trotyl  explosion,  as  compared  with  wave 
of  point  explosion.  Only  for  waves  with  intensity  V*  <10  -  20  kg/cm^,  dif¬ 
ference  in  profiles  of  these  two  types  of  explosion  becomes  immaterial. 


Values  of  a  p,  kg/cm?  as  Functions  of  r’ x  10^  sec/kg  ^ 
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By  dash-dotted  line  in  Fig.  10  are  represented  functions  of  ap  =  f  (t)  by 
results  of  numerical  calculation  of  shock  wave  from  detonation  of  spherical 
charge  of  trotyl  with  density  p  =  1.5  g/cnr  [6],  Comparison  of  above  mentioned 
experimental  data  with  results  of  work  [6]  showed  that  there  are  evident  devia¬ 
tions  in  certain  details  of  picture  of  development  of  explosion  in  region  where 
there  are  PE.  Thus,  for  example,  according  to  [6],  at  pressure  in  shock  wave 
near  120  kg/cm^,  pressure,  after  drop  in  "air  plug,"  starts  anew  to  increase 
behind  contact  surface,,  attaining  maximum  of  near  15  kg/cm^  to  a  time  three  times 
longer  than  arrival  time  of  wave  front. 

In  present  work,  with  such  parameters,  a  front  of  similar  peak  was  not 
observed,  although  piezo  apparatus  applied  in  investigations  was  able  to  register 
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this.  Difference  is  observed  also  in  width  of  layer  of  air  between  front  and 
PF  and  in  movement  of  contact  surface.  Thus,  in  [6],  movement  of  contact  surface 
from  center  ceases  at  a  distance  of  13  -  14  radii  of  charge.  In  our  case,  expan¬ 
sion  of  PE  is  observed  to  30  r0.  Cause  of  shown  deviations  can  be  that  equation 
of  state  of  PE  used  during  calculation  [12]  insufficiently  describes  late  stages 
of  scattering  of  PE.  Insufficient  reliability  of  calculation  of  equation  of 
state  of  explosives  leads  also  to  necessity  of  experimental  investigation  of  the 
trotyl  explosion. 

6,  Energy  of  air  between  wave  front  and  products  of  explosion.  By  distri¬ 
bution  of  pressure  and  density  in  region  front  -  PE  and  by  magnitude  of  mass 
velocity  of  air  behind  wave  front,  energy  acquired  by  disturbed  layer  of  air 
from  scattering  PE  was  calculated.  Magnitude  of  „otal  energy  of  air  in  wave  is 
composed  of  internal  and  kinetic  energies.  Taking  expression  (k  -l)“1r/p.  for 
internal  energy  of  a  mass  unit  of  air,  we  can  calculate  the  increase  of  internal 


energy  Et  of  the  layer  of  air  compressed  by  a  wave 


Et-m{ _ _ ^£2__  //  -j  \ 

Expression  for  kinetic  energy  E^  of  air,  brought  to  motion  by  shock  wavet.  is 


written  in  the  form 


> 

F  Mu,'  f 

J[t  — 6»t 


(6.2) 


Result  of  calculation  of  internal  and  kinetic  energy  of  in  reference  to 


Fig.  11 


total  energy  of  explosion  E  =  C*  is 
represented  graphically  in  Fig.  11  as 
function  of  distance  to  wave  front  in 
radii  of  charge.  Curve  1  shows  change 
of  kinetic  energy  of  air  in  wave.  It 
is  interesting  to  note  that  at  distance 
13  -  15  rc  is  observed  maximum  of 


kinetic  energy  which  constitutes  30  -  35$  the  energy  of  explosion.  Curve  2 
presents  rise  of  internal  energy  of  turbulent  air,  and  curve  3,  the  sum  of  kinetic 
and  internal  energies  of  layer  of  air  in  wave.  From  graphs,  it  is  clear  that 
PE  intensely  issue  their  own  energy  to  the  ambient  air.  Thus,  when  a  mas 3  of 
air  equal  to  mass  of  charge  of  HE,  set  in  motion  which  occurs  at  11  rQ,  kinetic 
energy  of  turbulent  air  constitutes  25^  of  initial  energy  of  explosion,  internal 
-  40 %t  i.e.,  65^  of  energy  of  explosion  crossed  to  a  narrow  (1.2  r0)  layer  of 
air  of  compressed  in  the  wave.  When  a  mass  of  air,  participating  in  motion, 
exceeds,  by  2  to  3  times,  the  mass  of  charge  of  HE,  which  occurs  when  position  of 
front  is  near  15  r0,  almost  9C$  of  the  energy  of  explosion  is  transferred  to  layer 
of  air  between  front  and  FF.,. 

In  conclusion,  the  author  thanks  I.  V.  Nemchinov  for  offered  method  of 
calculation  of  parameters  of  air  behind  front  of  shock  wave  and  interest  in  the 
work. 
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COURSE  OF  REACTION  IN  DETONATION  WAVE  OF  EXPLOSIVE  MIXTURES 

A.  Ya,  Apin,  I.  M.  Voskoboynikov,  and  G.  S.  Sosnova 

(Moscow) 

Development  of  theory  of  explosives  requires  knowledge  of  kinetics  of  reactions 
at  front  of  detonation  wave.  Complexity  of  study  this  question  is  caused  by  lack 
of  direct  methods  of  detection  of  composition  of  products  of  explostion  in  wave  and 
by  the  impossibility  to  extrapolate,  in  region  of  such  high  temperatures  T  and  pres¬ 
sures  p,  data  on  thermal  decomposition  of  explosives  at  low  T  and  p. 

Certain  inform  ion  on  the  course  of  reactions  under  the  conditions  of  detona¬ 
tion  wave  can  be  obtained,  investigating  dependence  of  velocity  of  detonation  D, 
m/sec,  on  diameter  of  charge  d,  mm,  of  explosive  npxture  containing  explosive 
constituents  of  various  reaction  ability.  Due  to  various  reaction  times  of  decompo¬ 
sition  of  these  constituents,  growth  of  velocity  of  detonation,  during  increase  of 
diameter  of  charge,  will  not  be  continuous,  but  occurs  with  fixation  of  certain 
values,  corresponding  to  completion  of  intermediate  stages  of  reaction.  Analogous 
dependences  of  D(d)  can  also  take  place  for  mixtures  of  type  oxidizer-fuel,  if  final 
reaction,  after  decomposition  of  explosive  constituents,  requires  for  its  own  comple¬ 
tion  a  significant  interval  of  time  due  to  complexity  of  diffusion  at  detonation 
pressures  of  condensed  explosives.  Below  are  given  experimental  data  on  detonation 
velocities  of  various  explosive  mixtures,  at  front  of  wave  of  which  is  revealed 
the  phasic  character  of  course  of  reaction. 
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Initially  investigated  were  mixtures  consisting  of  explosive  oxidizer  and 
nonexplosive  fuel;  it  was  possible  to  judge  the  degree  of  progress  of  final- 
reaction,  by  increase  of  speed  of  detonation.  In  Fig.  1  are  presented  dependences 
of  D  =  D  (d)  for  suspension  of  lamp  black  with  dimension  of  particles  near  one 
micron  in  tetranitro methane  10/90  (curve  l);  mechanical  mixtures  of  perchlorate 
of  ammonium  with  paraffin  90/10,  grain  size  0.01  mm,  p»-  1.0  g/cm  (curve  2), 
and  trotyl  with  colloidal  boron  90/10,  p«  =  0.65  g/crn^  (curve  3)-  Common 

to  shown  mixtures  is  constancy,  within 
certain  interval  of  diameters  of  charges 
of  imperfect  velocity  of  detonation 
( "pseudoideal"  velocity),  magnitude 
of  which  corresponds  to  energy  of 
decomposition  of  oxidizer. 

Increase  of  velocity  of  detonation 
of  mixture  of  trotyl  and  colloidal 
boron,  at  diameters  of  charge  greater 
than  40  mm,  indicates  that  metals  (in  particular,  boron)  can  burn  in  detonation 
wave  of  condensed  explosives  with  emanation  of  additional  quantity  of  heat, 
leading  to  increase  of  speed  of  detonation,  ~  a  fact  which  is  frequently  subject 
to  doubt  during  investigation  of  powerful  metallized  explosives.  Velocities  of 
detonation  were  measured  by  the  ionization  and  optical  methods,  error  in  both 
cases  did  not  exceed  50  m/sec. 

In  Fig.  1  are  also  curves  of  D  *=  D(d)  for  58/12  mixture  of  hexogen  and 
ammonium  nitrate  58/42,  grain  size  0.1  mm  (curve  4)  and  a  suspension  of  macro¬ 
crystalline  hexogen  with  particles  size  1.0  to  1.6  am  in  gelatinized,  7%  plexiglas 
tetranitromethane  30/70  (curve  5).  Magnitudes  of  pseudoideal  velocities  corre¬ 
spond  to  energies  of  decomposition  of  hexogen  and  tetranitromothane  at  wave 
front.  In  the  latter,  it  is  easy  to  check,  measuring  detonation  velocity  in 
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Table  1.  Pseudoideal  Detonation  Velocities  of  Explosive 
Mixtures,  Corresponding  to  Decomposition  of 
Only  one  Component 


( Q*)  Bspu*«i»r4c  kwoctu 

a.  j 

0, 

58%  (CH,NNO,),  +  42%NH4NO, 

1.73 

7600 

8100 

58%  (CHiNNOi)i  +  42%NaCI 
70%C(NOj)t  +  30%  (CHiNNOj)* 

1.80 

6400 

7500 

7300 

70%CiMOs)t  +  30%Na,SJOi  /  , 

— 

— 

6200 

90%NH4C104  +  10%  napaiJiHuti  (yy 

1.00 

3000 

4800 

NH«CI0« 

1.00 

-  1 

2900 

90%CH,C4H,(NOi),+  10%B 

0.63 

2100 

4200 

CH*C*Hi  (NO,)* 

0.65 

-  1 

3800 

Key:  (a)  Explosives;  (b)  paraffine. 

mixtures,  where  constituent  unable  to  decompose  in  wave  (anmonium  nitrate  and 
macrocrystalline  hexogen)  is  replaced  by  an  inert  substance.  From  values  given 
in  Table  1,  it  is  clear  that  detonation  velocity  of  mixture  of  hexogen  and  table 
salt  and  suspension  of  hyposulphite  in  tetranitromethane  differs  little  from 
corr'-  oonding  pseudoideal  detonation  velocities.  In  Table  1  are  also  values  of 
ideal  detonation  velocities  Di  of  studied  mixtures. 

Pseudoideal,  detonation  velocities  are  also  observed  for  mixtures,  the 
explosive  constituents  of  which  are  decomposed  in  wave  in  short  times.  In  Fig. 

2,  as  an  example,  are  presented  curves  of  D(d)  for  suspensions  of  hexogen  with 
dimension  of  particles  0„3-0»4  mm  30/70  and  trotyl  20/80  in  tetranitromethane 
(curves  1  and  2),  and  also  for  solution  of  dinitroethane  in  tetranitromethane 

76/24  (curve  3).  Analysis  of  magnitudes 
of  pseudoide&l  velocities  in  this  case 
can  be  made  with  the  help  of  calculation 
of  parameters  of  detonation  wave  [1]. 

It  is  assumed  that  reaction  in 
wave  proceeds  in  the  following  manner: 
at  first,  explosive  components  completely 
decompose  within  their  own  volume,  and 
then,  after  the  lapse  of  a  certain  interval  of  time,  starts  effective  reaction 
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of  final  reaction  between  products  of  their  decomposition.  Coincidence  cf 
results  of  calculation  of  detonation  velocities  corresponding  to  completion 
of  first  stage  of  reaction,  with  experimental  values  of  pseudoideal  detonation 
velocities  for  series  of  explosive  mixtures,  serves  as  confirmation  of  such 
a  diagram  of  the  course  of  reaction. 


Table  2.  Pseudoideal  Detonation  Velocities  of  Explosive  Mixture a 
Corresponding  to  Decomposition  of  two  Constituents 


(a)  Sapuntrwe  sctnecrsa 

~(c) 

£>,.  M  /  (IK 

n 

»%C  (NO,),  +  20%CH*C*H,  (NO,), 

1.64'  | 

6800 

6800 

7600 

70% C  (NO,k  -f  30%  (CH.NNOO, 

7«%CH,CH  (NO,),  +  24%C  (NO,), 

1.70 

1.42 

7000 

7250 

7000 
7000  ■ 

7500 

7800 

50%C  (CHfONO,),  +  50%CH»C*Hi(NG,)j 

1.65 

7450 

7550 

7450 

Key:  (a)  Explosives;  (b)  po  g/cm?;  (c)  n/sec» 


During  investigation  of  liquid  explosive  solutions,  the  authors  discovered  a 
strong  dependence  of  detonation  velocity  on  diameter  of  charge,  although  it  is 
almost  completely  absent  for  individual  liquids  and  single-crystal  explosives. 
Sometimes  this  dependence  has  a  very  unique  fora:  for  example,  for  solutions  of 
tetranitromethane  with  nitrobenzene  (76/24)  and  kerosene  (88/12)  (curves  4  and 
5,  Tig.  2)  it  exists,  at  a  certain  diameter  of  charge,  depending  on  thickness 
and  material  of  shell,  with  equal  probability  for  value  of  detonation  velocity, 
differing  by  400  a/sec.  Temperatures  of  detonation  fronts  measured  by  electronic- 
optical  method,  differ  by  500°K. 

Main  cause  of  the  observed  phenom¬ 
enon  of  pseudoideal  detonation  velocity 
is  phasic  course  of  reaction  at  front 
of  detonation  wave  of  the  explosive 
mixture,  caused  by  kinetics  of  decom¬ 
position  the  explosive  constituents. 
Velocity  of  energy  release  in  wave  is 
influenced  by  a  whole  series  of  factors  (reaction  capability  of  components,  heat 
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of  their  explosive  reaction,  dispersity,  and  percentage  of  composition  of  mixture), 
action  of  each  of  which  for  concrete  explosive  mixture  is  frequently  difficult 
to  reveal.  However,  decrease  of  dispersity  of  components  in  a  mixture  always 
increases  probability  of  observation  of  pseudoideal  detonation  velocity,  since 
temporal  t  Iff eronce  ;.otv,j*.  r,  1  -  imposition  of  components  and  subsequent  finax 
reaction  increases.  Thus,  if  for  suspension  of  fine-crystalline  hexogen  with 
particles  size  near  0.1  ran  in  gelatinized  tetranitromethane  (cur.:  a  X,  Fig.  3), 
build-up  of  detonation  velocity,  during  increase  of  diameter  of  charge,  is  con¬ 
tinuous,  then,  at  particles  size  0.3  -  0.4  ran  (curve  2),  at  diameters  of  charges 
20  -  50  ran,  we  are  able  to  fix  delay  of  final  reaction  between  products  of 
decomposition  of  tetranitromethane  and  hexogen.  Increase  of  dimension  of  particles 
to  1.0  -  1.6  ma  and  3  -  4  ®  reveals  that  at  small  diameters  of  charges  coarse 
metallic  hexogen  is  not  able  to  decompose  in  wavs  (curves  3  and  4). 

Investigation  of  curves  D(d)  for  suspension  of  hexogen  in  tetranitromethane 
(Fig.  3)  shows  that,  during  increase  of  dimension  of  particles  above  a  certain 
magnitude  (1.0  -  1.6  nau),  diameter  of  charge  d^,  in  which  hexogen  is  decomposed, 
ceases  to  depend  on  its  dispersity.  Quantity  d^  characterizes  delay  time  cf 
decomposition  of  hexogen  by  volume  (for  surface  of  reaction,  it  would  be  a 
function  of  dimension  of  particles)  and  decreases  during  increase  of  pressure 
in  detonation  wave. 


Placing  grain  of  macrocrystalline  hexogen,  by  dimension  1.0  -  1.6  ran,  in 
liquid  explosives,  pressure  in  detonation  wave  of  which  changes  from  180  to  220 

thousand  atm,  it  was  possible  to  trace 


Fig.  4 


decrease  of  diameter  d^  with  rise  of 
pressure  (Fig.  4).  If  it  is  considered 
that  reaction  progresses  effectively  as 
long  as  pressure  does  not  decrease  by 
a  fixed  fraction,  delay  times  of  reaction 
will  bo  in  first  order  of  approximation 
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proportional  to  diameters  of  charges  d^,  and  at  pressures  of  180,  190,  and  205 
thousand  atm  have  ratio  8:  3;  2. 

Curves  2  and  3  correspond  to  the  same  pressure  p  =  190  thousand  atm,  but 
to  various  temperatures  of  products  of  explosion  of  liquid  explosives:  curve  2 
-  T  -  3200°K,  curve  3  -  T  =*  k 200°K,  a  difference  of  1000°K.  Grains  of  hexogen 
wore  decomposed  at  equal  diameters  of  charge*  Curve  1  corresponds  to  pressure 
p  -  205  thousand  atm,  and  curve  A  -  p  =  180  thousand  atm.  Liquid  explosives  had 
small  critical  diameters*  For  then  was  assumed  comparatively  short  reaction 
time  of  decomposition  in  detonation  wave. 

Examination  of  curve  D(d)  for  suspension  of  hexogen  in  liquid  explosives 
indicates  possibility  of  use  of  phenomenon  of  pseudoideal  detonation  velocities 
for  estimation  of  times  of  decomposition  of  explosive  components  in  wave. 

Ideal  detonation  velocities  correspond  to  composition  of  products  of  explosion, 
which  depends  only  on  contents  ofC-H-N-O  and  temperatures  and  pressures 
of  detonations;  all  parameters  of  ideal  detonation  wave  of  explosive  mixture 
can  be  calculated  in  exactly  the  same  way  as  for  individual  explosives  [1]. 

It  is  necessary  only  to  consider  peculiarities  of  course  of  reaction  in  detonation 
wave  of  explosive  mixture,  coupled  with  the  fact  that,  at  first,  explosive  com¬ 
ponents  are  decomposed  in  their  oun  volume,  and  then  final  reaction  occurs  in 
products  of  explosion.  When  composition  of  products  of  explosion  produces 
more  energy  in  first  stage  than  after  the  final  reaction,  the  first  stage  of 
reaction  is  responsible  for  ideal  detonation  velocity  (this  refers  to  mixtures 
of  pentolite  t^l>e.  Table  2). 
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INFLUENCE  OF  PRESSURE  ON  DISTURBANCE  OF  STABILITY  OF  COMBUSTION 

OF  POROUS  EXPLOSIVES 

A.  F.  Belyayev,  A.  I.  Korotkov,  ana  A.  A.  Sulimov 

(Moscow) 

It  was  noted  [1]  that  penetration  of  combustion  to  interior  of  a  porous  explo¬ 
sive,  evoking  sharp  increase  of  surface  of  combustion  and  3peed  of  gasification, 
can  lead  to  explosion. 

K.  K.  Andreyev  [2]  showed  that  triggering  of  explosion  during  combustion  of 
porous  explosives  occurs  with  achievement,  in  process  of  burning,  of  sufficiently 
high  pressure. 

Below  are  given  certain  quantitative  data  on  pressures  at  which  stable  combus¬ 
tion  of  pressed  charges  of  hexogen,  PETN,  and  trotyl  (with  particles  of  initial 
powders  of  similar  dimension  ''10  to  20M  is  disturbed.  Charges  were  of  various 
porosity  m  =  1— p/p»„,  where  p-density  of  charge  and  pmtx -density  of  single  crystal. 
Quantity  m  gives  fraction  of  volume,  occupied  by  pores. 

During  conducting  of  experiments,  elongated  charges  10  mm  in  diameter  of  various 
porosity  were  ignited  in  a  closed  manometric  bomb  at  considerable  loading  density 
with  piezoelectric  registration  of  rise  of  pressure.  So  long  as  a  stable  combustion 
layer  was  maintained,  a  smoothly  accelerating  build-up  of  pressure  in  time  was  ob¬ 
served.  Sharp  break  p(t)  (up  to  appearance  of  compression  shock)  attested  to  dis¬ 
turbance  of  layer  combustion  and  to  breakthrough  of  combustion  to  pores;  pressure, 
e t  which  this  occured,  was  directly  indicated  by  recording  p). 
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Some  of  results  obtained  by  us  are  given  in  figure,  where  on  axis  of  abscis¬ 
sas  is  plotted  porosity  m,  and  on  axis  of  ordinates -pressure  p  in  bars  (1  bar-1.02 
kg/cm^)  at  which  occurs  breakthrough  of  combustion  to  pores.  Squares  indicate  data 

for  trotyl;  circles,  PETN,  and  triangles, 
hexogen. 

In  rough  approximation,  it  is  possible 
to  set  pm  =  A,  where  constant  A  depends  on 
properties  of  substance,  character  of  poros¬ 
ity,  and  conditions  of  experiment.  During 

a  more  detailed  consideration  of  results, 
it  is  obvious  that  asymptote  of  curves  on  vertical  is  m  f  0.  For  PETN,  p(m  -0.02)= 

-  Ap  and  for  trotyl,  p{m  -  0.05)  =  A£.  Practically,  this  means  that  PETN,  at  m  = 
=0.02  (p  =  1.735)  is  able  stably  to  burn  at  pressures  measured  in  thousand  atmo¬ 
spheres.  This  was  established  [3]  also  for  PETN  of  3omewhat  less  density.  At 
identical  porosity  (for  example,  0.1),  the  stablest  combustion  of  trotyl  (highest 
breakthrough  pressure)  and  least  stable  combustion  of  hexogen  occur. 

By  Taylor  [4]  it  was  noted  that  during  combustion  of  PETN  and  hexogen  (and  all 
the  more  of  trotyl)  molten  layer  should  be  formed,  stabilizing  burning  as  long  as 
its  thickness  (decreasing  with  pressure)  is  not  less  than  dimension  of  pores.  At 
identical  pressure,  the  biggest  layer  should  be  for  trotyl,  the  smallest-for  hexogen. 

For  estimation  of  thickness  of  molten  layer  x  for  PETN*,  we  have 


Here  x  -  thermal  capacity  of  liquid,  c  -  heat  capacity,  up  -  mass  combustion 
rate  [5],  T*  -  stagnation  temperature  of  PETN,  T°  -  melting  temperature,  and 

*For  roughly  tentative  appraisals  it  is  possible  to  limit  ourselves  to 
quantity  X/pc«->  characteristic  length  of  thermal  wave  -  distance  at  which 
temperature  dependence  decreases  by  e  times. 
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T0  -  initial  temperature. 

Under'  the  conditions  conducted  experiments,  at  p  =  330  bar,  m  =  0.1  for 

PETN 

;~io-*sn>ro*  “p~6-4 -c^T.'  r.~580*.  r~usr.  r.~20°c 

Substituting  these  data  in  (l),  we  obtain  that  x  is  equal  to  several  microns 
(  ~  2  to  3  )•  Let  us  assume  that  at  limit,  diameter  of  pores  d,  into  which 

combustion  is  able  to  penetrate,  is  equal  to  thickness  of  molten  layer  d  *  x 
(if  d>x,  combustion  will  penetrate  to  interior;  if  d<x,  there  will  be  no 
penetration).  Thus,  we  come  to  the  conclusion  that  for  PETN,  at  pressure  p  -330 
bar,  combustion  is  able  to  penetrate  into  pores  with  dimension  of  several  microns. 
It  is  possible  to  estimate  also  the  average  hydraulic  dimension  of  pores  [6] 

D  ~  y k  /  /»,  where  k  -  gas-penetrability.  For  PETN  at  m  =  0.1,  we  obtain  D^O.Ol 
-0.1  g  which  is  1  -  2  orders  less  than  d.  Difference  obtained  (d^D)  is 
explained  naturally.  Amount  of  gas-penetrability  is  determined  by  all  including 
the  small  pores.  Breakthrough  of  combustion  in  initial  stage  is  to  the  biggest 
pores  (possibly  even  to  the  biggest  "pore")*  Obviously,  distribution  of  pores 
is  by  such  dimension  that  the  biggest  pores  d~x  are  1  to  2  orders  larger  than 
average  hydraulic  dimension  D. 

During  increase  of  pressure,  velocity  u  increases  (u  ~  p),  thickness  of 
molten  layer  x  decreases,  and  combustion  can  penetrate  to  pores  of  increasingly 
smaller  dimension 

V  *  * 

~  ~ or  const 

The  latter  relationship  is  approximately  satisfied.  In  any  case,  during 
increase  of  pressure,  dimension  of  pores,  gaps,  into  which  combustion  is  able 
to  penetrate,  becomes  increasingly  smaller  d  ~  l/p.  For  various  substances, 

breakthrough  of  combustion  to  pores  occurs  at  various  pressures,  but  if  stabili¬ 
zation  is  caused  by  molten  layer  and  structure  of  charges  is  identical,  thickness 

*If  actual  thickness  of  molten  layer  exceeds  that  calculated  by  formula  (1), 
critical  size  of  pores  will  be  larger. 
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of  molten  layer  should  be  similar.  Calculation  shows  that  for  hexogen 

p  =  130  bar),  thickness  of  molten  layer  (just  as  for  PETN  (at  330  bar))  will 

be  several  microns.  For  trotyl  (at  430  bar),  layer  is  thicker  and  breakthrough 

of  combustion  to  pores  should  occur  at  pressure,  approximately  two  times  larger 

(<**>  ftOObar).  It  is  obvious  that  at  identical  porosity  (a  =  0.1)  structure  of 

charge  of  trotyl  is  quite  distinct.  By  measurement  of  gas-penetrability  it  ' 

is  directly  established  that  average  hydraulic  dimension  of  pores  of  trotyl 

is  1.5  times  greater  than  for  FETN  (at  identical  m  =  0,1).  Apparently,  dimension 

of  the  biggest  pores  for  trotyl  is  twice  as  large.  Incidentally,  at  less  porosity 

(0.07  to  0.08),  structures  of  charges  of  FETN  and  trotyl  become  more  alike. 

Given  data  are  well  coordir»ted  with  assumption  of  Taylor  [4]  about  stabilizing  j 

) 

action  of  molten  layer.  Andreyev  [7]  pointed  out  the  opposite  possibility  of 
disturbance  of  stability  of  combustion  of  FETN  due  to  self -turbulizat ion  of  molten 
layer.  This  was  not  developed  in  an  experiments  (true,  conditions  in  our  experi¬ 
ments  were  considerably  different). 

Let  us  consider  case  of  combustion  of  porous  explosives  not  forming  a  molten 
layer.  It  would  be  incorrect  to  assume  that  for  unmelting  explosive,  combustion 
will  penetrate  deeply  at  any  (low)  pressure.  This  penetration  will  be  coupled 
with  conditions  of  influx  of  products  of  combustion  into  pores  and  substances 
igniting  them.  Both  these  factors  depend  on  conditions  of  combustion  and  on 
distance  x’  between  surface  of  substance  and  zone  of  intense  reaction  in  gas 
or  smoke-gas  phase;  this  distance 

^SJe,(«p)  lnr°-r,  le'  cm  mo  (2) 

Here,  x*  and  c*  -  thermal  conductivety  and  thermal  capacity  of  gas  phase, 

T°  -  temperature  of  surface,  T*  -  temperature  of  intense  reaction  in  gas  phase 
(in  majority  of  cases,  T*  will  not  be  maximum  temperature  of  combustion). 

Remaining  designations  are  the  same  as  in  (l).  By  tentative  estimation,  x*  is 
somewhat  less  than  thickness  of  molten  layer  x.  Furthermore,  viscosity  of  gas 
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is  considerably  less  than  viscosity  of  liquid  which  should  facilitate  flowing 
of  gases  into  pores.  Finally,  in  the  absence  of  molten  Inyer,  deep  penetration 
of  combustion  should  be  eased  (at  identical  porosity,  breakthrough  of  combustion 
to  pores  d'  will  be  at  pressures  a  few  times  lower;  at  identical  pressure,  several 
times  lower).  Roughly  approximately  also  should  be  satisfied  condition  pdc  ~ 

=  (const)’,  where  (const’  <  const. 

Test  experiments  with  non-melting  explosives  showed  that  these  conclusions, 
in  general,  are  correct,,  and  in  particular,  breakthrough  of  combustion  to  pores 
of  unmelted  explosives  is  easier  than  for  those  melted.  It  is  necessary  to 
note  that  break  of  curve  p(t),  attests  to  passage  of  combustion  to  pores,  for 
non-melting  explosives  which  is  somewhat  blurred  and  is  expressed  less  clearly. 

Breakthrough  of  combustion  to  pores  of  mercury  fulminate  (triggering 
explosive)  should  be  especially  easy.  This  was  noted  in  a  work  by  author  [8].* 
Indeed,  if  for  hexogen  at  p ~  100  bars,  for  penetration  of  combustion  to  depth 
of  substance,  the  dimension  of  pores  d  must  be  several  microns,  then  for  fulminat 
of  mercury  with  this  same  pressure,  value  of  d  must  be  estimated  maximum  by 
tenth  fractions  of  a  micron,  and  d  should  be  still  less  for  aside  of  lead.  At 
one  time,  from  certain  indirect  data,  it  was  assumed  [8]  that  combustion  rate 
of  azide  was  so  great  that  it  alone,  without  penetration  of  combustion  to  depth, 
caused  very  great  jump  of  pressure  and,  consequently,  detonation.  In  work  of 
K.  K.  Andreyev  and  B.  N.  Kondrikov  [93,  is  girsn  a  better  grounded  appraisal  of 
combustion  rate  of  azide  of  lead,  which  turned  out  to  be  higher  than  for  mercury 
fulminate,  but  only  by  2  -  3  times.  In  order  to  explain  extremely  sudden  trig¬ 
gering  of  detonation  of  azide  of  lead  (detonates  upon  ignition),  with  such  a 
combustion  rate,  it  is  natural,  to  assume  that  at  moment  of  ignition  (at  any 
pressure)  combustion  immediately  penetrates  to  depth  and  actual  surface  of  com¬ 
bustion  becomes  quite  large. 

*A.  F.  Belyayev.  Mechanism  of  combustion  of  explosives,  Doct.  dissert.. 
Institute  of  Chemical  Physics  of  Academy  of  Sciences  of  USSR,  1946. 


Hire  it  is  necessary  to  note  that  if  mechanism  of  combustion  of  azide  of 
lead  is  like  that  of  mercury  fulminate,  then  for  azide  of  lead  at  low  pressures, 
in  particular  at  atmospheric  pressure,  combustion  is  able  to  penetrate  into 
pores  of  order  of  one  micron.  Such  gaps  can  be  formed  between  particles  of 
azide  of  lead  even  when  pressed  to  high  density.  Moreover,  for  crystals  of 
azide  of  lead  of  order  of  one  micron,  there  can  be  intervals  between  crystallite 
(microporrs  and  microcavities).  To  this,  it  is  necessary  to  add  that  by  direct 
observations  of  Bowden  and  collaborators  [10],  defects  of  crystals  can  be  formed 
to  grow  in  process  of  the  actual  combustion*  At  last,  during  combustion  of 
azide  of  lead,  dynamic  increase  of  pressure  should  be  very  significant.  All  this 
shows  that  in  case  of  azide  of  lead  there  are  many  possibilities  for  intensive 
penetration  of  combustion  to  depth,  sharp  increase  of  surface  of  combustion,  i.e., 
for  instantaneous  explosion  immediately  transferred  to  detonation. 

K.  K.  Andreyev  [11],  noting  that  for  triggering  explosives,  the  breakthrough 
of  combustion  into  pores  should  be  easier,  as  main  cause  points  to  the  large 
completeness  of  reactions  of  explosive  transformation  and  to  higher  temperature 
of  combustion  of  triggering  explosives.  Value  of  temperature  of  combustion  is 
absolutely  essential  (this  is  one  of  factors  determining  combustion  rate),  however 
flsain  cause  facilitating  breakthrough  of  combustion  to  depth  of  triggering  explo¬ 
sives,  will  be  a  short  distance  between  surface  of  explosive  and  zone  of  intense 
reaction,  which,  other  conditions  being  equal,  for  triggering  explosives  i3 
considerably  less  than  for  secondary  types.  High  temperatures  of  products  un¬ 
doubtedly  promotes  breakthrough  of  combustion  into  pores,  but  more  important  in 
this  respect  magnitude  of  temperature  gradient  dT/dx  at  the  surface,  which  for 
triggering  explosives  is  51  -  3  orders  higher  than  for  secondary  explosives, 
basically  due  to  smaller  extent  of  zone  of  heating  up  determined,  in  the  final 
analysis,  by  character  of  reactions  of  combustion  and  by  corresponding  constants 
of  the  substancs. 
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Returning  to  the  investigated  phenomenon  in  general  plan,  let  us  note  that 
phenomenon  breakthrough  of  combustion  to  pores.  This  very  complicated  phenom¬ 
enon  was  considered  here  in  simplified  form.  Breakthrough  of  combustion  to  pores 
and  its  character  depend  on  physicochemical  properties  of  the  substance  (our 
experiments  were  conducted  with  explosives  reacting  chiefly  in  gas  phase  [12]) 
on  conditions  of  combustion,  gas  dynamics  of  inflowing  products,  and  character 
of  porous  structure.  If  for  example,  we  take  an  explosive  consisting  of  larger 
crystals,  its  gas -penetrability  will  be  increased,  dimension  of  the  largest  pores 
will  increase  still  more  significantly;  as  a  final  result,  breakthrough  of  com¬ 
bustion  to  depth  of  explosive  will  be  eased.  As  was  already  noted,  experiments 
were  conducted  in  a  manometric  bomb  under  conditions  of  considerable  dp/dt  and 
fall  of  pressure  dp/dx. 

Under  other  conditions  results  could  be  different.  Thus,  for  example,  in 
bomb  of  constant  pressure,  stability  of  combustion  increases;  pores  will  be 
filled  by  inert  compressed  gas.  Nevertheless,  simplified  investigation  under¬ 
taken  allowed  to  obtain  useful  results. 

Institute  of  Chemical  Physics  Submitted 

of  Academy  of  Sciences  of  USSR  25  April  1963 
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ON  INFLUENCE  OF  FRESSURE  ON  COMBUSTION  RATE  OF  AMMONIUM  PERCHLORATE 


A.  P.  Glazkova 
(Moscow) 


To  study  of  process  of  self -propagating  intramolecular  oxidation  of 
ammonium  perchlorate  is  devote  a  series  of  investigations. 

Friedman,  Nugent,  and  et  al.  [1]  studied  combustion  of  amnonium 
perchlorate  (samples  of  square  section  4x4  mm,  unarmored)  in  range 
cf  pressures  to  340  atm;  under  these  conditions  they  established 
initially,  the  upper  and  lower  limits  of  ability  to  bum  according  to 
pressure:  perchlorate  is  able  to  bum,  starting  from  ~  40  atm;  com¬ 
bustion  ceases,  if  pressure  exceeds  ~  270  atm. 

Below  is  investigated  function  of  combustion  rate  on  pressure  in  a 
wider  range  (to  1000  atm).  In  work  was  applied  photographic  method  of 
study  of  process  of  combustion,  described  in  detail  earlier  [2]. 
Experiments  were  placed  in  vessels  of  constant  pressure  at  350  and 
1000  atm  in  an  atmosphere  of  nitrogen.  For  strengthening  of  glow  of 
unarmored  samples  of  ammonium  perchlorate  in  realm  of  unstable  combustion 
(160  -  350  atm),  light  conductor  was  applied:  a  rectangle  of  polished 
plexiglas  touching,  on  one  side,  the  window  of  vessel,  on  the  other 
(protected  by  &  thin  glass  plate),  the  specimen  of  perchlorate*,  Unsifted 
perchlorate  (analytical  grade)  was  used,  dried  to  constant  weight  and 
pressed  to  density  near  to  specific  gravity  (1.93  -  1*94  g/cm3). 

Diameter,  shell,  and  form  of  samples  were  changed  in  various  series  of 
experiments. 

1.  On  intensification  of  thermal  loss  during  increase  of  pressure  as  pos¬ 
sible  cause  of  upper  limit.  It  can  be  assumed  that  quenching  of  combustion  at 
upper  limit  for  American  researchers  was  caused  by  thermal  losses,  all  the  more 
so  since  they  used  samples  of  small  transverse  dimension.  Indeed,  experiments 
with  unaraored  cylinders  of  perchlorate  showed  that  at  diameter  of  5  n*a. 
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combustion  ceases  st  270  atm,  and  at  7  ram,  extinguishing  of  combustion  at  this 
pressure  is  no  longer  observed.  Still  more  convincing  were  experiments  with 
kernels  in  the  form  of  a  frustum  of  a  cone  (upper  diameter  of  which  was  7  na, 
lower  -  1  -  2  mm)  igniting  from  large  end.  Combustion  in  all  experiments  was 
extinguished  at  250  atm,  up  to  a  diameter  of  4.7  -  5  me.*  Inspection  of  unhurried 
part  of  sample  showed  that  front  of  combustion  had  a  concave  form,  part  of 
external  lateral  surface  of  kernel  did  not  manage  to  bum  and  remained,  after 
combustion,  in  the  form  of  a  thin  border. 

Lower  limit,  as  one  would  expect  under  the  same  thermal  considerations, 
also  depends  on  diameter:  at  diameter  of  5  mm,  sample  did  not  burr,  at  50  atm, 
at  7  mm,  stable  combustion  was  observed  already  at  30  atm. 

Thus,  both  upper  and  lower  limits 
of  combustion  are  determined  by  pres¬ 
sure.  This  is  due  to  the  decrease  of 
combustion  rate,  in  other  words,  its 
duration.  Thermal  input  is  not  able 

Fig.  1 


to  compensate  heat  loss. 

During  explanation  of  upper  limits  ability  to  burn  according  to  pressure, 
it  was  assumed  that  decrease  of  combustion  rate  occurs  during  increase  of  pres¬ 
sure  and  under  conditions  when  thermal  losses  do  not  play  an  essential  role. 

In  Fig.  1  are  given  functions  of  combustion  rate  u  (here  and  in  the  future  u  - 
mass  combustion  rate  in  g/cm^  sec,  pressure  p  in  kg/cm2)  of  perchlorate  on 
pressure  p.  Points  1  and  2  for  diameters  of  7  and  12  mm  of  unarmored  samples, 
point  of  3  give  values  of  critical  diameter  of  combustion.  From  tho  figure  it 
is  clear  that  in  interval  of  pressures  to  150  atm,  combustion  rate  is  identical 


*In  three  analogous  experiments,  when  air  from  vessel  was  not  evacuated 
before  experiment,  combustion  of  kernels  was  complete.  This  is  attributed  to 
the  influence  of  oxygen,  remaining  in  vessel. 
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for  thin  and  thick  kernels  from  200  to  40-  ^tm.  The  latter  bum  rapidly,  but 
their  combustion  rate  also  drops  as  for  kernels  of  wnall  diameter.  In  Fig.  1 
are  also  presented  oriented  data  on  dependence  of  critical  diameter  of  combustion 
(determined  by  extinguishing  of  bare  conical  kernels)  of  perchlorate  on  pressure. 
This  dependence,  up  to  pressure  of  200  atm,  in  general,  agrees  well  with  curve 
u  f(p).  Decrease  of  critical  diameter  at  pressures  from  200  to  350  atm,  in 
region  where  combustion  rate  remains  constant,  was  not  intelligible. 

As  can  be  seen  from  photographs  (Tig.  2a),  at  pressure  of  140  atm,  com¬ 
bustion  of  unarmored  samples  of  anmonium  perchlorate  is  stable  and  differs  from 
combustion  of  secondary  explosives  only  by  the  presence  of  separate  local  flashes 
at  front  of  flame.  At  pressures  of  200  -  350  atm,  character  of  combustion 
changes  sharply:  glow  becomes  weaker  and  combustion  assumes  a  pulsating  character 
-  at  front  of  combustion  are  stops  when  burning  seems  to  cease  and  then  starts 
again,  and,  as  a  rule,  with  the  same  rate  as  before  the  atop. 

From  photographs  of  combustion  it  follows  also  that  in  region  of  unstable 
combustion  of  perchlorate  (see,  for  example.  Fig.  2b,  combustion  at  2^7  atm), 
front  of  flame  has  striped  structure  and  consists  of  alternating  light,  and  dark 
strips.  At  pressures  of  200  -  5 00  atm,  were  observed  cases  of  7 •'•millimeter  samples 
not  burning  completely.  In  Fig.  1,  region  of  unstable  combustion  is  designated 
by  dotted  line. 


Fig.  2 
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Influence  of  thermal  losses  during  combustion  is  lessened  also,  in  addi¬ 
tion  to  increase  of  diameter  of  sample,  by  application  of  shell  of  low  thermal 
capacity  (plexiglas).  In  Fig.  3  is  given  dependence  of  combustion  rate  on  pres¬ 
sure  for  samples  of  perchlorate  pressed  in  plexiglas  pipes  of  diameter  5.7  and 
10  mm,  with  wall  thickness  of  1  mm  (points  1,  2  and  3  correspond  to  values  of 
diameter,  d  =  7,  5,  10  mm).  As  can  be  seen  from  Fig.  3,  u  =  f(p)  has  basically 
the  same  character  as  that  for  unarmored  kernels,  and  combustion  rate  does  not 
depend  on  diameter  of  sample.  It  follows  from  this  that  drop  of  rate  cannot 
be  explained  by  thermal  losses  to  the  outside.  Actual  confirmation  of  this  con¬ 
clusion  comes  from  following  experiment:  plexiglas  tuba  of  perchlorate  (dia¬ 
meter  5  or  7  mm)  was  placed  to  half  its  height  in  water.  If  thermal  less  had 
significant  influence,  combustion  rate  in  that  part  of  the  tube  located  in  the 
water,  should  have  decreased.  Experiments  conducted  at  200  atm,  showed  that 
combustion  rate  in  both  parts  of  tube  were  practically  identical  (i.44  -  1.39  for 
7-millimeter  diameter  and  1,38  -  1.40  g/cm  sec  for  5-millimeter). 

Results  of  described  experiments 
are  subject  to  doubt  in  connection  with 
the  fact  that  combustion  occured  in  tubes 
of  organic  material  -  plexiglas,  partic¬ 
ipation  of  which  in  combustion  could 
accelerate  it.  This  circumstance  can  be 
explained  in  two  ways:  cither  determine 
influence  of  plexiglas  on  combustion  rate 
of  perchlorate  or  take  as  material  of 
•hell  a  low-reactive  substance.  In  this  work,  both  variant  were  applied. 

Mixture  with  aero  oxygen  balance  of  perchlorate  and  plexiglas  (particle 
site  of  component*  >1  K  250  n  )  burns  in  significant  range  of  pressures  with 
slower  rate,  than  perchlorate  alone j  at  50  atm,  combustion  rate  of  perchlorate 
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in  plexiglas  pipes  was,  or  the  average,  1.20,  and  combustion  rate  of  mixture 
-  0.78  g/cm^  sec.  Thus,  plexiglas  does  not  accelerate,  and  even  delays  ccra~ 
bustion  of  perchlorate  in  region  of  moderately  -  increased  pressures,  and  its 
application  as  a  shell  under  these  conditions  does  not  evoke  doubts.  Incidentally, 
one  should  note  that  character  of  combustion  of  perchlorate  changes  somewhat 
depending  upon  conditions  of  conduction  of  experiments.  In  photograph  of  Fig.  4a, 
during  combustion  of  perchlorate  in  pipe  of  diameter  10  mm  at  156  atm,  visible, 
adjacent  to  front,  is  a  narrow  luminescent  strip  of  granular  structure,  as  if 
front  of  combustion  consisted  of  separate  microflashes.  Granularities  of  front, 
apparently,  correspond  to  separate  streams  of  burning  gases,  probably  accompanied 
by  particles  giving  flame  a  shaggy,  striped,  form.  At  pressure  of  276  atm  (Fig.  4b) 
velocity  of  gases  was  approximately  30  cm/sec. 


Fig.  4 


In  glass  pipes,  combustion  of  perchlorate  proceeds  otherwise.  It  goes  by 
parallel  layers,  but  glow  on  surfaces  of  combustion  is  weak  and  at  separate 
points  brighter  flashes  are  observed.  On  walls  of  lower  part  of  pipes,  at  height 
of  2  -  3  cm,  after  experiments  there  remains  a  layer  of  salt  of  noticeable 
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thickness  externally  baked  and  nonuniform  with  separate  "burnt  places"  extending 
to  wall  of  pipe.  Comparing  this  picture  with  photographic  prints  of  experiments, 
it  may  be  concluded  that  combustion  goe3  very  nonuniformly;  it  is  delayed  at 
periphery;  light  points  and  spots  on  photographs  correspond  to  approach  of 
combustion  at  separate  points,  to  walls  of  that  part  of  pipe  which  is  turned  to¬ 
ward  objective.  Described  process  of  combustion  reminds  us,  in  this  respect,  of 
combustion  of  catalyzed  ansconium  nitrate. 

Absence  of  these  peculiarities  on 
photographs  of  combustion  in  piexiglas 
pipes  is  probably  explained  by  smaller 
thermal  losses  through  walls  of  pipe 
and  by  a  relatively  high  temperature 
of  combustion.  In  general,  these 
photographs  graphically  demonstrate 
nonuniform,  local  character  of  com¬ 
bustion  of  ammonium  perchlorate. 

Experiments  in  low-reactive  shell  were  run  in  following  manner.  Samples 
15.3  mm  in  diameter  were  covered  with  varnish  of  vinyl-perchloride  resin 
(content  of  Cl  60,-6550  dissolved  in  dichloroethane .  Thickness  of  layer  of  varnish 
was  0,1  on.  In  order  to  ensure  uniformity  of  igniting  with  such  diameter,  igni¬ 
tion  wa3  triggered  at  high  pressures  by  tablet  of  black  powder,  which  led  to 
sharp  decrease  of  scattering  of  velocities  in  parallel  experiments  at  750  and 
1000  atm.  Furthermore,  in  orde.v  to  explain  influence  of  thickness  of  shell,  a 
series  of  experiments  was  run  in  which  7-millimeter  samples  of  perchlorate  were 
covered  by  layer  of  varnish  of  thickness  at  1  mm  so  that  pipe  was  formed  of 
vinyl-perchloride  varnish. 

At  last,  fluorinated  lubricant  was  studied  as  she3’.  In  Figs.  5  and  6 
are  presented  obtained  results. 

Fig.  5  shows  dependence  of  combustion  rate  on  pressure  for  15-millimeter 
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samples  of  perchlorate  in  shell  of  vinyl-perchloride  varnish  (0.1  mm,  curve  l), 
and  curve  2  for  7 -millimeter  samples  in  fluorinated  lubricant. 


In  Fig.  6  are  presented  dependence  of  combustion  rate  on  pressure  for  7- 
millimeter  samples  of  perchlorate  in  shell  of  vinyl-perchloride  varnish  of 
various  thickness  h:  curve  1  for  h  ~  0.1  mm,  curve  2  -  for  h  =  1.0  mm  (scale 
or-  axis  of  ordinates  is  twice  less). 

Graphics  show  that  on  curves  of  dependence  u  =  f(p)  for  samples  in  vinyl- 
perchloride  varnish,  section  of  velocity  drop  is  preserved,  although  under 
these  conditions  it  is  expressed  less  distinctly  than  in  plexiglas  pipes. 

2.  Dependence  of  combustion  rate 
of  ammonium  perchlorate  on  presence  of 
3hell  material  at  high  (500  -  1000  atm) 
pressures.  In  Fig.  7  are  summed  up 
data  obtained  in  this  work  on  combustion 
of  samples  of  perchlorate  of  diameter 
7  mn,  and  dependences  are  shown  of 
combustion  rate  of  perchlorate  in  various  shells:  1  -  without  shell,  2  -  in 
vinyl-perchloride  varnish  (0.1  ma),  3  -  in  vinyl-perchloride  varnish  (1  mm), 

4  -  in  plexiglas  pipes,  5  -  in  fluorinated  lubricant. 

Examination  of  graphs  shows  that  for  perchlorate,  two  regions  of  pressures 
are  observed:  first  -  up  to  pressures  of  approximately  400  atm  where  combustion 
rates  of  perchlorate  in  various  shells  are  similar  and  drop  of  combustion  rate 
with  pressure  is  more  sharply  pronounced  for  unarmored  samples  and  for  perchlorate 
pressed  in  plexiglas  pipes;  second  region  from  500  to  1000  atm  where  magnitude 
of  combustion  rate  is  varied  depending  upon  shell. 

The  question  naturally  arises  of  the  physical  meaning  of  this  distinction 
and  of  which  curve  depicts,  to  the  greatest  degree,  combustion  of  the  perchlorate 
itself?  The  highest  combustion  rate  at  1000  atm  is  shown  by  perchlorate  in 
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plexiglas  pipes  -  14  g/c m2  sec.  In  pipes  of  per chlorvinyl  (0.1am),  perchlorate 

2 

burns  with  significantly  less  3peed  9  g/cm  3ec. 

During  combustion  in  a  thick  shell 
of  low  thermal  conducting  material 
(plexiglas),  thermal  losses  could  be 
less  than  in  a  thin  shell  of  vinyl- 
perchloride.  Such  explanation,  however, 
could  be  checked.  If  thermal  losses 
considerably  affect  rate,  then  the 
latter  should  depend  on  diameter.  There¬ 
fore,  at  pressure  of  950  atm  were  run 
experiments  in  a  vinyl-per chloride  their 
shell  at  various  diameters;  we  list 
obtained  average  rates  of  combustion  u  for  various  diameters  of  sample  d  in  mm; 

15  7  5  3 

*  =  10.0  9.06  8.98  8.33 

These  data  show  that  influence  of  thermal  losses  was  slight,  so  that  through 
it  was  possible  to  explain  variations  in  combustion  rates. 

A  still  sharper  influence  of  thermal  losses  should  have  shown  up  under  these 
conditions  for  unarmored  samples.  However,  experiments  showed  that  combustion 
rate  of  3-«illiraeter  samples  of  perchlorate  was  even  somewhat  higher  (7.4  g/cm2 
sec)  than  for  15-millimeter  samples  (6.0  g/cnr  sec).  Probably,  here  is  manifested 
influence  of  combustion  on  lateral  surface  of  oxygen  contained  in  technical 
nitrogen. 

A  second  possible  explanation  is  that  at  high  pressures,  the  plexiglas  of 
the  wall  burns  with  perchlorate  and  this  combustion  in  contact  zone  is  faster 
than  far  from  it  and  leads  the  process.  Verification  was  possible,  comparing 
combustion  rate  of  mixtures  of  zero  oxygen  balance  in  plexiglas  pipes  and  without 
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shell.  Paraffin  mixtures  yield,  in  plexiglas  and  vinyl-perchloride  shells 
identical  rate*  -  17  g/cm^  sec.  This  rate  applies  also  to  combustion  of  a  bare 
kernel  of  perchlorate  with  paraffin.  This  attests  to  the  fact  that  such  secondary 
factors  as  cooling,  heat  transfer  in  shell,  washing  by  dense  nitrogen,  do  not 
play  an  essential  role,  but  difference  in  rates  for  perchlorate  is  actually- 
caused  by  reaction  of  the  substance  with  the  wall.  This  interaction  can  not 
be  considered  completely  excluded  during  combustion  in  viny 1-perch lor ide  shell. 

Let  us  note  that  experiments  with  a  bare  kemal  gave  significantly  lower  rate  - 
7-8  g/cm^  sec  which  can  be  considered  the  combustion  rate  of  the  perchlorate 
itself. 

Experiments  with  kernels  covered  with  fluorinated  lubricant  gave  still 
lower  rate.  We  can  assume  that  this  latter  shell  in  burning,  partially  volatil¬ 
izing  in  proportion  co  rate  of  combustion,  and  mixing  with  products  of  combustion, 
decreases  its  rate  somewhat,  as  compared  with  combustion  rate  of  perchlorate  with¬ 
out  shell. 

Thus,  dependence  of  combustion  rate  on  pressure  for  ammonium  perchlorate, 
studied  in  wide  range  of  pressures,  differs  considerably  from  that  for  other 
substances  studied  [2].  The  most  interesting  of  experimental  facts  is  fall  of 
combustion  rate  with  pressure  within  its  determined  range,  and  also  the  pulsating, 
unstable  character  of  combustion  under  these  conditions.  Fall  of  combustion  rate 
with  pressure,  according  to  K.  K.  Andreyev,  is  connected  with  phase  change  which 
occurs  during  thermal  decomposition  of  perchlorate  at  240°C.  This  suggestion, 
however,  requires  experimental  verification. 

Author  thanks  K.  K.  Andreyev  for  valuable  advice. 
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OK  HEAT  EXCHANGE  OF  MICROTHERMOCOUPLES  UNDER  CONDITIONS  OF 
COMBUSTION  OF  CONDENSED  SUBSTANCES 


A.  A.  Zenin 
(Moscow) 


For  obtaining  of  temperature  distribution  during  stable  combustion  of 
condensed  substances,  it  is  possible  to  apply  thin  thermocouples.  Ther¬ 
mocouples  sealed  in  kernels  of  burning  condensed  substance,  with  rate 
of  its  combustion,  pas3  through  a  zone  of  variable  temperature  showing 
(during  ideal  heat  exchange  of  thermocouple  with  the  medium)  temperature 
distribution.  A  similar  method  is  widely  used  for  study  of  combustion 
of  powders  (see  [1,  21),  where  encasing  of  thermocouples  in  kernels  is 
done  "by  angle".  The  application  of  thermocouples  of  3uch  form  can  be 
explained  only  as  insufficient  attention  to  the  question  of -heat  ex¬ 
change  of  a  thermocouple  with  gas  and  condensed  medium  in  the  process 
of  combustion.  It  is  natural  to  expect  a  significant  lowering  of  tempera 
ture  of  theniiv. junction  for  thermocouples  of  such  form  owing  to  thermal 
losses  to  the  ends,  due  to  fact  that  coefficient  of  thermal  conductance 
of  a  metallic  thermocouple  <x»)  exceeds  by  2  -  3  order  coefficient  of  ther¬ 
mal  conductance  of  powder  (x^>  and  products  of  its  decomposition  (Xi). 
Possible  also  is  distortion  of  temperature  profile  due  to  thermal  inert¬ 
ness  of  thermocouples. 

In  present  work  are  considered  requirements  which  parameters  of 
thermocouples  must  satisfy  (fonn,  thickness,  etc.)  to  ansure  minimum  of 
distortion  of  obtained  temperature  profile.  For  that,  initially  we 
studied  heat  exchange  of  thermocouple  with  condensed  and  gas  medium 
under  conditions  similar  to  conditions  of  measurements  of  temperature  in 
wave  of  combustion;  then,  errors  of  thermocouple  measurements  are 
estimated*  In  work  it  will  be  shown  that  sealing  of  thermocouples 
"by  angle"  can  indeed  lead  to  large  errors  in  temperature  and  serious 
distortion  of  form  of  temperature  profile. 
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Designations 


a- 


1 


U  -  coefficient  of  thermal 
conduction  of  gas  phase, 

U  -  coefficient  of  thermal 

conduction  of  thermocouple. 

-  coefficient  of  thermal  con¬ 
duction  of  condensed  phase 

a  -  coefficient  of  heat  emission 
C2  -  specific  thermal  capacity 
of  thermocouple 

Cj  -  specific  thermal  capacity 
of  powder 

h  -  thickness  of  ribbon  thermo¬ 
couple 

1  -  size  of  shoulder  of  thermo¬ 

couple 

pi  -  density  of  gas  phase 

pt  -  density  of  thermocouples 

pt  -  density  of  powder 

t#  -  time  constant  of  thermo¬ 

couple  in  gas  phase  of 
burning,  condensed  sub¬ 
stance 

tm  -  time  constant  during  ideal 
heat  exchange  (very  large  a) 
a  -  coefficient  of  thermal  dif- 
"  fusivity  of  gas  phase 
a2  -  coefficient  of  thermal  dif- 
fusivity  of  thermocouple 

-  coefficient  of  thermal 
diffusivity  of  powder 


T*  -  temperature  of  combustion 
Tg  -  temperature  of  thermo¬ 
junction 

T0  -  initial  temperature  of  pow¬ 
der  and  thermocouple 
-  surface  temperature  of 
burning  powder 

u^  -  outflow  velocity  of  gas 
from  powder 

u2  -  rate  of  motion  of  thermo¬ 
couple  (combustion  rate 
of  powder) 

H  -  deflection  of  mid  portion 
of  thermocouple  shoulder 
E  -  young  modulus  of  thermo¬ 
couple  ribbon 
I  -  moment  of  inertia  of 
thermocouple  ribbon 
p  -  aerodynamic  pressure 
b  -  width  of  thermocouple 
ribbon 

ju  -  viscosity  of  gas 
x  -  distance  from  temperature 
of  combustion  to  measured 
temperature 

y  -  distance  through  thick¬ 
ness  of  thermocouple  from 
center  of  ribbon 
B  -  Biot  criterion 
N  -  Nusselt  number 
R  -  Reynold's  number 


For  obtaining  of  temperature  profile  is  suggested  (see  also  [3])  thermocouple 
II-shaped.  Presence  of  secion,  parallel  to  isotherms,  called  "shoulder,"  will 
decrease  lowering  of  temperature  of  thermo junction  from  thermal  loss  to  ends.  Below 
will  be  shown  that  it  is  possible  to  select  size  of  should  1  so  that  error  owing  to 
heat  transfer  to  ends  will  become  small,  and  thermocouple  will  remain  still  rigid 
(deflection  of  middle  part  of  shoulder  will  be  slight).  Investigation  of  heat  ex¬ 
change  of  thermocouples  of  U-shaped  form  has  sufficiently  general  character:  at 
1  -  0  w  obtain  a  thermocouple  "by  angle,"  at  1  = «.«  —plane  thermocouple  (parallel 
to  isotherms).  Numerical  calculations  and  quantitative  results  of  experiments  are 
given  for  ribbon  thermocouples  of  alloys  of  tungsten  and  rhenium  (95%  W  +  5%  He  to 

80£  W  +  2C#  Re)  with  thickness  h  =  and  h  =  3.5^  and  width  b  =  20  h. 

At  first,  let  us  consider  heat  exchange  of  R-shaped,  ribbon  thermocouples 
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in  gas  phase  and  calculate  temperature  errors  owing  to  thermal  inertness  of 
thermocouples  and  thermal  loss  to  their  ands.  We  will  also  show  that  thermal 
inertness  of  thermocouples  covered  by  a  layer  of  melted  borax  is  no  higher  than 
for  those  not  covered  by  borax  (the  same  total  thickness).  Then,  let  us  consider 
heat  exchange  of  a  thermocouple  with  the  condensed  medium  and  determine  under¬ 
stating  of  temperature  owing  to  thermal  inertness  of  thermocouple  and  thermal 
loss  to  its  ends. 

The  problem  of  temperature  distribution  on  length  of  thin  n -shaped  thermo¬ 
couple  during  its  passage  with  constant  speed  through  front  of  flame  with  expo¬ 
nential  growth  of  temperature  was  considered  earlier  [33.  In  cited  work,  as 
in  given,  exponential  rise  of  temperature  was  selected  for  simplicity,  and  also 
because  actual  tone  of  variable  temperature  is  wider  due  to  existence  of  several 
regions  of  heat  release.  Errors  determined  by  us  coupled  with  understating  of 
temperature  of  thermo  junction,  will  be  maximum.  In  order  to  use  obtained  solu¬ 
tion,  we  will  experimentally  determine  coefficients  of  heat  radiation  a  of 
y.tbbon  thermocouples.  For  a  heated  thermocouple  moving  with  known  speed,  by 
rate  of  cooling  we  find  its  time  constant  T»  and  then  calculate  a  by  relation¬ 
ship  which  can  be  obtained  from  heat-conduction  equation  for  a  thin  plate.  If 
suddenly  transfixed  into  a  medium  with  different  temperature  (if  criterion  Biot 

B  =  ah  1 2xt  <<  l;  for  our  thermocouples  B  =  lcH*  to  10“5) 

• 

C *“  2v, 

Here  c2P*  -  volumetric  heat  capacity  of  thermocouple  (for  wire  of  radius  r 
in  this  formula  h  is  replaced  by  value  of  r). 

Diagram  of  experiment  is  shown  in  Fig.  1.  Thermocouple  4  was  braced  on 
two  rods  welded  to  rings  located  on  opposite  sides  of  revolving  disk  2,  from 
which  thermo  emf  is  removed  by  brushes  3  and  passes  through  preamplifier  6  to  loop 
oscillograph  7.  Thermocouple  is  heated  while  passing  through  a  thin  (diameter 
1  to  2  cm)  stream  of  hot  air  (temperature  500°C)  and  is  cooled  in  air  of  room 
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temperature.  Length  of  path  of  cooling  1  a.  Blast  velocities  are  high  (5  to 
15  n/eec),  and  therefore  transition  from  hot  gas  to  cold  is  practically  instan¬ 
taneous. 

Results  of  experiments  for  flat,  ribbon  thermocouples  are  given  in  the 
fora  of  dependence  of  Nusselt  number  N  -  aU  >i;  on  Reynolds  criterion 
it  t=  mipi A  Aii  in  pig,  2.  Values  of  parameters  entering  into  criteria  were  taken 

for  air  of  room  temperature  (T0  =  25°  C) 

Pi  =  1.293. to-*  g/ca?  ,ll*»  -ji.M*l0-;g/ca#seca  h  =  0.6-  hh  cal/cm*sec*deg  * 


For  obtaining  temperature  profile,  most  exped'ent  was  the  application  n- 
shaped  and  M  -  shaped  thermocouples.  Therefore,  following  series  of  experiments 
was  conducted  with  them,  and  results  are  plotted  in  tho  same  figure.  Obviously, 
within  limits  of  scattering  of  experimental  data,  form  of  thermocouple  does  not 
affect  magnitude  of  a. 


Fig.  1*  Diagram  of  experiment  for 
determination  of  coefficients  of  heat 
emission;  1  -  electric  motor,  2  - 
revolving  disk,  3  -  brushes,  4  - 
thermocouple,  5  -  stream  hot  air, 

6  -  preamplifier,  7  -  loop  oscillo¬ 
graph. 


Obtained  criterial  bond  N  =  f (R) 
was  used  for  calculation  of  coefficients 
of  heat  emission  of  mentioned  thermo¬ 
couples  under  conditions  of  burning  of 
nitroglycerine  powder  H  depending  upon 
its  combustion  rate.  Calculations  were 
made  for  average  temperature  1000°C 
values  of  parameters 

Ht=410-*  g/cm  sec ,  Xi  =  3.5 •  io-«  cal/cm*  sec  •  deg 


As  an  example  we  point  out  that  for  thermocouple  h  =  3.5  f*  at  pressure  20  atm 
(combustion  rate  of  powder  Ug  *  0.34  ca^sec)  T«  =  0.6  millisecond,  «  =  0,114 
ca  1 /ca^  x  sec  x  deg  at  pressure  150  atm  (t^  *=  1.2  ea/sec)  T*  *  0,22  millisecond, 

*  «  0*30?  eal/w*^  3c  sec  x  deg. 


Fig.  2*  Criteria!  function  N  =  f (R)  for 
various  ribbon  thermocouples:  1  «  flat 
thermocouple  h  =  7m  >  2  -  flat  thermo¬ 
couple  h  =  3»5m  »  3  -  flat  thermocouple 
h  =  7m  t  covered  by  borax  layer— 7  M 
(during  processing  of  data,  it  was  con¬ 
sidered  that  he£  ~  10  n  ) j  k  -  flat 
thermocouple  h  -  3«5m  ,  covered  by 
borax  layer  —3  M(during  processing  of 
data,  it  was  considered  that  h8f  =  5^/5 

5  -  n  -  shaped  thermocouple  h  =  7  m  J 

6  -  H  -  shaped  thermocouple  h  =  7  M  • 


Table  1. 
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0.7% 

6,8% 

3.5% 

3% 

H.5% 

1% 

18% 

0.4% 

KET:  (a)u2<Waec;  (b)  Form  of  thermal 
losses . 


Calculated  values  of  o  are  used  for  calculation  of  relative  understating 
of  temperature  by  n  -  shaped  thermocouples  in  gas  phase  by  the  formula  work  C3  3 • 
Results  of  calculation  are  given  in  Table  1,  where  *  -  due  to  thermal 
inertness  of  thermocouples,  b  -  from  thermal  loss  to  ends. 

Increase  of  error  due  to  thermal  inertness  of  thermocouples  with  inert  .•»« 
of  combustion  rate  is  obvious.  Decrease  of  error  due  to  heat  losses  to  ends 
is  coupled  with  decrease  of  time  of  stay  of  thermocouple  in  zone  of  variable 
temperature. 


If  one  were  to  put  1-0  (thermocouple  by  angle),  then  by  the  formula  of 
work  [3]  and  calculated  values  of  a  it  is  simple  to  receive  that  temperatures 
measured  by  thermocouple  of  tonperature  and  temperature  gradients  for  taken 
thermocouples  and  speed  range  will  be  approximately  30  times  lass  than  actual 
temperatures  due  to  thermal  loss  to  ends  of  thermocouples.  Thus,  thermocouple 
method,  used  in  works  [1,  2],  cannot  be  considered  acceptable,  and  results  of 
measurement a  require  check. 

During  use  of  thermocouples  in  sonee  of  cheaicaJ.  reactions  in  gas  phase, 
catalytic  effect  ie  possible  on  the  surface  of  a  metallic  thermocouple.  For 
its  removal,  thermocouple  is  covered  by  layer  of  melted  borax.  Investigation 
of  thermoinertial  properties  of  such  thermocouples  presents  interest.  Ribbon 
thermocouples  h  “  7n  and  h  “  3.5  h  were  covered  by  layer  of  melted  borax: 
first  layer  with  maximum,  thickness  at  center  of  ribbon  —  7  j*.  second  ~  3  p  (average 
thicknesses  20  <u  and  10  p  accordingly)  Results  on  heat  radiation  received  by 
described  method  in  criteria!  view  are  presented  also  in  Fig.  2,  and,  in  order 
to  combine  them  with  previously  obtained  dependence  N  ~  f(R)  for  bare  thermo¬ 
couples,  it  was  assumed  that  first  thermocouple  has  thickness  10  second  5  n- 
Thus,  thermal  inertness  of  thermocouples  covered  with  borax  turns  out  to  be 
even  lees  than  thermal  inertness  of  an  uncovered  thermocouple  the  same  average 
thickness c  This  result  is  not  strange,  in  spite  of  the  fact  that  thermal 
conductance  of  borax  is  three  orders  less  than  thermal  conductance  of  thermocouples. 

Actually,  minimum  time  constant  (during  ideal  heat  exchange,  internal  problem  of 
thermal  conductance)  our  thermocouples  is  equal  to 

T_  =*  -$-?  S  10"T  —  10-*  <H 

«|X' 

i.e.,  four  orders  less  than  This  appraisal  shows  how  strongly  the 

thermal  boundary  layer  on  theaocouple  determines  thermal  inertness  of  thin 
metallic  thermocouples  under  the  considered  conditions.  Its  determining  role 
is  true  also  for  poor  conductors  of  heat  (glass,  borax)  having  dimensions  of 
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taken  thermocouples,,  since  problem  of  thermal  conductance  remains  external 
(B'~.10”2).  Thermal  inertness  of  such  bodies  will  be  determined  by  their  volume¬ 
tric  heat  capacity  c*>*.  and  not  by  thermal  conductance.  But  ripi  of 

borax  is  approximately  1.5  times  less  than  for  metal  of  thermocouple  which  explains, 
experimentally,  the  received  decrease  of  inertness  of  thermocouples  covered  with 
borax  as  compared  to  inertness  of  bare  thermocouples  of  the  same  average  thickness. 
Another  cause  is  the  decrease  of  thickness  of  covering  towards  edge  of  ribbon. 

We  note  also  that  calculation  for  accurate  solution  of  problem  of  thermal 
conductance  about  temperature  distribution  by  thickness  of  this  flat  thermo¬ 
couple  passing  front  of  exponentially  rising  temperature,  having  form* 

Ti  — T* _ _ ch  (:y) _  (  _  1  r U|H,  \ 

-  rh  C/t-A)  -f  (X,  /  3)  Sb  0/*;*)  V  y  7^  I 

shows  practical  independence  of  temperature  change  in  time  from  coefficient  of 
thermal  conductance  of  thermocouple  in  wide  range  of  change  *»  (x,  =  1  to  10~3 
cal/ cm  *  sec  °C)  under  the  conditions  burning  of  powder  H. 

Appraisal  of  thermal  losses  by  means  of  thermal,  conductance  to  ends  of  thermo¬ 
couples  and  thermal  inertness  of  thermocouples  in  condensed  phase  will  be  made 
by  us  separately,  due  to  great  complexity  of  problem. 

At  first,  we  will  determine  thermal  inertness  of  flat  thermocouples  for 
which  there  are  no  losses  of  heat  to  ends,  and  then  we  will  find  lowering  of 
temperature  of  thermojunction  owing  to  thermal  losses  to  ends  under  conditions 
when  influence  of  thermal  inertness  of  thermocouples  is  exluded.  Estimates  of 
understating  of  temperature  of  thermojunction  obtained  for  each  type  of  thermal 
loss  can  be  integrated  if  these  errors  are  small.  This  region  of  errors  and 
conditions  leading  to  small  errors  will  also  present  interest. 

In  condensed  phase,  heat  exchange  with  thermocouple  is  carried  out  by 

*A.  A.  Zenin*  Study  of  temperature  distribution  during  combustion 
of  condensed  substances.  Dissertation,  Moscow,  1962. 
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thermal  conductance.  Let  us  consider  thermal  inertness  of  thin,  flat  thermo¬ 
couples.  Difference  in  temperature  of  thermocouple  and  an  adjacent  condensed 
substance  located  in  zone  of  heating  can  be  caused  only  by  large  volumetric 
heat  capacity  of  the  thermocouple.  Problem  of  heating  of  thermocouple  in 
condonsed  phase  under  certain  simplifying  assumptions  was  considered  earlier. ** 
Solution  for  maximum  relative  error  has  form 

Tt  —  Tt  __  _  1  utfuj  /  —  c»p,\ 

Tt—T*  i _  ?  \  f>Pt/ 

where 


I  —  ®  /" 


ft 

"/  MS 

0.2 

0.5  .  1.0 

1.5 

3.5p 

0.8% 

2%  4% 

6% 

0.3% 

0.8%  1.6% 

2.4% 

In  Table  2  are  given  magnitudes  of  maximum  relative  error  in  temperature 
owing  to  thermal  inertness  of  thermocouples,  calculated  by  this  equation  as 

functions  of  burning  rate  of  powder  H. 

Table  2. 

- - -  Relative  errors  in  temperature  grow 

/i  u,.  «/  gag 

^  ^  '  proportionally  to  thickness  of  thermocouple 

7p  0.8%  2%  4%  6% 

3.5n  0.3%  0.8%  1.6%  2.4%  and  burning  rate.  In  absolute  magnitude, 

relative  errors  owing  to  thermal  inertness  in  condensed  phase  are  significantly 
less  than  in  gas. 

During  appraisal  of  heat  losses  to  ends  of  thermocouples,  we  will  use  thermal 
modeling.  Average  number  of  parameters  determining  heat  exchange  of  thermocouple 
and  condensed  phase  was  six:  thermal  diffusivity  of  substance  (a^cnr/soc)  and 
of  thermocouple  ^cm^/sec) ,  their  volumetric  heat  capacities  (03 p,  cal/cm^°C  and 
C2p»cal/cm^°C),  thickness  of  thermocouple  h  cm  and  size  of  shoulder  1  cm.  Of 
these  quantities,  three  are  independent:  C3 p,  (or  c2pi),  a^  (or  a?)  and  1  (or  h). 

According  to  II-theorem  of  theory,  similar  unknown  function  (in  our  case, 
dimensionloss  temperature  of  thermo junction)  should  depend  on  three  dimensionless 


*A.  A.  Zenin.  Study  of  temperature  distribution  during  combustion  of  con¬ 
densed  substance.  Dissertation,  lioscow,  1962. 
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criteria 


i 

h 


f*pt  •* 

—  i  "  • 

ClP,  •* 


Since  in  model  experiments  substances  with  those  soma  thesiaal  coefficients 
were  used.  The  aim  was  detecting  of  form  of  function  F 


where  T2  _  temperature  of  junction,  ?  “  temperature  of  medium  (surface). 

s 

3  To  accurately  reproduce  conditions 

2 -  of  heating  of  thermocouples  in  condensed 

J: :  j _  substance  during  combustion  is  very  dif- 

~y~  ~  ficult,  therefore,  for  simplification  it 

was  considered  that  in  heated  zone  is 

Fig.  3»  Diagram  of  experiment  for 

determination  of  thermal  losses  to  only  the  shoulder  of  thermo  couple .  Under 
ends  of  thermocouples  in  condensed 

phase:  1  -  heated  glycerine,  2  -  actual  conditions,  part  of  ends  directly 

glass,  3  -  thermocouple. 

adjacent  to  shoulder  is  in  heated  zone. 

Therefore,  model  experiments  will  give  a  superficial  appraisal  of  heat  losses. 
This  simplification  leads  to  independence  of  results  from  regime  of  burning  (for 
example,  rate)  and  in  essence  was  allowed  for  by  us  when  rate  in  a  number  of 
determining  parameters  was  not  considered.  Thus,  is  considered  stationary  part 
of  the  complicated  problem  of  heat  exchange  (tnerroal  inertness  was  considered 
earlier).  Therefore,  accepted  scheme  of  experiments  (constant  temperature  of 
heated  medium)  is  permissible. 

For  experiments  were  used  ribbon  model  thermocouples  of  copper-constantan 
of  following  dimensions:  h  =  0.05  ran,  0.5  mm,  0.7  nm,  2.0  mm,  and  mangardn- 
constantan  h  =  0.2  ran,  0.6  ran,  1.2  raa.  As  medium  was  taken  glycerine,  similar 
in  its  thermal  properties  to  many  condensed  substances  (including  powder  H). 

Model  thermocouple  wa3  sealed  in  plexiglao  sleeve,  in  which  there  was  glycerine 
at  a  temperature  of  50°C,  after  which  part  of  thermocouple  protruding  from  bottom 
of  sleeve  was  submerged  in  glycerine  heated  to  250VC.  Thermocouples  could 


withdraw  from  bottom  of  sleeve.  Process  of  heating  of  thermocouple  was  recorded 
on  potentiometer  EPP-09  (Fig.  3)*  Aim  of  measurements  was  determination  of 
established  temperatures  of  thermo Junction.  Temperature  of  fall  everywhere  was 
300&C.  Results  of  experiments  are  presented  in  Pigs.  4  and  5,  from  which  it  is 
clear  that  there  is  a  significant  understating  of  temperature  of  medium  at  small 
sixes  of  shoulder,  especially  sharply  developed  for  better  heat-conducting  thermo- 

Results  can  be  described  by  formulas 

Y  — ~r. =  0006 (D*  for  ** 

f^T.  =  »^)"f0r  5 

Experiments  with  thermocouples  of 
two  indicated  types  differ  by  thermal 
conductance  of  thermocouples.  There¬ 
fore,  results  can  be  combined  if  we 
consider  coefficient  of  thermal  conduc¬ 
tance  (true,  it  must  be  kept  in  mind  that 

Fig.  4«  Understating  of  temperature 

by  thermocouple  of  copper-constantan  changed  only  at  one  electrode,  and 

due  to  thermal  losses  to  end  as 

a  function  of  dimensionless  depth  of  therefore  the  formula  is  tentative) 
submersion:  1  -  h  =  0.05  am.  2  -  h  = 

~  0.5  urn,  3  -  h  =  0.7  ■»,  4  —  h  =  r*  — t»  l 

=  2.0  am.  f ,  -  r, =  i  + 135  x,v.  (A  /  /jr 

If  we  set  relative  error  at  2%3  we  obtain  following  formula  for  size  of 

shoulder  of  thermocouple. 

/=2oa*j/"xj  (/ cm, Ac*. x*  cal/aa»sec *deg 

As  example  we  indicate  that  at  h  “  5  p  for  copper  1/2  1  =  500  M  ,  manganin 
and  const&ntan  1/2  1  **  80  n  ,  for  tungsten  and  rhenium  1/2  1  =  200 

Thus,  due  to  large  losses  of  heat  to  ends,  necessity  of  n  -  shaped  form 
of  th«ra»couple  is  evident.  However,  for  thermocouple  of  such  form,  there  is 


couple  of  copper-constantan. 


?*2 


the  possibility  of  deflection  of  central  part  of  shoulder  under  action  of  gas 
flow,  especially  in  first  moment  escape  to  gas  phase.  We  will  show  that  it 
is  possible  to  select  size  of  shoulder  so  that  at  its  previously  obtained  dimen¬ 
sions  (from  considerations  of  smallness  thermal  losses  to  ends)  deflection  of 
shoulder  is  small. 

Superficial  estimate  of  dynamic  deflection  in  center  of  shoulder,  i.e.,  in 
place  of  therrooj’mction,  assuming  hinged  joining  of  ends  of  shoulder  with  ends 
of  thermocouple  (obviously,  rigid  connection  prevents  deflection  of  shoulder), 
is  possible  by  the  formula  (see  [4]) 

5  pbl*  l  «  Pi“i?  .  D  _  P»a»*  \ 

W  =  192  El  V  —  L  Hi  / 


where  H  -  amount  of  deflection,  E  -  Young's  modulus,  I  -  locment  of  inertia,  p  ~ 
aerodynamic  pressure  [5],  and  R  -  Reynold's  number  for  shoulder.  Taking  ratio 
’o  =  20  1,  we  can  find  bond  between  h  and  1  during  displacemnt  of  central  part  of 
thermocouple,  equal  to  thickness  of  thermocouple  (H  —  h). 

We  obtain  equation 


trc 


Fig.  5.  Understating  of  temperature 
by  thermocouple  of  raanganin-constantan 
due  to  thermal  loss  to  ends  as  function 
of  dimensionless  depth  of  submersion: 

1  -  h  =  0,2  mm,  2  -  h  =  0.6  ma,  3  - 
h  =  1,2  mm. 


in  Table.  1  are  selected  in  such  a  way  as 


IP  0.06  tm  /  £)  |»iH, 

where  |it  -  viscosity  of  gas,  or  for 
conditions  of  burning  of  powder  H  (pres¬ 
sure  5  to  150  atm  [tech]), 

P  =  10“  to  10*  A*. 

One  is  easily  convinced  that  opposite 
requirements  of  small  thermal  loss  to 
ends  of  thermocouple  and  its  sufficient 
rigidity  are  compatible  both  for  gas 
and  for  condensed  phases  which  allows 
application  of  n  -  shaped  thermocouples. 

Let  us  note  that  magnitudes  cf  1 
to  satisfy  requirements  of  rigidity 
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and  smallness  of  thermal  losses  to  ends 


Comparing  requirements  presented  to  thermocouples  for  unerring  recording 
of  temperature  distribution  in  gas  and  condensed  phases,  we  arrive  at  conclusion 
that  requirements  in  gas  phase  are  more  strict  and  if  they  are  satisfied,  tempera¬ 
ture  distributions  in  condensed  phase  will  be  also  unerring. 

Absence  of  influence  of  thermal  losses  to  ends  of  thermocouples  on  their 
readings  in  condensed  and  gas  phases  for  selected  sizes  of  shoulder  was  checked 
experimentally  with  the  help  of  M  -  shaped  thermocouples  for  which  thermal  losses 
to  ends  change  sign.  Therefore,  if  thermal  losses  influence,  then  temperature 
profiles  obtained  by  these  thermocouples  and  usual  n-  shaped  must  differ. 
Experiments  showed  that  within  limits  usual  scattering  distinction  is  not  observed. 

Also  observed  experimentally  was  influence  of  absence  of  shoulder  for  a 
thermocouple  by  means  of  comparison  of  temperature  profiles  obtained  by  usual 
n  -shaped  thermocouples  and  thermocouples  with  angle.  In  Fig.  6  are  given  typical 
recordings  by  these  two  forms  of  thermocouples  (powder  H,  pressure  20  atm  [tech], 
thermocouple  o>  30  m  )  illustrating  well  the  strong  distortion  of  temperature  distri¬ 
bution  due  to  thermal  loss  to  ends  for  thermocouples  "by  angle."' 

Approximately  the  same  understating  of  temperature  gradient  can  be  obtained 
by  calculating  means  presented  in  present  work. 

It  is  necessary  to  consider  that  distortion  of  temperature  profile  obtained 
by  thermocouples  sealed  "by  angle"  will  be  connected  also  with  disturbance  of 

one-dimensionalness  of  process  of  burn¬ 
ing  of  powder  (in  particular,  with 
distending  of  surface  of  powder  at 
output  of  thermocouple  to  gas  phase, 
inasmuch  as  layer  of  condensed  sub¬ 
stance  adjacent  to  thermo junction  will 
start  to  decompose  only  if  temperature  of  thermo junction  is  near  to  temperature 


Fig.  6.  Temperature  profiles  of 
H -powder  at  pressure  of  20  atm 
[tech]  obtained  by  thermocouples 
$30  a»  of  various  fora  (re¬ 
shaped  and  "by  angle"). 


of  surface). 

In  conclusion  we  indicate  the  receipt  of  temperature  profile  with  the 
help  of  thermocouples  covered  by  thin  borax  layer.  For  nitroglycerine  powder  H, 
temperatures  profiles  received  by  these  thermocouples  (h  -  3.5  layer  of  borax 


-  3  v )  to-  1A00°C  (boiling  point  of  borax)  are  within  jJjEdts  of  usual  scattering 
of  experimental  data  which  indicates  absence  of  noticeable  catalytic  effect  for 
our  thermocouples. 

The  author  thanks  A.  A.  Koval* skiy  for  organization  of  the  work  and  valuable 
remarks  during  discussion  of  results. 

Submitted 
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DISPERSION  AND  ACCIDENTAL  ERROR  OF  MEASUREMENT  OF  TEMPERATURE  OF 
LOCALLY  ISOTROPIC  TURBULENT  FLCW 

Yu.  I.  Rozenshaok 
(Leningrad) 

Process  of  measurement  of  temperature  of  nonisothermal  flow  of  gas  or  liquid 
by  contact  method  is  accompanied  by  appearance  cf  accidental  error  determined 
by  statistical  character  of  turbulent  pulsation  of  temperature  in  flow  and  by 
dynamic  characteristics  of  data  unit.  Appraisal  of  accidental  error  of  measure¬ 
ment  of  temperature  of  air  in  turbulent  atmosphere  by  linear  thermal  receiver 
was  conducted  in  [3j.  Here,  resultant  conclusion  in  [1]  were  based  on  approxima¬ 
tions  of  transient  response  of  thermometer  of  exponential  function  of  time. 
Meanwhile,  it  is  known  that  such  approximation  has  very  rough  character  and  is 
valid  only  in  case  of  equality  of  average  temperature  at  surface  of  thermometer 
with  its  average  volumetric  temperature,  which  corresponds  to  application  as 
thermometric  body  of  material  with  infinite  thermal  conductivity.  In  general 
case  this  condition,  obviously,  does  not  have  place,  especially  for  high  frequen¬ 
cies  of  energy  spectrum  of  turbulence  during  intense  heat  radiation,  and  also  for 
thermometers  of  low  thermal  conductance  and  not  too  small  a  radius. 

Let  us  consider  the  problem  of  determination  of  accidental  error  of  measure¬ 
ment  of  temperature  of  locally  isotropic  turbulent  flow  without  essential 
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limitations. 


Process  of  heat  transfer  in  a  thermometer  is  described  by  heat-conduction 
equation 

ar* 

=  (i) 

with  boundary  conditions  on  surface  of  body 

-V7-|.+  T<e-7V>  =  0  (2) 

and  initial  condition 

T*  (*,  y,  z,  0)  =  o  (3) 

Here  T*  -  temperature  of  body;  X.  a  -  coefficients  of  thermal  conductance 
and  thermal  diffusivity  of  body;  a  -  coefficient  of  heat  exchange;  e  -  ambient 
temperature. 

Applying  operational  calculus  to  problem,  we  obtain  expression  for  sought 
temperature  T*  (x,  y,  z,  t)  in  the  form  of  Puhamel  integral 


I 

r*(*. =  $  u’(r> 


•  (4) 

Here  u*  (x,  y,  z,  t)  represents  solution  of  problem  when  ambient  tempera¬ 
ture  is  described  by  the  Heavyside  function  (of  unit  force). 

Relationship  (4)  can  be  represented  in  following  equivalent  fora  with  regard 
to  (3) 

t 

T-C.V...0-5  «•(*.*.*■  t>  8  (*-0*  (5) 

where  G*  (x,  y,  z,  t)  -  local  pulse  transient  function.  For  quasi-stationary 
regime,  upper  limit  of  integral  can  be  taken  as  equal  to  infinity. 

Since  the  majority  of  applied  data  units  of  temperature  (thermocouples, 
thermometers  of  resistance  etc.)  will  covert  to  a  useful  signal  not  local,  but 
average  volumetric  value  of  temperature,  it  is  necessary  to  average  T*  (V) 

00  CO 

volume  of  body.  r (j)  =  J  c*  (r,  i) e  (/  - r) * J  c  (t)  e  (<  - t) * 

(6) 

21 : 


Averaging  both  parts  of  (6)  by  time,  when  e  (t)  represents  stationary  random 
function  of  time,  we  find  that  mean  value  of  temperature  of  medium  and  thermo¬ 
meter  coincide  in  accuracy 

'  r  oa 

<r(i)>«=<e  (<-T»Cc(t)rfv- 

:  6 

-  <0  (<)>  -L  t  <*.  V,  *.  «)  -  «*  (*.  y.  ».  0))  dV  -  <6  (t)> 

f  (7) 

since  u*  (x,  y,  a,  *>  )  =  1,  u*  (x,  y,  z.  O'  *  0.  Thus,  if  we  disregard 
systematic  errors  of  measurement  of  temperature  caused  by  pulsation  of  heat 
radiation  with  time  [2],  the  systematic  error  of  measurement  of  temperature  of 
turbulent  flow  by  linear  thermometer  is  absent,  in  accordance  with  whicn  mean 
square  error  is  an  accidental  error  of  indications  of  instrument. 

Considering 


fW-n+rw,  9(0  =  e,+ e-(o  (8) 

where  Tc  and  e0  -  constant  constituents,  r  and  e*  -  pulsational  parts,  and  con¬ 
sidering  that  T0  =  6o.  we  obtain  formula  for  conversion  of  correlated  function 
field  of  temperature' by  linear  thermal  receiver 

oooo 

*T  W  -  <T'  («>  r  «  +  t)>  -  5  $  G  (T*> G  <T»)  A%  (»  +  f»  -  to  rfr,  rfr,  /  9  X 

Expressing  correlated  function  through  temporal  structural  function  field 
of  temperatures  A».  we  obtain  analogous  formula  for  relationship  structural 
functions  d9  and  DT  at,  entrance  and  output  of  thermometer 


OOOO 

Dt  <t)  «=  2  (5X*  -  V)  +  G  (T‘) G  <T‘>  °9  (t  +  T»  -  ti)  dxi  dxt  /10  J 

•  •  '  ' 

Here  oT*  -  dispersion  of  indications  of  thermometer,  30»  -  average  square 

of  pulsation  of  temperature  of  flow 

d%  (t)  =  <(e*  (/ + 1) — e*  (/))*> 

From  (9)  or  (10)  at  t  *  0  we  find  expression  for  dispersion  and  root  mean 
square  error  of  indications  of  thermometer  through  correlated  or  structural 
function  of  field  of  temperatures  and  pulse  transient  response  of  thermometer, 


determined  for  bodies  of  simple  form  by  analytic  means 


CO  CP 

aT*  =  <s„i  -  -i-  J  J  C  {Tl)  C  (T,)  D« ~  T,)  dXl  dx ’ 


0  = 


o  o  (ID 

Conraon  integral  of  Fourier  equation  (1)  with  conditions  (2)  and  (3)  at 
1  in  accordance  with  Boussinesq  theorem  [3]  is  expressed  by  formula 


«•(*.  y.  *.0  =  l  —  2  Aiui(x>v> 

f-n 


(12) 


Here  A*  -  constants  (initial  thermal  amplitudes),  U js  -  eigenfunctions  of 
J 

problem  satisfying  Helmholtz  equation 

=  0  (mj  =  T  jfa) 


m 


j  =  eigenvalues.  Eigenfunctions  Uj  satisfy  boundary  condition  (2)  of  mixed 
type  on  surface  S  limiting  considered  body.  Accordingly 


G»(x.  y.  i.<)  “ 

J 


(13) 


From  (11)  and  (13)  we  obtain 


CO  90 


>-i  *-i 


(14) 


where 


1  e  ?°° 

p-  \  Uj(V)dV,  fy*  =  ^  $  exp  l~  tyT‘  +  V»)l  De  (** -  *») rfT» rft*  = 

*  •  t 


(15) 


In  case  of  locally  isotropic  turbulence  for  temporal  structural  functions 
at  small  t  can  be  taken  exponential  approximation  of  Kolmogorov  -  Obukhov  [4-7] 

D9(x)=*Cx°  (16) 

where  C  and  P  -  quantities  independent  of  x.  Hence 


t;*- 


crq  +  p) 

(Tj  +  T*) 


(7j'(ut>) 


+  V<uW> 


(17) 
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Equivalent  form  of  (17)  during  calculation  of  (16)  is 


(is) 

Putting  (17)  or  (18)  in  (14)  and  changing  indices  of  integration  in  resultant 


second  double  sum,  will  find 


«r!  -  V  -  r  (.  +  »  S  S  v.  ^  WA  (tj-) 


We  apply  obtained  expression  (19)  to  determination  of  dispersion  and  acciden¬ 
tal  error  of  measurement  of  teaperatu re  oi  locally  isotropic  turbulent  flow  by 
thermometric  bodies  having  plane,  cylindrical,  and  spherical  form  (one-dimensional 
problem).  Using  certain  results  obtained  in  analytic  theory  of  thermal  conductance 
L9],  for  all  three  cases,  after  simple  conversions,  we  obtain 


«rw,-V- 


,* — vr  <i  +  p)  2  /•/•uk/'-'d*  (-U 

i— i  'tj 


Here  v  “  1,  2,  3,  for  plate,  cylinder  and  sphere  accordingly 


-(’> «  ±> _ 

Tj  - 


jr  (U  _  4  (l)n  U)  „  _ tEL _ 

i  ‘J  %  k/V1  {£*  +  £  +  h/1,5I 


f- 


f/3)  =  A/\<3)  .< 


li/3>3  {Bt-B  +  nf*}  (21) 


where  Hj0).  PjW  and  root3  of  characteristic  equations 


**«Pr  -~g~* 

1  lx-1 


A (!»/•>,  i  ~  J* 


y  d)  _  /_i\  /cthH  x  *  \  /  t  W  *  1  \ 

*  -  2*j  *  Wi  "LwJ  W*>W»)  +  b) 

(23) 

t /» cth -i+_B')  (*~x) 

i  • 

Here  JQ  and  -  Bessel  functions  of  first  kind,  Iq  ^  12  -  modified 
Bessel  functions  of  first  kind,  B  -  Biot  criterion,  R  -  characteristic  dimension. 
When  there  is  accurate  information  on  quantities  C  and  p,  it  is  expedient 


220 


to  use  for  V  expression  (17).  Here 


=t(’,s  =  V~C/f*V»Q('»  (0)  (24) 

where 

00 

<?(”  (0)  =  vr  (t  4  3)  V  (n^> )-*■’ f  wir/**  (25 ) 

>-i  • 

For  conditions  of  atmospheric  turbulence  in  surface  layer  p=  0.42  [1,  8], 
Graph  of  functions  of  for  v  =  1,  2,  3  at  P  =  0.42  is  shown  in  figure. 

Formulas  (20)  and  (24)  give  possibility  also  to  determine  mean  square 
error  of  indications  of  thermometer ,  and 


ew  =  -  3T<',,,  Jv*  ---  V Q«’»  {//)( 26) 


representing,  as  wa3  already  indicated, 
accidental  error  of  measurement  of 
temperature  of  locally  isotropic  turbu¬ 
lent  flow. 

A3  follows  from  curves,  optimum 
properties  in  the  sense  of  minimum  of 
accidental  error  belongs  to  the  spherical 
thermal  receiver,  whereas  thermometer- 
plate  has  worst  properties  in  this 


sense.  It  is  necessary  to  note  the 

presence  of  a  finite,  accidental  error  not  vanishing  to  zero  during  infinite 
heat  radiation.  In  this  case  pulsations  of  temperature  on  surface  of  thermometer 
coincide  by  phase  and  amplitude  with  pulsations  of  temperature  in  flow.  However, 
as  a  result  of  presence  of  temperature  drop  through  thickness  of  thermometer, 
accidental  error  does  not  turn  into  zero  as  would  have  occured  during  formal 
application  of  condition  U  —  co  to  thermometer  of  infinite  thermal  conductance. 
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Function  V  Q'v)  (B)  ,  and 
10- *  <  B  c;  to  by  approximately 
constant  and  equals  =0.5. 


consequently,  accidental 
three  times .  At  D  >  10  , 
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ON  ONE  NONLINEAR  PROBLEM  OP  THERMAL  CONDUCTION 
S.  I.  Anisimov  and  T.  L.  Perel'man  (Minsk) 


In  theory  of  thermal  explosion  and  in  a  number  of  questions  of  theory  of  thermal 


conductance  [1,  2]  is  encountered  nonlinear  equation 

?~.=  «Ar-f9  exp  (--£•)  (l) 

Source  in  right  side  of  (l)  approximately  describes  thermal  divisions  during 
chemical  reaction,  and  constant  E  signifies  activation  energy  of  reaction. 

Let  us  examine  simplest  one-dimensional  boundary  value  problem  for  equation  (l) 

T(x,  0)  =  T*  {—  /  < t  <  /}  ^ 

or  the  same, 

TO.  t)  =  Tc,  =  r(x,  0)  «  t, 


We  will  introduce  dimensionless  variables 


•t 


l«T.  r  =  "7F  ,  O(S.t) 


T(x.  o 


_ .  m  J  8  .  Zl  f1* 

Let,  further,  G(\.  £':t  —  to  -  Green's  function  of  heat-conduction  equation 

for  unit  section.  Problem  (l)  -  (3)  will  be  reduced  to  integral  equation 


(4) 


t  1 

•  { l .  *)  -  ?  « .  T)  +  t  \  5  G  ($,  V:  T  -  to  exp  d\’dx- 

it 

♦  (t.  t,  =  0c-~  (6e-0,)  2  IriV,  exP [—  (*T  ~2  )*  T] ros  {*  +  4") 


Green's  function  has  fora 

C(l.  V;  *-*')«  »/«[•«  (•'*«  + V):  +  «'*(T-tO>| 


(5) 


(6) 


(7) 
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Theta  functions  in  right  aide  o*'  (7)  we  determined  by  equality  [3J 


ir)  =  2  2  exf  j-rt  [n+  -j-J *’]'<» (2/»  d  1)'J 

Let  ua  note  that  Green’s  function  (?)  is  syanetric  about  arguments  «  and  i' 
and  in  considered  region  is  nowhere  negative. 

Equation  (5)  can  be  solved  by  sequential  approximations  of  form 

T  1 

.  8(BM)  (5.  t)  =  *  t)  +  e  $  $  G  <|t  l'-,  T  -  x1)  exp (g) 

During  solution  of  boundary  value  problems  analogous  to  (l)  -  (3),  usually 
interesting  are  conditions  of  existence  cf  such  temperature  distribution  which  when 
t-og  would  change  to  stationary*  It  is  not  difficult  to  show  that  such  distribution 
exists,  if  parameter  »  is  sufficiently  small.  Hare,  sequence  of  functions  e(n,(l.  *) 
is  evenly  reduced  to  solution  of  integral  equation  (l).  In  order  tc  show  this,  we 
will  compose  following  expression 


tl  ^ 

v  T) 

x  s’**  (r,  f)  -  e(n_,>  ({•',  x1)  "  ‘ 


Let  us  note  that  e***’  _  $*••-«)  ^  o.  since  $(;,*)>*>*  £(l.  l‘:  T~~  We  will  in¬ 


troduce  designation 


From  (9),  it  follows  that 


<  AM»  A  -  mex  [”?  ~ «P  ^>  ]  -  Jt>^} 

It  is  easy  to  check  that  x<  i.  if  In  this  case  there  exists  limiting 

function  of  sequence  (8),  which  will  be  solution  of  equation  (5)< 

For  chemical  kinetics,  case  of  is  of  interest.  It  is  easy  to  show  that 

in  this  case  inequality  for  e  has  font 

1  —1 
•<JT“  Pfc. 


2?A 


where  8m  -  the  biggest  value  in  consider*!  region  of  o(l.  d. 

Let  us  note  that  describee*  aethod  of  successive  approximations  indicates  the 
existence  of  a  solution.  Applying  known  theorems  of  theory  of  integral  equations 
(see,  for  example  [4])  it  is  easy  to  show  that  equation  (5)  has  at  least  one  solutior 
at  any  values  of  parameter  t.  Meaning  of  result  is  that  in  a  certain  interval  of 
values,  solution  will  be  unique.  We  will  return  to  this  question  below  during  in¬ 
vestigation  of  the  stationary  problem. 

Method  of  successive  approximations  allows  to  receive  approximate  solutions  in 
certain  simple  extreme  cases.  Let  us  consider,  at  first,  solution  during  rather 
long  times. 

1.  We  will  consider  that  parameter  t  is  rather  small,  so  that  in  all  times 
there  is  a  unique  solution  of  equation  (5)  which  can  be  obtained  by  iterations  of 
(8).  We  will  calculate  o<n  (5,  t)  taking,  for  zero  approximation,  stationary  temperature 
distribution,  e(|,  «.)  =  o(\)  satisfying  relationships 


^(E)  (  i  \ 

-dV~  +  tcxp\—QW)~0'  *<l>  =  3c 

Solution  of  problem  (10)  has  form 


(i  —  l)  V2t  =  ^  [  $  exP 


where  em  -  the  biggest  value  of  function  ejj)  in  section  0<£<t,  which  due  to 
sysiaetry  is  attained  at  I  =  0. 

Stationary  solution  of  e  (D  is  unique  if  equation  (li)  at  5  =  0  is 
unique  for  every  e  value  of  constant  em;  here  integrals  entering  in  (11)  are 
not  expressed  in  elementary  functions.  However,  general  character  of  dependence 
8^  (e)  can  be  investigated  without  resorting  to  numerical  integration.  It  is  easy 
to  see,  firet  of  all,  that  equation  (11) at  has  at  least  one  solution  for  om 

at  any  values  of  z;  indeed,  takes  place  appraisal 

Y?*>\  [}  j  _/8w-6e«p^-  . 


2Z5 


Consequently,  values  of  t  can  be  as  large  as  desired.  Lot  us  note  that  after 
replacement  in  work  [2] 

«P  expj-j-  U 

e  vc 

solution  at  sufficiently  large  *  does  not  exist.  This  is  intelligible  because  as 
a  result  of  replacement  of  (13)  in  equation  (10)  instead  of  bounded  function  - 
<>xp(~t  /®>  there  is  an  infinitely  increasing  function  of  e*P(”®).  and  known  conditions 
of  existence  of  solution  (see,  for  example,  r.5j)&re  unfulfilled. 

Expansion  of  (13)  is  valid  under  two  conditions;  oe<^i  and  om  — or<ec.  Preserving 
the  first  of  them  and  comparing  result  obtained,  in  [2]  with  estimate  of  (.12),  it  is 
simple  to  conclude  that  during  fixed  ot  function  C(0m)  has  at  least  two  extremes 
among  which  is  a  region  of  ambiguity  of  solutions,  where  every  value  of  r.  corre¬ 
sponds  to  more  than  one  (in  reality  three)  values  of  6m.  More  detailed  consideration 
shows  that  minimum  of  function  cl**)  lies  in  range  of  values  om— j.and  also  that 
there  is  such  a  critical  value  «c\  30  that  ®c>®c*  solution  of  stationary  problem 

exists  and  is  unique  at  all  e.  These  remarks  may  be  of  interest  in  case  of  re¬ 

actions  with  low  activation  energy. 

Taking  solution  (ll)  for  zero  approximation,  we  obtain  value  of  function  «(*, t) 
similar  to  steady  state.  Result  has  form 

1 

*)«•(&)-}  *7  exp(-x)cosif[e#“ir5 6 <V) cos **  t* **']  (15) 

If  in  entire  region  0(£)<^i,it  is  possible,  using  method  of  steepest  descents, 
to  simplify  initial  integral  equation.  Omitting  calculations,  we  obtain  result 

««.T)-6(S)-4-^p(-^)co3^fee-o,  +  2|/4emcxp  (-■ 28^)]  (l6) 

Formulas  ( 15 )  and  (16)  are  true  during  condition 

2.  Let  us  consider  solution  at  brief  times.  In  this  case  for  zero  approxi¬ 
mation  it  is  natural  to  take  initial  temperature  %.  Nucleus  of  integral  equation 
(5)  we  simplify,  using  known  relationship  for  Theta  functions 

«>(..i.).,-,',Kp(-'4#,(4.,  -f) 


Leaving  at  t-o  only  main  members  of  Green’s  function  and  executing  integration 


we  obtain  in  result 


8  a.  t)  -  ec  + 1  exp  ar{i  —  +  Y ~  [«  -  X)  oxp  (-  {1~4~)  + 


+  (1  f  l)«P  (-  -  2 exp  ~]}  +  {oo  -  8C  +  t  [ 


(l-l)1 


+  «  X 


xeip  *  (2  k?  )} + _  0e  'F  e  f  T] oip  «r crf  (rpl)}  ■ 
- {*•- •«  *«• e cxp  ir (2 + Tl crf  [yx)}  (erf (x)  =  th 5  C"'V:) 


3.  Let  us  consider,  at  last,  case  when  parameter  e  is  small.  Solution  in 


this  case  can  be  obtained  in  the  form  of  series  by  degrees  of  e,  talcing  for  zero 


approximation  t(£.  t)  (see  (5)).  Let  us  note  that  during  r  —  0  difference  ofn  —  oc-  t 


This  allows  during  sufficiently  long  times  to  disregard  in  (6)  second  member  as  con 


pared  with  first.  The  same  can  be  done  for  all  times,  if  |0C  — 0u|<^oc- 


In  first  order  of  approximation  for  e ,  result  has  form 


®(l.  *)  =*  H>(l.^)  +  ecxpg-ri_l!  -  -L  2 

"  a _ A 


Z=lfl  -  v  2  V  (-1)" 


(n  +  ’/«)J 


x  exp[  —  «*("  +  ~)  t]  cos  (n  7)  n&] 


For  receipt  of  highest  approximation  in  corresponding  calculations  it  is  con¬ 


venient  to  use  method  of  steepest  descents,  applied  above  to  calculation  of  ex¬ 


pression  (16). 


U.  We  will  show,  in  conclusion,  that  in  process  of  establishment  of  stationar 


temperature  distribution  (e<r,)  temperature  in  any  point  monotonely  strives  duri 


t  —  00  toward  corresponding  stationary  temperature.  Intuitively,  this  result  i 


sufficiently  obvious.  For  proof,  we  will  formulate  difference  A (£, x)  ~Q t)  —  0 (|). 
The  latter  satisfies  integral  equation 


»  1 

A  ft.  t)  -  ©  a,  *>  +  R 5  [ c  (5.  V:  T-r)  [exp  -  cxp  d\-  Jf,  ( 20 ) 

CO  1 

©  -  2  2  {$  -  8  O  ««  *  (*  +  7)  V  rfl'}  exP  [JX*(n  +  4)*  TJ  cos  ("  +  7)  "S 
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tion, 


n 

•o 

o. 

COlfl- 


) 


?o  equation  (20)  we  apply  method  of  successive  approximations,  considering 

A(0,(l.t)  -  O(l.t) 

Considering  that  O({,t)<0  (in  physically  interesting  case  ee>e»,  when  medium 
is  heated  with  time),  and  repeating  reasonings  conducted  during  proof  of  existence 
and  singleness  of  solution  of  boundary  value  problem  (l)  -  (2),  we  find  that  A<n)<o 
at  all  t  and  difference  A!n)  —  o  during  t  — 

Submitted 
1  June  1963 

Literature 

1.  V.  N.  Kondrat’yev.  Kinetics  of  chemical  gas  reactions.  Pub.  House  of 
Academy  of  Sciences  of  USSR,  1958. 

2.  L.  A.  Frank-Kamenetskly.  Diffusion  and  heat  transfer  in  chemical  kinetics. 
Izd.  AN  SSSR,  194.7. 

3.  F.  Morse,  and  G.  [Fishbach].  Methods  of  theoretical  physics.  IL,  Vol.  1, 
1958. 

4.  N,  S.  Smirnov.  Introduction  to  theory  of  nonlinear  integral  equations. 
M.-L.,  1936. 

5.  D.  Sansone.  Ordinary  differential  equations,  Vol.  2,  Moscow,  1953. 


n- 


nary 
uring 
X  is 
)• 

)) 


723 


ON  HEAT  EXCHANGE  AT  CRITICAL  POINT  QF  A  BLUNT 
BODY  AT  SMALL  REYNOLDS  NUMBERS 


I.  N.  Murzinov 
(Moscow) 


On  basis  of  analysis  of  flowing  around  spheres  by  hypersonic  flow  is  revealed 
parameter  determining  heat  exchange  at  critical  point  at  small  Reynolds  numbers. 
Certain  results  of  calculations  are  given  which  were  approximated  by  analytic  ex¬ 
pression  depending  upon  this  parameter.  Obtained  function  is  compared  with  ex¬ 
perimental  data. 


Using  main  assumptions  of  work  [1],  equations  of  momentum  and  energy  in  environ¬ 
ment  of  critical  point  of  sphere  are  written  in  the  form 

Wn'  +  W'-n-'r  ^-0. 

(.../•W,  —48., 


Here  *r0,  y t,  -  distances  along  generatrix  and  on  normal  to  body,  rD  -  radius  of 
sphere  ♦  uV^.  v  vm,  pp^.  «'/„*.  pp„  vj  -  accordingly  constituent  velocities  on  axes 
X  and  y.  density,  viscosity,  enthalpy,  and  pressure  of  gas,  p„.  »'*,  -  density, 

viscosity,  and  approach  stream  velocity,  a  -  Prandtl  number,  dash  signifies  dif¬ 
ferentiation  by  variable  n.  Quantity  b  determines  pressure  gradient  at  critical 
point  of  body,  so  that  g 
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Boundary  conditions  are  condition  on  body  and  in  shock  wave: 


«■=»*«.  /=/*==  0  at  l-0 


0,5,  /■ 


/'  = 


at  n  « 


(2) 


where  -  radius  of  curvature  of  shock  wave,  n«  -  unknown  quantity  characterising 
position  of  shock  wave. 

At  given  b  and  are  six  conditions  (2)  sufficient  for  solution  of  system  (l) 
and  determination  of 

Considering  pressure  distribution  on  sphere  to  be  Newtonian,  we  can  be  obtained 
b  (1  -  I/2k),  where  k  -  ratio  of  densities  in  direct  shock  wave.  For  spherical 
blunting  at  low  wall  temperature,  thickness  of  displacement  of  boundary  layer  is 
small.  Therefore,  we  will  consider  that  magnitude  of  r^  will  remain  the  same  as 
during  ambient  flow  around  a  sphere  by  inviscid  gas.  In  calculations  were  U3ed 
values  of  rj  determined  by  data  of  [2,  3]  as  functions  of  k. 

Product  of  density  by  viscosity  at  constant  pressure  was  considered  power 
function  of  enthalpy 

py-cf*  (3) 


Constants  c  and  n  (*-0.3)  were  determined  from  results  of  [A].  Prandtl  number 
in  calculations  was  relied  on  as  constant  <j  =  0.72. 

Calculations  showed  that  last  member  of  first  equation  of  system  (l)  weakly  af¬ 
fects  its  solution  at  v<t.  Thus,  during  change  of  iaagnitude  cf  b  in  interval 
b  =  0.5  to  1.5,  calculated  heat  flow  changes  by  only  2  to  3$. 

Therefore,  density  entering  in  last  member  of  first  equation  was  approximated 
by  expression  p  *=  (2ki)“^.  This  approximation,  practically,  is  accurate  in  inviscid 
region  of  flow  and  very  weakly  affects  amount  of  heat  flow. 

iSquations  of  (l)  and  condition  of  (2)  can  be  converted  to  form 

(I ~V)'  -t-  2?9*  —  <pa  +  4 bki  0 

+2<p.'~o 

1  f  =  f'  =  o  at  C  =  ° 


(A) 


(~o.5,  9  =  ^77.  f'=ry  atC  =  C» 

?n0 


(5) 


there 


/=  Yc  <p  (0.  i  =  1(0.  C  =  q7=.  Ci= 

y  c  V  c 

Considering  earlier  state  relationship 


Fig.  1.  1  -  V  co  =  11, 000  m/sec, 

k  =  0.06;  2  -  V  cx>  —  8,000  m/sec, 
k  =  0.06;  3  *  Vco  -  6,000  m/sec, 

k  =  0.07;  k  -  V  co  —  4,000  m/sec, 

k  •-=  0.C9. 


of  weak  dependence  of  heat  flow  on  member 
coupled  with  pressure  gradient  (see  Lees  [5]), 
and  also  fact  that  at  hypersonic  speeds  ',ixi 
and  for  strongly  cooled  wall  from  (U) 

and  (5)  it  follows  that  unique  quantity  which 
determines  influence  of  small  Reynolds  num¬ 
bers  on  heat  exchange  is  value  of  <p  at ;  ~ 

This  valve  with  aid  of  (3)  we  easily  con¬ 
verted  to  form 

, _ YhFVj jiijTn  ^ (6 ) 


where  RQ  -  Reynolds  number  calculated  by  parameters  of  deceleration  behind  the  direct 
3hock  ave. 

In  such  a  manner,  heat  exchange  in  environment  of  critical  point  at  ~>all 
Reynolds  numbers  will  be  determined  by  parameter  N  *=  Rjjk^.  Usually,  results  of  in¬ 
vestigations  are  presented  as  function  of  RQ,  Mach  number  and  adiabatic  coefficient 
[6  -  8]. 

System  of  equations  (l)  was  in  numerical  solved  by  Runge-Kutta  method.  Calcu¬ 
lations  conducted  for  sphere  showed  that  heat  flow  normalised  to  its  value  without 
regard  for  interaction  with  shock  wave,  practically,  depends  only  on  parameter  N. 
Quantities  of  heat  flow  for  small  Reynolds  numbers  without  regard  for  interaction 
with  shock  wave  were  determined  by  results  of  calculations  at  large  Reynolds  numbers 
(R  oo~  106)  on  the  assumption  that  heat  flow  <?  <v  V um.  Heat  flows  thus  normalised 
for  various  velocities  depending  upon  parameter  N  are  listed  in  Fig.  1.  Results  of 
calculation  can  be  well  approximated  by  dependence 

0==14.  2M 

Vl  \log/V  -f  0.95)1 1 


(7) 


which  is  also  shown  in  Fig.  1. 

xt  is  possible  to  expect,  due  to  normalisation  of  results  of  calculation,  that 
use  of  a  different  kind  of  assumption  will  not  strongly  show  up  in  (7).* 

Comparison  of  calculations  by  dependence  (7)  with  experimental  data  of  [6,  73 
is  shown  in  Fig.  2.  It  is  clear  t/i&t  calculation  satisfactorily  agrees  with  ex¬ 
periment  and  parameter  N  is  actually  the  determining  parameter  of  the  problem. 

Investigations  of  influence  of  small  Reynolds  numbers  on  heat  exchange  are  us¬ 
ually  limit  to  the  sphere.  It  is  interesting  to  reveal  influence  of  small  Reynolds 
numbers  on  flowing  around  environment  of  stagnation  point  of  bodies  of  other 
configurations.  We  will  originate  from  assumption  that,  just  as  for  sphere,  for 
strongly  cooled  wall  on  such  bodies,  thickness  of  displacing  of  boundary  layer  is 
negligible  as  compared  with  departure  of  shock  wave  from  blunting. 

It  was  noted  [10,  11]  that  for  dimensionless  departure  of  shock  wave  from  body 
of  rather  general  form  can  be  obtained 


k  _ 

n  “  i  +  Yu 


(8) 


Fig.  2.  1  -  experiment  [6],  k  -  0.167; 
2  -  experiment  [7],  k  **  0.07  to  0.09. 


In  [10]  was  indicated  also  that  if 
radius  of  curvature  of  shock  wave  was  used 
as  characteristic  dimension  quantity  b  de¬ 
pends  weakly  on  forms  of  body.  This  means 
that  the  same  radius  of  curvature  of  shock 
wave,  flow  in  environment  of  critical  point 
of  various  bodies  will  be  identical  at 
identical  incident  parameters  and  conditions 
on  body.  From  this  ensues  following  ap¬ 
proximate  method  of  calculation  of 


*At  results  of  calculation  agree  with  data  of  [9]  (when  Lewis  number 

L  -  l)  with  discrepancy  not  over  5%. 

4 
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influence  of  small  Reynolds  numbers  on  characteristics  of  flow  in  environment  of 
stagnation  point  of  blunt  bodies.  We  determine  departure  of  shock  wave  (or  its 
radius  of  curvature  on  axis)  for  given  body  as  function  of  quantity  k.  By  departure 
of  shock  wave  we  find  radius  of  sphere  r^  which  forms  shock  wave  with  that  same 
departure  and  radius  of  curvature.  By  quantity  r0#  and  k  we  calculate  parameter  N 
and  make  correction  for  small  Reynolds  numbers  according  to  (7). 

Thus,  for  calculation  of  thermal  flow  at  critical  point  of  considered  body,  it 
is  necessary  to  determine  radius  of  sphere  with  that  same  departure  and  radius 

of  curvature  of  shock  wave  and  to  find  thermal  flow  at  critical  point  of  sphere. 
Departures  of  shock  wave  for  considered  body  and  sphere  with  r0  =  rQ^  are  equal, 
therefore,  in  environment  of  critical  point  radiation  thermal  flows  from  gas  volume 
will  be  equal  and  heat  exchange  at  critical  point  of  sphere  with  rQ  =  r^  will  com¬ 
pletely  model  heat  exchange  at  critical  point  of  considered  body. 

Author  thanks  V.  V.  Lunev  for  discussion  of  work  and  remarks  and  N.  G.Kas'yanov 

who  made  calculations.  Submitted 

7  March  1963 
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DETERMINATION  OF  AVERAGE  SECTION  OF  COLLISIONS  OF  ELECTRONS 
WITH  NEUTRAL  ATOMS  OF  WEAKLY- IONIZED  GAS  MIXTURE 

E.  P.  Zimin  and  V.  A.  Popov 
(Moscow) 

Described  are  experiments  on  determination  of  average  section  of  col¬ 
lisions  of  electrons  with  neutral  atoms  at  temperatures  of  1900  -  2300*  K. 
Sections  are  determined  by  data  on  attenuation  of  radio  waves  in  products 
of  combustion  of  a  methane-oxygen  mixture  with  addition  of  potassium. 

1.  As  was  shown  in  [1,  2],  under  certain  conditions,  attenuation  factor  of 
radio  waves  in  conducting  gas  is  coupled  with  electrical  conductivity  of  this  mediusn 
by  following  relationship; 

<W  =  5.5+I0'(i  +  ~)J  (1) 

Here  o»-  electrical  conductivity  to  direct  current  (sec““); & angular  frequency 
radio  emission;  v  -  effective  frequency  of  collisions  of  electrons  with  heavy 
particles  of  gas;  y  -  attenuation  factor  (db);  and  z  -  length  of  investigated  ob¬ 
ject. 

From  equation  (l)  it  follows  that  knowing  the  experimental  values  of  7.  it  is 
possible  to  calculate  values  of  electrical  conductivity  to  alternating  current 
o0(i+u>’/v’)  and  further  through  known  v  to  determine  quantity  os.  Unfortunately, 
quantity  v  ,  at  low  energies  of  electrons,  i.e.,  at  temperatures  less  than  5000°K, 
for  majority  of  gases  is  not  accurately  known.  Knowledge  of  it  presents  great 
practical  interest. 


^5 


However,  from  equation  (l)  it  follows  that  by  measurements  of  attenuation  factor 
of  radio  wares  on  any  two  frequencies,  one  can  determine  both  o»,  and  v,  her  e 

(2) 

^  mv 

Here  n.  -  concentration  of  electrons,  a  and  e  -  mass  end  charge  of  electron 
© 

respectively. 

Further,  effective  frequency  of  collisions  of  electrons  with  heavy  particles 
of  gas  is  expediently  determined  by  following  relationship: 


v  *» 


(3) 


which  is  a  result  of  condition  that  resistance  of  gas  can  be  represented  as  sum  of 
resistances  of  weakly-ionized  gas  in  which  elastic  collisions  of  electrons  with 
neutral  atoms  predominate,  and  of  strongly  ionized  gas  in  which  Coulomb  interactions 
of  electrons  with  positive  ions  [3 3  predominate.  In  equation:  (3)  v  -  average  ther¬ 
mal  velocity  of  electrons;  n^  -  concentration  of  atoms  of  nonionizing  component  of 
mixture;  n2  -  concentration  of  atoms  of  ionizing  component  of'  mixture;  0^  and  Q2  - 
average  sections  of  collisions  of  electrons  with  atoms  of  corresponding  components 
of  mixture;  and  -  apparent  section  of  collisions  of  electrons  with  ions. 


Above  is  assumed  that :  l)  mixture  contains  neutral  atoms  o r  only  two  gases- 
practically  nonionized  diluent  (nj_,  Qj)  and  slightly  ionized  admixture  (n2,  Q2);  2) 
concentration  of  admixture  is  very  small  (n2  rn);  3)  only  single  ionization  takes 
place  and  4)  degree  of  ionization  of  admixture  is  small  ne  /  n2  1. 

Assuming  form  of  function  Qi(nc)  given,  it  is  expedient  to  use  experimental 
measurements  of  attenuation  of  radio  waves  for  determination  of  concentration  of 
electrons  and  effective  section  of  collisions  of  electrons  with  neutral  atoms  of 
mixture  Q@  *=  +  (^2n2/nl* 

Problem  reduces  to  solution  of  system  of  two  algebraic  equation* 


Here 


**2 _ f  •*,*  -j 

«te)  “  h t 1  +  (t  -1.2) 


(4) 


Cl  x* 
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It  is  necessary  to  note  t)sat  since  is  linear  function  of  relative  concen¬ 
tration  of  admixture  c  *■  n^n-p  knowing  experimental  dependence  Q0(«),  one  can  de¬ 
termine  average  section  of  collisions  of  electrons  with  neutral  atoms  of  diluent 
(Qj )  and  a3.so  of  admixture  (Qg). 

Resolving  system  (k),  we  obtain  (w,>w,) 


or 


SC*- 


17  gfl  \* 

«.*  f 

Luiw 

P«Ai«  J 

=  ^  (HL±_{\(%1_.  V'v’  /“»*  h)"'’ 

W  ‘/Ip, 


e*  -  tvt 


(5) 

(6) 


Apparent  section  of  collisions  of  electrons  with  ions  is  determined  by  expression 
(k  -  Boltzmann  constant.) 


_ 3  *«r» 

2  yiiR  t*  V} ^ 


Q(  —  8. 16s  In  A,  b  ~  -TrTTp  ,  A  --  —  7-= - -zzz  f  n\ 

*  SkT  ■)  V'>*  ^  V  17/ 

For  simplification  of  calculations,  expression  (7)  is  conveniently  converted  to 


form 


2.0-10-* 

Q i  — - fi —  ('«ltg  T  —  lojp  —loyn  —  14) 


2.  If  r\2  n-^  and  Qg  insignificantly  differs  from  Q^,  determining  parameter 

will  be  section  of  collisions  Q-^  which  one  can  determine  by  the  simpler  graphic 
method  [/*].  Putting  constants  in  equations  (l)  and  (2),  we  obtain 


1  1(1)'  v 


(a  !=  a,  1 2»i6) 


(8) 


It  is  obvious  that  dependence  plotted  in  system  of  coordinates  (r'.w1).  lias 
.linear  character  ar>d  allows  to  determine,  from  anglo  of  inclination  of  straight  line 
to  axis  o*s  and  ordinate  (r1)^  heth  ng  and  v. 


Of  course  this  method  cannot  be  used  for  determination  of  average  sections  of 
collisions  of  electron  with  neutral  atoms  of  both  diluen^  (Q^)  and  admixture  (t^). 

3.  Investigations  were  conducted  on  products  of  combustion  methane-air  and 
methane-oxygen  mixtures.  Mixture  was  burned  on  burner  of  torch  type  with  formation 
of  sufficiently  uniform  region  of  products  of  combustion.  Temperature  was  modi¬ 
fied  by  means  of  change  of  composition  of  mixture.  Pressure  was  equal  to  1  atm. 
Slightly  ionized  admixture  was  introduced  into  flow  of  oxidizer  directly  before 
preliminary  mixing  chamber  of  burner  in  the  form  of  aqueous  solution  of  K^CO^  of 
various  concentration.  Temperature  of  products  of  combustion  was  measured  by  meth¬ 
od  of  reversal  of  lines  of  Na.  Method,  of  use  of  waveguide  lines  =  10,000  MC 
and  w2  ~  40,000  MC  is  analogous  to  that  described  in  [1,  2]. 


T°K 

v  .  lO"^  sec-^ 

Qx  •  1015 

1900 

1.49 

1.30 

2000 

1.64 

1.47 

2100 

1.82 

1.67 

2200 

2.39 

2.24 

2300 

3.33 

3.19 

Experiments  were  conducted,  at  three  various  values  of  concentration  of  solution 
of  K2CO3  fed  into  torch  differing  by  10 2  times. 

Given  results  were  obtained  at  various  temperatures;  error  does  not  exceed 
3  -  5*. 

Submitted 
1  April  1963 
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FLOW  BETWEEN  PARALLEL  WALLS  IN  PERIODIC  MAGNETIC  FIELD 

I.  B.  Chekmarev 
(Leningrad) 

S.  A.  Regirer  (1]  investigated  flow  between  parallel  plane  walls  in  nonuniform 
field  on  the  assumption  that  velocity  of  liquid  does  not  change  throughout  flow. 
Recently,  stationary  flow  of  inviseid  electrical  conducting  medium  in  a  flat  duct 
in  the  presence  of  a  nonuniform  external  magnetic  field  was  investigated  in  work  of 
Sakurai  and  Naito  [2].  Magnetohydrodynamic  boundary  layer  in  nonuniform  fields  was 
studied  by  Sherman  [3]  and  Turcotte  and  Lyons  [4]. 

Below  is  considered  stationary  flow  of  viscous  electrical  conducting  liquid  be¬ 
tween  parallel  plates  y  =  +  a  created  by  drop  of  pressure  along  axis  x.  Constitu¬ 
ents  of  magnetic  induction  of  external  potential  field  are  considered  periodic 


functions  of  coordinate  x  and  have  following  form: 

_  _  ,  2 nx  2ny  _ 

Bx  =  —  Bt  fin  -y  sh  -j-  ,  By  = 


2 nx  2 «•/  _ 

^  ~ 1  ~  ® 


(1) 


Since  in  considered  case  all  magnitudes  are  independent  of  coordinate  z,  con¬ 
fining  ourselves  to  small  magnetic  Reynolds  numbers,  we  have: 


du  du 

a7  +  Pp  dj 

3c  do 

a7  +  “ 


dp  .  (d*u  3*u\  du  do 

“d7“-'*Bv  +  TiU?  +  djf)'  d  y=0* 

“7f  +  iiBx  +  ' 1  (£?  +  $)•  /» =  vBx) 


(2) 


Here  B*  and  By  s^e  determined  by  formulas  of  (l),  and  external  electric  field 
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is  absent.  We  will  introduce  dimensionless  variables 

•> 


M  y  *  *  u  v 

**“T-  **-T'  !> 


.  =  A  ,_i 
/*  ’  e_  X 


Q 

“‘=2 3 


Here  u0  -  average  velocity  of  medium;  p0  -  certain  scale  of  pressure.  System 
(2)  in  these  variables  has  form  (asterisks  are  omitted  in  the  future) 


]  OH  du\  dp 

s  (m  -jj  +  *  —  sE  -g*-  —  coa  2«x  ch  2rcey  (u  cos  2xx  ch  2ney  -f 

1  f  a»u  d*u\ 

+  «*  «in  sb  2*ey)  +  r  [*' +  atf) 

(dt  9v  \  dp 

m  jg  +  *  ’XT]  =•  —  B  —  S  sin  2nx  sh  2sey  ( u  cos  2flx  ch  2ney  -f 

•  /  3**  3*p\ 

+  •*  *1“  Tnx  sh  2*ey)  +  7f  + 


9u  St 


(*“p**' 


aBfa  n  pM\ 


Let  us  consider  case  X ';><».  Under  this  condition,  magnetic  field  strength  and 
velocity  of  liquid  will  change  slightly  along  flow  as  compared  with  their  lateral 
change  in  channel.  We  seek  a  solution  of  system  (U)  in  the  form  of  a  series  by  de¬ 
grees  of  small  parameter  «  =  Considering  E=  i/e  ,  vre  find  for  zero 

approximation  of  equation 


dp  dp 


.  du  dr 


H  dy*  ~ S  (C0S  2*r?  *  ~  dx  •  dj"0'  dr  +  dy^0  (5) 

Differentiating  the  first  of  equations  (5)  on  y,  we  exclude  pressure  p  and  ob- 


tain  equation  for  velocity 


d3u  du 

j-y  —  (.V  cos  2*r)*  =  0  (A/*  =  SR] 


resolving  which  under  condition; 


TI 

^  Udy: 


we  find 


eh  ( eat  hu)  —  ch  (M  coc  2**) 

Uwm(U  too  2*x)_l  »i>  {M  cos  2 ju)  —  eh  coe  2k*) 


■ 

When  x-*oo  formula  (8)  changes  to  known  solution  of  Hartmann  problem  for 


uniform  magnetic  field 


ch  My  —  ch  M 
M-i  sh  M  —  ch  M 

?40 


It  is  curious  to  note  that  at  points  *  =  where  cos 


2nr  =  (—  i)n,  we  also 


obtain  Hartmann  profile.  At  points  l/4  (2n  +  l),  where  cos  2.*ir  =  o,  formula  (8) 
gives  usual  Poiseuille  profile  u  -  3/2  (1  -  y^)* 


Thus,  durir»0  motion  of  liquid  in  per¬ 
iodic  external  magnetic  field,  wave  length 
of  which  is  significantly  longer  than 
height  of  duct,  distribution  of  velocities 
is  determined  by  formula  (8)  which  is  analogous  formula  (9)  taken  with  certain  ef¬ 
fective  Hartmann  number  m  \  r»s  |.  Here,  velocity  profile  is  periodically  de¬ 


formed  from  the  Hartmann  when  I  cos  <•  |  -  i  to  Poiseuill.e  at  cos  2nr -vO. 

Transverse  velocity  v  can  be  is  found  from  last  equation  of  (5)  by  known  constituent 


u. 


For  determination  of  pressure  distribution  in  duct,  we  have  relationship 

%  =4[0-<;,/  cos2nxH 

Calculating  its  right  side  with  the  help  of  (8),  we  find 


dp  (M  cos  2rtx)* _  ch  (M  cos  2 nr) 

dx  ~  H  (M  cos  2jur)-‘  sh  (M  cos  2nx)  —  ch  {M  cos  2nr)  (lO) 

In  the  figure  is  shown  change  of  velocity  profile  as  a  function  of  longitud¬ 


inal  coordinate  x. 
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ABOUT  MODELING  OF  MAGNETOKYDROYNAMIC  FLOW 
IN  CHANNEL  IN  ELECTROLYTIC  BATH 

V.  V.  Nr 'arenko 
(Moscow) 

For  flow  of  electrically  conductive  incompressible  liquid  in  flat  channel  in 
presence  of  magnetic  field  at  values  of  Reynolds  magnetic  number  Rejj,  <  1  it  is 
possible  to  disregard  influence  of  induced  magnetic  field  on  motion  of  liquid. 
Furthermore,  in  a  number  of  cases,  the  hydrodynamic  problem  can  be  separated  from 
the  electrodynamic  [1).  Velocity  of  liquid  V  can  be  determined  from  hydrodynamic 
equations,  and  distribution  of  current  density  j  and  electric  potential  ?  in 
channel  is  found  from  Ohm's  law  and  equation  of  inseparability  for  j 

j  =  <7?  +  JVxB) ,  divj=0  (l) 

Here,  B  -  magnetic  field  strength,  v  -  electrical  conductivity  of  liquid,  c  - 
velocity  of  light  in  a  vacuum.  Here,  V  and  B  are  considered  given  functions  of 
coordinates.  Problem  reduces  to  Poisson  equation  for  function  of  <f  . 

If  channel  is  composed  of  sections  of  conductors  and  dielectrics,  boundary  con¬ 
ditions  will  be  constancy  of  potential  of  <f>  on  conductors  and  absence  of  normal 
component  of  current  density,  on  dielectrics  jn  ~  0. 

For  flow  with  variable  velocity  V{V(y)f 0)  in  constant  magnetic  field  (y  -  coordi¬ 
nate  in  transverse  direction  of  axis  of  channel)  problem  also  reduces  to  solution 
of  Laplace  equation  for  certain  auxiliary  function  u  determined  by  relationship 


Curtain  particular  problems  reducing  to  Laplace  equation  are  considered  in  [2  ] . 


It  is  expedient,  for  solution  of  similar 
kind  of  problems  in  those  cases  when  obtain¬ 
ing  of  analytic  solution  is  difficult,  to 
use  methods  of  electric  modeling,  in  partic¬ 
ular  -  the  electrolytic  bath  [41. 

Lower  are  given  certain  results  of 


investigation  of  flow  of  incompressible 

electric  conductive  liquid  in  flat  channel  with  the  help  of  electrolytic  bath. 

Flow  was  modelled  in  channel  of  width  2  6  ,  walls  of  which  were  composed  of 
sections  of  conductors  and  dielectrics  (Fig.  l).  Velocity  of  flow  of  liquid  V  was 
considered  given,  independent  of  x,  and  arbitrary  even  function  of  y.  A  pair  of 
symmetrically  located  electrodes  of  length  2X  was  connected  by  a  certain  external 
load  R.  In  entire  extent  of  channel  perpendicularly  to  its  plane  was  applied  con¬ 
stant  magnetic  field  of  intensity  B  |0,  0,  -  B}  . 

During  motion  of  liquid  in  channel,  on  electrodes  appears  difference  of  poten¬ 
tials  2<y,  and  in  external  circuit  flows  electric  current  I.  On  external  load  R 
will  be  distinguished  power  A'  =  2%,!. 

Under  shown  assumptions,  function  u  determined  by  equation  (2)  satisfies  Laplace 
equation  [2] 


A“  =  0 


(3) 


with  boundary  conditions: 


w  =  at  y-±6  on  electrodes 

d»idy  =  o  at  on  dielectrics 


(4) 


Values  of  fxinction  u  on  electrode  is 
determined  from  following  relationship 


= 


i 


QY-l 


0.8  >.6 
Fig.  2. 


(<Fi  -  <F»  -  2<p,  >  0) 


where  ®eaning  of  potential  on  electrode 

1. 


Power  separated  on  external  load  can  be 
determined  by  following  expression 


N'  V"f)  r 


Egression  for  Joule  dissipation  Q  in  channel  given  in  [3]  in  considered  case 
has  form 


_Q_  29.  \  (  1  1 

Q  ~«e*--R3\k  J  +  d  +TJ  [2^“2(9’“T,Jrfr’  (6) 


f  —  f  1  r 

t  -  when  y  =  8,  x*  =  j 

Detenaining  efficiency  n  as  the  ratio  of  power  to  sun  of  power  and  Joule  dissi¬ 
pation,  we  have 


’l  ~ 7T+q  =  iV°  f  Q“  (7) 

Let  us  note  that  for  determination  of  power,  dissipation  and  efficiency  it  is 
sufficient  to  know  quantity  2 and  distribution  of  potential  on  dielect)  ic  wall  of 
channel  at  given  V,  B,  R  and  a.  Due  to  symmetry  of  problem  it  is  sufficient  to 
know  value  of  <?  (or  9*  )  in  section  y  =  fi. 

In  electrolytic  bath  geometricallv  similar  to  considered  channel,  was  modelled 
function  of  u  determined  by  expression  (2)  with  those  same  boundary  conditions  a3  in 
the  channel.  Here,  value  of  u  at  corresponding  points  of  channel  and  bath  coincide. 
Using  Ohm's  law  for  electrolytic  bath  and  external  circuit  of  channel,  we  obtain 
following  relationships  between  parameters  of  channel  and  bath 


l  _t_  aR 

S/t=<rm/"“  £  ~  a/<  +  ajim 

—  «s  =  2<p,  —  E 


(8) 


where  om  and  %  -  electrical  conductivity  of  liquid  and  current  intensity  fo. 
bath,  and  Rjj,  -  resistance  of  electrolyte  between  electrodes  of  bath. 

By  values  of  u  found  experimentally  is  found  distribution  of  potential  9  in 
channel  at  given  E  (or  R a). 
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For  appraisal  of  accuracy  of  modeling, 
comparison  was  made  of  quantities  determined 
in  electrolytic  bath  with  analogous  quan¬ 
tities  received  from  theoretical  solutions 
[2,  3],  In  Fig.  2  are  plotted  theoretical 
Fig.  L,  and  experimental  magnitudes  of  efficiency 

n  as  function  of  x/6  at  Ho  =0.5. 

In  the  same  place  is  given  an  approximate  solution  for  »).  which  is  obtained  on 
assumption  that  electric  field  is  considered  constant  between  electrodes  and  equal 
zero  outside  electrodes,  i.e.,  a  solution  which  disregards  longitudinal  edge  effects 
"spreading"  of  current.  In  last  case 

fo2X  /b 

(9) 


v,~2-\  /<32 X/fi 


In  certain  cases,  for  decrease  of 
"spreading"  of  electric  current,  thin  die¬ 
lectric  plates  parallel  to  axis  of  channel 
(Fig.  l).  Influence  was  investigated  of 
these  baffles  on  electric  current,  power 
and  efficiency  in  channel.  To  boundary 


/,  du 

ir  =  ~  0  on  surface  of  baffles. 


conditions  of  ( U )  is  added  condition 

In  determination  of  total  Joule  dissipation  in  this  case,  integration  is  per¬ 
formed  also  on  surface  of  baffles,  on  which  t  endures  a  break. 

Investigated  were  symmetric  groups  of  plates  A  and  B  of  various  length  a  and 
at  various  distances  on  axis  x  between  plates. 

It  was  found  that  during  closing  of  baffles  there  is  a  decrease  of  both  electric 
current  and  power  in  channel  and  of  efficiency  all  the  more  intense,  the  bigger  the 
size  of  plates  a  and  vhe  more  the  plates  in  the  group.  In  Fig.  3  is  given  depend¬ 
ence  of  tj  on  distance  x^/  x  between  baffles  for  symmetric  baffles  of  type  B  (Fig. 
l)  of  dimension  a/  *  =  l.G  in  channol  with  x/6  =  0.5  at  Ho  =  0.5. 


As  experiment  shows,  application  of  dielectric  baffles  to  obtain  increase  of 
power  and  efficiency  takes  from  electrodes  was  found  impractical.  In  addition,  in¬ 
vestigation  was  made  of  influence  of  distance  between  two  pairs  of  symmetric  elec¬ 
trodes  with  */6«  0.25  coupled  in  parallel  (Fig.  4)  on  power  and  efficiency  in 
channel. 

It  was  found  that  with  increase  of  distance  between  electrodes,  power  and  ef¬ 
ficiency  aonotonely  increase  from  theoretical  values  corresponding  to  a  solid  elec¬ 
trode  of  total  extent  xl(>  **  0.5  at  Ra  =*0.5.  Function  of  n  on  distance  between 
electrodes  is  shown  in  Fig.  5. 
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VARIATIONAL  METHODS  OF  SOLUTION  OF  PROBLEMS 
OF  DEFORMATION  AND  STABILITY  OF  PLATES 
AND  SHELLS  UNDER  CONDITIONS  OF  CREEP 


G.  V.  Ivanov 
(Novosibirsk) 


Variational  methods  of  solution  of  problems  of  deformation  and  stability 
cf  plates  and  shells  under  conditions  of  oreep  were  considered  in  [1,  21. 
In  (11  is  shown  variational  equation  during  condition  of  variation  of 
speeds  of  stresses  and  speeds  of  shifts.  In  [21  is  given  variational 
equation  during  condition  of  variation  of  only  speeds  of  shifts. 

V.  I.  Rozenblyum  [3l  (3ee  also  (41)  by  variational  method  solved  problem 
of  stability  longitudinally  compressed  rods  having  initial  (in  undeformed 
state)  deflection.  Stress  and  displacements  were  modified,  satisfying 
equations  of  equilibrium  and  boundary  conditions.  Below  is  derived  an 
analogous  equation  for  a  mildly  sloping,  circular,  cylindrical  panel 
(figure).  For  plates  and  closed  cyclinderic  shells  it  has  the  same  form. 


1.  In  fixed  moment  of  time  t,  real  stresses  c_,  a,  r  and  displacements 
u,  v,  w  in  panels  are  connected  between  themselves  and  with  speeds  of  stresses  and 
speeds  of  displacements  by  equations  of  [4,  5}: 


JHI_ 

vxdy 


! _ " 

A 

dx 

T 

dy  ” 

17  + 

dx 
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Curvilinear  system  of  coordinates  for  points  of  middle  surface  obtained  here  is 
shown  in  figure;  Tx,  TyJ  V,  Mjj..  My,  H-  forces  and  moments  in  middle  stir  face,  R  - 
radius  of  panel,  w  -  "full"  deflection,,  i.e.,  sum  of  initial  (in  undeformed  state) 
deflection  and  that  appearing  in  process  of  deformation,  q  -  intensity  of  surface 
load  (point  signifies  differentiation  by  time)  a  -  function  of  stresses  and  time, 
n  -function  of  stresses  (energy  of  elastic  deformations),  c  -  coordinate  of  points 
of  panel  counted  off  from  middle  surface  in  the  direction  of  internal  normal. 

Besides  above-indicated  equations,  real 
stresses  and  displacements  in  panel  satisfy 
given  conditions  on  edges  x  -  0,  1,  y  = 

*  0,  b  (figure).  We  assume  that  these  con¬ 
ditions  are  given  in  forces,  moments  and 
aero  displacements.  For  example,  on  edges 


x  =  0,  x 


1  are  given  either 


*,  a*  *vx 

■37  +  dg  +  dx  +  2 


*  dx 


*u_ 

*9 


or  accordingly, 

iwjlxmQ,  »saO,  t-acff, 

Cases  when  on  edges  of  panel  instead  of  forces  and  moments  are  given  non-zero 
speeds  of  displacements  are  not  considered, 

2„  We  will  compare,  in  fixed  moment  of  time  t,  tho  true  stress  and  deformed 
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state  with  another  characterized  by  the  same  speeds  of  stresses  and  speeds  of  dis¬ 
placements,  but  with  different  stresses  and  displacements,  namely  stresses 
ax  +  fox,  ou  +  6oyl  t  +  At,  and  displacements  u  Au,  v  +  iv,v  +  Aw,  infinitely  near  to  real 
value  satisfying  equations  of  equilibrium,  equations  of  equilibrium  in  speeds  and 
g  iven  boundary  conditions .  The;.*  "esses  and  displacement  will  be  called 
permissible . 

Putting  permissible  stresses  and  displacements  in  equations 


(P  <P  <Pu>  /  i  d*!T\ 

«?  +  2  6//  +  6A/v  +  s?  +  *rv  [it  +  -f)  + 


+  26T-, 


dy 

ZPw 


*v  +  T*>  £  +  V  W  +  2rxv A  -  0 


(2.1) 


dKo  cpio  SPw  •  _  3*w  .  .  _ .  .  IPw 

flr*  1?  +  arv  ajp  +  26TxydHi  +  rx6al*'  +  7’v6lyr  +  2r*/  aTay  “  0 


(2.2) 


According  to  (1.3),  variation  of  speeds  of  deformations  depends  on  variation 
only  of  displacement  w 


btx  =  ~h~.  te  if 


A  A*  —  C7W  A  ^  aC  aw  A  <W  .  .  aw 

dxbr/'  6*“5T65ir  +  d-7aa7  (2.3) 

3.  Because  real  stresses  and  displacements  satisfy  equations  of  equilibrium 
and  boundary  conditions,  it  follows  (see,  for  example,  (5],  section  7) 

(Vx  +  Vv+  T'f) dV  =  ^ 


where  V  -  volume  occupied  by  panel,  A  -  power  of  external  forces  applied  to  panel. 


Permissible  stresses  and  displacements  also  satisfy  equations  of  equilibrium  and 
given  boundary  conditions  (let  us  remember  that  these  conditions  are  considered 


giver,  in  forces,  momenta  and  zero  displacements;  cases,  when  on  edges  of  panel,  in¬ 
stead  of  efforts  and  momenta,  are  given  non-zero  speeds  of  displacements,  are  not 
considered ) . 


2-1 9 


Therefore 


1 1(3*  +  t»x)  (ix  +  6kx)  +  (3y + 6-jy)  (ty  +  t>ty)  +  (%  +  6x)  (i  +  6t'1  dv  —  a  ^  j 

i.ec,  power  of  deformations  in  class  of  permissible*  stresses  and  displacements  is 
stationary.  Omitting  in  (3.1)  the  product  of  variations  as  an  infinitesimal  quan¬ 
tities  of  the  second  ordor,  we  find 

^  (3x6ex  +  ovfi*y  +  dV  -f  ^  (exfi3x  +  iyb-ty  +  tfit)  iV  =  0  (3  2) 

Validity  of  (3.2)  is  simple  to  prove  and  is  directly  integrated  by  parts  with 
use  of  equations  (2.l)  and  relationships  of  (2.3). 

4.  From  equations  of  (1.2)  it  follows  that  second  component  in  (3.2'  is  a  vari¬ 
ation  of  integral 

\(^y 


I  dV 


Under  certain  conditions,  the  first  component  in  (3.2)  is  also  a  variation  of 
certain  expression. 

Using  the  first  two  of  equations  of  (2.1)  aixi  the  first  two  equations  of  (l.l), 
we  write  (2.2)  in  the  form 


~  («rx  ~)  +  ■-  (dTy  +  (fiT*v  1 5")  +  ^  [iTxV  it)  + 

+  £(***£) + iM) + + vM)-  ° 


(4.1) 


Multiplying  (4.1)  by  w  and  integrating  by  area  of  middle  surface  o,  we  find 
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Using  (2.3)  and  (4.2\the  first  component  in  (3.2)  can  be  written  in  the  form 
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5'  <’> 


-  i  -  4  (r.%+ r.fe)C*  -  { l-4(r.  £  +  *)£* 


(4.3) 


If  boundary  conditions  are  such  that  contour  integral  in  (4.3)  disappears  (for 
example,  in  case,  when  on  all  edges  of  panel  w  -  0),  the  first  component  in  (3.2) 
is  full  variation  and  (3.2)  takes  form 

w  -  *  {J  (A +  ’-£■)■ +  7  Ti  5 [a  (£)’  ■ +'■ T.  (Irf + 2r-  n  £] "}  - 0  (t.4) 

Under  these  conditions,  among  all  permissible  stresses  and  displacements,  true 
distribution  of  stresses  and  displacements  is  characterized  by  stationariness  of 
functional  <*> . 

It  is  not  difficult  to  perceive  that  determination  of  deflection  with  the  help 
of  variational  equation  (4.4)  reduces  to  integration  of  a  system  of  resolved  (rela¬ 
tive  to  derivatives)  nonlinear  differential  Equations  of  the  first  order.  Increase 
of  number  of  parameters  during  assignment  of  class  of  permissible  stresses  and  dis¬ 
placements  shows  only  on  increase  of  number  of  equations  of  system  subject el  to  in¬ 


tegration. 
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APPROXIMATE  METHOD  OF  CALCULATION 
FOR  CREEP  BUCKLING 


3.  A.  Shesterikov 
(Moscow) 


Surrey  of  solution  of  certain  of  the  simplest  particular  problems  on 
buckling  of  rods  can  be  found,  for  example,  in  [1,  2].  Investigation  of 
plates  and  shells  was  conducted,  basically,  in  direction  of  development 
of  criteria  of  stability  for  linearised  formulation  cf  problem  of  buck¬ 
ling.  In  works  devoted  to  this  problem  [3-5],  basically  was  studied  be¬ 
havior  of  thin-walled  elements  in  initial  phase  after  loading.  Below  is 
described  a  method  for  approximate  calculation  of  buckling  during  creep. 

1.  The  offered  method  is  based  on  the  assumption  that  for  rods  and  thin-walled 
elements  under  the  conditions  of  longitudinal  compression  the  connection  between 
stresses  and  deformations  can  be  replaced  by  analogous  functions  for  bending  moments 
and  warping. 

A  similar  method  was  used  earlier  during  investigation  of  other  problems  (see 
[61).  We  emphasize  that  this  assumption  in  certain  cases  can  appear  too  coarse. 
Therefore,  a  critical  appraisal  of  obtained  results  and  indication  of  region  where 
they  are  applicable  is  necessary  each  time.  At  the  same  time,  such  a  hypothesis 
for  a  large  class  of  problems  considerably  simplifies  calculation  without  distorting 
the  essence  of  the  phenomenon. 

For  the  uniaxial  case,  the  taken  hypothesis  means  that  there  is  dependence 


where  x  -  warping  of  element;  a  -  bending  moment  of  internal  or  external  forces 
about  the  middle  of  section;  T  -  average  temperature  by  section;  by  dot  is  desig¬ 
nated  differentiation  by  time.  For  plates  we  assume  that  relationship  (l.l)  is  exe 
cuted  for  invariant  characteristics  M  and  H 

<I>  ( H ,  H,  At,  W,  T)  -  0  •  (1.2) 

Here  -  "**  -  +  *V  +  3*V 


For  H,  two  .various  determinations  are  possible 
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In  accordance  with  selected  condition  (1.3)  will  take  either  deformation  re 
lationships  of  form 


a*»  ,  aw* 

dz*  =  x  awx  • '  *  ’  (1.4) 


or  relationship  of  flow  type 


aw* 

a**  ~  *  aw. 


(1.5) 


We  will  take  equations  of  equilibrium  for  a  plate  in  the  following  form  [7]: 
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»  +*W 


(1.6) 


Here  w^  -  initial  deflection;  Ny,  N^y  -  forces  acting  on  planes  of  plates 
which  we  consider  known.  System  of  equations  (1.2)  -  (1.6)  allows  to  determine  de¬ 
flection  as  a  function  of  time. 

2.  Let  us  consider  a  rod  compressed  by  longitudinal  force  P.  Beisding  moment 
for  the  rod  will  be  written  in  the  form 

m  =i  ——  (u  -f  uj  (2.l) 

where  h  -  thickness;  u  -  dimensionless  additional  deflection;  u^  -  initial 
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dimensionless  deflection.  Relationship  (l.l)  is  written  in  the  form 

—  fcx  =  /  (m)  +  ▼  (m)  (2.2) 

First  component  in  the  right  part  corresponds  instantaneous  deformation,  and 
second  characterises  process  of  creep.  Let  us  note  that  relationship  (2.2)  does  not 
consider  possible  unloading  in  separate  parts  of  section  of  rod.  This  naturally 
can  lead  to  deviations  during  comparison  with  experimental  data.  Let  us  examine  a 
hinged  supported  rod.  We  seek  solution  of  equation  (2.2)  by  method  of  combination. 
Then,  assuming  that  deflections  can  be  approximated  by  one  ha If -wave  of  sinusoid,  we 
obtain  for  amplitude  of  deflection  u  equation 

ki  ~/ \P  <«*  +  “•*)] -T- *I/>  («  +  “«))  (*  =  «**»  /  L*.  p  =  Ph  /  *„)  (2.3) 

Specifying  functions  f  and  v.  solution  of  number  of  concrete  problamo  can  be 
obtained. 


Buckling  of  a  rod  under  action  of  constant  force  P.  Solution  is  divided  into 
two  stages.  First  stage  corresponds  to  instantaneous  application  of  force  P,  as  a 
result  of  which  rod  receives  deflection  uQ.  Value  of  Uq  is  determined  from  solution 
of  equation  corresponding  to  instantaneous  deformation 

(2.4) 


Further  process  corresponding  to  build-up  of  deflection  in  time  is  characterised 
by  equation 


it  — T\p  ('•  +  ••»>)]  p 
v  Ip  (»  +  “«)[ 


du  —  dt 


(2.5) 


It  is  obvious  that  when  condition  is  f unfilled 

*— /'IP(«i  +  «w))A»“0  (2.6) 

speed  of  build-up  of  deflection  will  turn  into  infinity.  Value  of  full  deflection 
ul  +  u0  determined  by  condition  (2,6)  corresponds  to  value  of  critical  deflection 
also  for  purely  instantaneous  deformation.  Indeed,  if  in  (2.4)  condition  dpiOutr=o 
is  used,  it  will  lead  to  equation  coinciding  with  (2.6).  This  property,  during  so¬ 
lution  of  problems  of  buckling  with  regard  to  creep;  is  analysed  in  more  detail  in 
[2].  This  phenomenon  was  first  discovered  by  [Frelys  de  Vebek]  [8],  It  is  necessary 
to  note  that  independence  of  critical  deflection  from  properties  of  creep  follows 
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e. 


from  monopar  ante  trie  nature  of  considered  system. 


If  accepted  that  functions  of  f  and  V  can  be  presented  in  the  form 

f(x)=Axn.  Y  [x)=Dxm 

then  solution  of  equation  (2.5)  will  be  written  in  form 

_ * _ l _ 1 _ _ I _ 

V*  («  -  1)  \(u.  -h  uou)"’-1  («  -f  «*)">-«  f 

_ _ 1 _ 1 .  . .  i  1  f 

J?  {m  —  *)  \{u,  -f  ujm-n  (u  +  | 


(2.7) 


(2.8) 


Moment  of  destruction  t^  is  determined  from  (2.8)  if  instead  of  u  we  place  u^ 
found  from  condition  (2.6). 

Of  great  interest  is  the  case  of  slow  change  of  applied  force,  starting  from 
zero.  We  obtain  solution  of  equation  (2.3)  by  semi-inverse  method.  Let  us  assume 
that  is  satisfied  relationship 

Yti-  t)  (2.9) 

Then  for  case  n  *  2  and  m  **  1  we  obtain 


—  «=2  —  t  —  2/1—  x~  r*(t  —  —  t) 


_ t-Vl-T  _ 

*“u»  3_t  -2  Kl-t+Pt*-  ^1"t) 

C.D  V5x_ 


(2.10) 


Solution  in  final  form  can  be  obtained  for  any  whole  m  and  n,  but  here  for  sim¬ 
plicity  we  are  limited  Ij  shown  values .  It  is  obvious  that  when  t  — l  «  -  «=.i.e.,x  = 
corresponds  to  moment  of  destruction  (at  *  >i  solution  does  not  exist).  As  main 


given  parameters  we  take  initial  deflection  uqq  and  initial  speed  of  loading  pQ. 
Then  t^  and  C  are  determined  through  these  parameters  and 


1  Wu^p,*  —  2Bpt 


C  =  2umptti 


(2.11) 


As  illustration,  in  Figs.  1  and  2  are  given  graphs  of  u/u^  and  p/pQt-L  as 
functions  of  dimensionless  time  t  for  a  number  of  values  of  parameter  t-  At 


there  is  almost  proportional  loading. 


Fig.  1  Fig.  2 


3.  Let  us  consider  the  simplest  case  of  buckling  of  an  evenly  compressed,  free- 
supported,  square  plate.  We  will  take  that 

, .  ,  «*  ,  .  nr  ,  ny 

*.=  u(i)sin  ~»in  —  k>„  =  i^osm  “-sin  —  (3.l) 

Ms  =  =  rn  (i)  sin  sin  ~  (M „  =  0  in  the  center) 

We  satisfy  equations  of  (1.2)  in  median  point,  then  obtain  dependence  between  m 
and.  u  analogous  to  dependence  for  a  rod  (2.3) 

ktu  *  }  ( Ayn )  +  V  ( ktm )  (3.2) 

It  is  taken  that  for  H  and  M  there  exists  dependence  analogous  to  connection  be¬ 
tween  x  and  m  for  a  rod.  From  (1.3)  it  is  easy  to  obtain  linear  connection  between 
»  and  (u  +  uQ0)  p,  where  p  -  uniform  pressure  on  planes  of  plate.  Consequently,  for 
plate  in  considered  case,  equation,  connecting  u  and  p  coincided  with  equation  (2.3) 
with  accuracy  up  to  constant  factors  characterizing  geometry  of  considered  element. 
Therefore  investigation  of  solution  conducted  in  part  2  is  also  valid  in  the  present 
case.  We  note  also  that  solution  does  not  depend  on  which  relationship  -  (1.4)  or 
(1.5)  is  taken  during  investigation.  It  is  obvious  that  this  takes  place  in  case 
when  M  is  completely  determined  by  one  unknown  parameter  depending  on  time  as  it 
was  in  the  considered  case.  When  two  or  more  parameters  are  preserved  equation  for 
plate  during  use  of  (1.5)  does  not  reduce  to  first  order  equation  and  solution  dif¬ 
fers  considerably  from  solution  obtained  for  a  rod. 
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TORSION  OF  PRISMATIC  RODS  OF  IDEALLY  PLASTIC 
MATERIAL  WITH  CAI/CULATION  OF  MICROSTRESSES 


? 


I.  A.  Berexhnoy  and  D.  D.  Ivlev 
( Voronezh) 


Theory  of  torsion  of  rods  of  ideal  rigidly  ~p last ic  material  is  presented 
in  [1-43.  In  [5]  is  considered  torsion  of  prismatic  rods  of  rigid  ly- 
plastic  anisotropic  i*einforcing  material  under  linearized  condition  of 
plasticity.  In  present  work  is  considered  torsion  of  rods  polygonal  cross 
section.  Material  of  rods  is  assumed  ideally  plastic,  idler e  ideally 
plastic  state  is  attained  during  transition  through  regior  strengthening 
[6],  In  the  material  appear  residual  microstresses  [73.  Similar  material 
can  be  called  material  with  terminal  strengthening. 


1.  Let  us  consider  problem  of  torsion  of  rods,  material  of  which  conforms  to 
dependence  between  shear  stresses  and  the  nonreversible  part  of  shear  giren  in 
Fig.  1.  We  will  select  a  coordinate  system  as  shown  in  Fig.  2.  In  the  future  in 


designations  of  strains  T 


V* 


and  deformation*  «... « 


xr  yx 


we  will  omit  index  z. 


Initial  relationships  for  problem  of  torsion  of  rods  of  anisotropic  reinforcing, 


rigidly-plastic  material  with  terminal  strengthening  have  form 

dx 

(1*  -  »,)*  +  (*„  ~  »„>*  =  »«*  +  V  <  *»*.  ku  k,  =  const 


dl. 


dtu 


dxx  dxu 


*x->x 


Xx-tv 


e  =  const 


(1.1) 

(1.2) 

(1.3) 

(1.4) 


If  *X*  +  V<***'  then  xJt-x¥  =  0. 
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Fig.  1 


Here  sx,  s  -  components  of  micro- 
stresses,  x^,  xy  -  components  of  micro- 
defornations,  and  c  -  parameter  of  strength¬ 
ening. 

Condition  of  plasticity  (1.2)  in 
planes  Tx  T„  represents  a  circle  with  co¬ 


ordinates  of  center  sx,  sy.  In  initial  moment  of  plastic  flow 


«,  =  *„  =  <).  =  tv  =  t/ 


<V  +  X*  =  fct‘) 


Condition  of  plasticity  (1.2)  can  be  interpreted  as  rounding  family  of  plas¬ 
ticity  tangential  to  given  condition.  In  the  future,  following  [5],  linearized  con¬ 
dition  of  plasticity,  considering  that  stress  state  at  each  point  of  the  body  corre¬ 
sponds  to  a  tangent  to  circle  of  conditions  of  plasticity  preserving  its  own  di¬ 
rection  in  planes  in  process  of  deformation  of  body, 

t,*  -  »*)  +  V  (tk  ~  *w)  "  *»*  (1.5) 

Similarly  for  microstresses  we  can  assume  that  after  attainment  by  them  of  lim¬ 
iting  values  sx°,  sy°,  (sx°2  +  ay°2  =  k^2)  takes  place  linearized  condition 

»*•**+  »/'*<*»* 


(1.6) 


Considering  conditions  (1.5)  and  (1.6) 
as  plastic  potentials,  we  obtain,  instead 
of  (1.3),  relationships 

it.  it. 


Fig.  2  t 

Since  in  process  of  plastic  flow  t/,  v/  and  s. 
meter  of  load,  then  integrating  (1.7 )  we  obtain 


X 

T 

X 

O 


ixx  i*v 


(1.7) 


x  *  "y 


s  w  do  not  depend  on  para- 


V 


+  f*  (*,  .V) 


V'4"'”' ?  -  V  . . .  (1.8) 

Assuming  that  at  initial  moment,  rod  was  in  rigid,  undeformed  state  and  micro¬ 
stresses  was  absent,  we  find  that  C;L  =  c2  =  0,  and  finally  that  relationships  of 
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(1.8)  take  fora 


S**I  ~  TJL**V  ~  »  *Xx  —  =*  0 


(1.9) 


In  the  future  it  is  necessary  to  exclude  from  initial  relationships  of  quantities 
of  microstresses  and  n&crodef ormations .  Using  (1.4),  we  obtain  (1.5)  and  (1.6)  in 


the  form 


V  ixx  - e  (e*  ”  x*)l  +  V  ITw  —  c  (%  ”  x*)l  “  *»* 


V  y>  e 


Condition  (l.U)  can  be  written 

.V*'  +  Vv“  **  »  *x‘«x  + Vcw~t) 


(1.10) 

(1.11) 


(1.12) 


Solving  linear  system  of  equations  -  relationship  for  microstrains  of  (1.9) 
and  (1.12),  vre  obtain  expressions  for  micro-deformations 


<t‘x 


(1.13) 


Then,  taking  into  account  relationships  of  (1.13),  condition  (1.10)  it  assumes 


final  form 


(1.14) 


Components  of  deformations  are  determined  by  relationships 


(1.15) 


where  w  (x,  y)  -  warping  of  section,  0  -  twist.  Thus,  for  *x.  *w  and  w,  we  have: 
equation  of  equilibrium  (l.l),  condition  of  plasticity  (1.14),  and  law  of  plastic 
flow  (first  relationship  of  (1.9)). 

2.  Let  us  consider  region  oef  of  rod  of  polygonal  cross  section  (Fig.  3a), 
where  oe  -  line  of  break  of  strains.  Equation  of  lines  of  break  y  =  ax{*  =  const). 
Here,  axis  x  is  perpendicular  to  free  boundary  of  contour  of  rod  ef . 

From  solution  of  theory  of  ideal  plasticity  [1-4]  it  follows 


r*  *=>  0,  x*  =  *1 


(2,1) 
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As  was  noted  in  [5],  warping  of  cross  section  of  rod  of  reinforced  material 
coincides  with  warping  during  ideally  plastic  flow  of  rod.  Warping  under  the  con** 
ditions  of  rigidly-plastic  torsion  is  determined  by  expression  w  “  n  ed,  where  n  - 
distance  from  point  P  (  x,  y)  to  line  of  break  on  normal  to  ef  passing  through  point 
P.  For  considered  region  we  have 


J-) 


(2.2) 


Let  us  assume  that  in  certain  region 
agf  (Fig.  3b)  material  of  rod  reached  yield 
point  (BC  in  Fig,  l),  then  in  considered 
region 

(2.3) 

Linearized  condition  of  fluidity  (1.14), 
taking  into  account  (2.1)  and  (2.3),  takes 

form 

(2U) 

It  follows  from  this  that  in  regions  agf 

(2.5) 

Putting  expression  (2,3)  in  equation  of  equilibrium  (l.l),  we  find  that 
rx  =  xx  (y).  On  counter  ef  always  */*=  0,  consequently,  T*  =  0  everywhere  in 

region  agf. 

In  region  oegm.  state  of  material  corresponds  to  section  AB  shown  in  Fig.  1. 

2  p  o 

In  this  region  sx  +  sy  <  k^  and  x,  =  xy  =  o.  Then,  in  region  oegm.  condition  of 
plasticity  (2.4)  takes  form 

=»  *t  + 


Fig.  3 


2^1 


(2.6) 


*.-?(*-»)  (2-9) 

On  boundary  hg,  component  of  atraaa  rx  endures  break.  Break  of  component  of 
streaa  r*  we  assume  static,  since  contacting  stresses  t„  during  transition 
through  hg  are  continuous.  Appearance  of  break  is  caused  by  use  of  limiting  cir¬ 
cuit.  We  will  designate  length  of  region  of  ideal  plasticity  along  free  contour 
ef  through  r/  =  «.  then  from  (2.7)  we  hare 

—  7^")  ®  (*  =  0  when  O^kt/cb)  (2.10) 

3.  Let  ua  consider  concrete  examples. 

l)  In  case  of  a  rod  of  square  section  (Fig.  4)  with  length  of  21  in  region  oef, 
equation  of  line  of  break  oe  has  form  y  —  x,  a  =  i.  From  (2.5),  (2.7),  (2.8),  and 
(2.9)  we  find 

+  t,«o  (in  mgf ) 

Tw-*i  +  c«(*  —  y),  r„  =  e#(x-y )  — *,  (in  ohgm)  (3.1) 

t ,  =  <*(*-/)  (in  hag) 

T 


Torque  for  entire  section  will  be 


M  mi  ^ la 1  —  y j  4"  3"  (f*  —  ~2  4*  "3“)  4* 

4 

4-  2 kt  (/4*  —  «*)  -f  yefl  (/•  +  4 Pa  —  24  i*a«  -f  32  /a*  —  13  a«) 


(3.2) 


where 


.0  at  at  ®>-«T 


(3.3) 


k«W 


?ig.  5 


the  form  y  =  3x// 3.  a  =  3/^3. 


Regions  of  plasticity  corresponding 
to  state  of  ideal  plasticity  of  material 
(BC  in  Fig.  l)  here  and  owerywhere  are 
shaded. 

2)  Considering  region  cef  of  rod  of 
triangular  section  (Fig.  5)  with  side  21, 
we  obtain  equation  of  line  of  break  oe  in 


Then  from  (2.5),  (2.7),  (2.8),  and  (2.9)  we  find  components  of  stresses 


tk  —  *1 4-  *».  T*  ~  0 


(in  agf) 


C,~*i4-c9(x-£iyj  ,  (in  ohgm) 


Torque  for  entire  section  will  be  equal  to 


M  ~  (*x  4-  * J  (-y  •*/  -  2-H  -  -3-  •*)  +  *,  (j  1»  -  4-  4)  + 

+  kt  (<««  —  «*)  -f  c«  XI  (1*  —  2P*  —  3J*i*  4-  5V«*  —  «*) 


(3.4) 


(3.5) 


where 


*«0  at  •  < 


Y  iel  ’ 


/ie  at  e>  yL 


(3.6) 


3)  Solution  for  rod  of  rectangular  section  with  sides  2h  and  21  (Fig.  6)  in 
region  oef  is  determined  is  analogous  to  rod  of  square  section. 


In  region  o^omo^,  gradient  of  line  of  break  3  =  00  f  then  from  (2.5),  (2.7) , 
(2.8),  and  (2.9)  components  of  stresses  will  be  determined 

T*  =  0  (in  m^mff-j_) 

(3.7) 

T* « *•»  +  *!.  rx  —  0  o^oam^) 

Torque  for  entire  section  will  be  equal  to 

M  ~  It*  4-  4  (A  —  i)  l(,\  4  *,)  al  +  ki  (l* -  *1)  4  *« {/-« -  «*)  4  V> cO ((-*)>]  (3,8) 

where  M*  -  torque  for  rod  of  square  section  determined  by  formula  (3.2).  Let  us 
note  that  dependence  M  =  M  (  0  )  for  rods  of  rigidly-plastic  material  with  terminal 
strengthening  at  values  of  twist  within  limits 

0<®<7r”*ira 

coincides  with  dependence  M  =  M  (  0  )  for  ideally  plastic  material  with  linear 
strengthening  [53.  In  interval  of  values  of  twist 

<*<&<*> 

dependence  M  -  K  (  0  )  becomes  nonlinear  and  by  measure  of  growth  of  twist  is 
asymptotically  similar  to  solution  for  ideally  plastic  material  with  yield  point 
(ki  +  k2).  This  circumstance  is  shown  in  Fig.  7. 

I' 


Fig.  6.  Fig.  7. 
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THEORY  OF  STRAIGHT  LINES  OF  DISCONTINUITY  OF 
STRESSES  FOR  TRUE  PLANE  FLOW  OF  A 
RIGIDLY-PLASTIC  BODY 


0.  D.  Grigor'yev  (Novosibirsk) 

Considered  ia  connection  between  the  condition  of  poaitivenese  of  dispersion 
power  and  the  picture  of  true  plane  flow  near  a  straight  line  break.  Kinematic 
characteristic  of  existence  of  straight  line  of  break  of  stresses  is  established. 

We  will  prove  the  following  kinematic  characteristic  of  existence  of  straight 
line  of  break.  So  that  a  certain  straight  line  of  break  of  stresses  for  true 
plane  flow  of  a  rigidly-plaatic  body,  it  is  necessary  and  sufficient,  so  that  the 
indicated  straight  line: 

a)  does  not  coincide  with  slip  line; 

b)  after  exclusion  of  translational  motion  of  plastic  region  it  is  orthogonal 
to  flew  lines,  and  divides  trajectories  orthogonal  to  flow  lines  of  various 
concavity  (convexity) j  here  line  of  break  does  not  coincide  with  inflection  points 
of  flow  lines. 

Necessity.  Let  there  be  a  straight  line  of  break  of  stresses.  Obviously  it 
does  not  coincide  with  slip  line.  Excluding  translational  motion  of  plastic  region, 
we  find  what  line  of  break  is  orthogonal  to  field  of  speeds.  Since  speeds  £re 
continuous  near  straight  line  of  break,  the  curvilinear  grid  in  the  form  of  flow 


2££ 


lines  and  trajectories  orthogonal  to  the*  has  here  a  continuous  tangential. 

Lengthwise  along  shown  orthogonal  grid  take  place  relationships  [1,  2] 

^J|}t=3±*cos23,  8  ""  j|(8u +«**).  Oi,=  *sin23 

i  9p  .  *  fli  d  »  v 

lu«  —  ln*=-jfii/qi  —  ^  "‘2lZ2?Itt 

Here  oljt  $u  -  physical  component s  of  stress  tensors  and  rates  of  deformations; 

/ 

Hi,  H2  -  Lane  coefficients;  p  -  angle  between  direction  of  large  main  stress  and 
speed  vector;  v  -  modulus  of  speed  vector;  R2  -  radius  of  curvature  of  trajectories 
orthogonal  to  flow  lines. 

According  to  (1),  from  both  sides  of  straight  line  of  break  (after  exclusion  of 
translational  motion)  we  have 

•ia  23*  =  aln  2,3",  p"  =  90*  —  p*  (2) 

Here  values  from  various  sides  of  line  of  break  differ  by  plus  and  minus 
indices. 

Let  us  consider  condition  of  positiveness  of  dispersion  power  near  line  of 
break,  expressing  the  latter  in  the  form  [2] 

/?,>0  for  45*  <  P  <  45*  or  '*35*<p<225* 

i?,<0  for  45*<p<135*  or  225*<P<3I5*  (3) 

Here,  radius  of  curvature  is  considered  positive  if  it  is  directed  toward  the 
side  of  rise  of  parameter  <&. 

From  (3)-  (2)  it  follows  that  straight  line  of  break  splits  orthogonal  trajec¬ 
tories  of  various  concavity  (convexity). 

Sufficiency.  Let  there  be  true  plane  flow.  Field  of  flow  lines,  after 
exclusion  of  translational  motion  of  plastic  region,  contains  straight  line 
orthogonal  to  flow  lines  which  does  not  coincide  with  slip  line  and  divides 
orthogonal  trajectories  of  various  concavity.  By  condition  along  indicated  straight 
line 

(U) 
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Therefore,  tensor  of  rates  of  deformation  turns  along  iv  into  zero.  Cxi  the 
other  hand,  due  to  various  concavity  of  orthogonal  trajectories,  function  0  ,  during 
trrnsition  through  straight  line  endures  a  break  (3).  Thus,  considered  straight  can 
only  be  a  line  of  break  of  stresses  for  true  plane  flew  [33.  Let  us  note  that  from 
investigation  there  was  a  case  of  straight  flow  lines,  i.e.,  whan  medium  moves  a3  a 
solid  body.  We  will  show  in  conclusion  tha„  line  of  break  does  not  coincide  with 
inflection  points  of  orthogonal  trajectories.  In  view  of  (1),  we  have 


\lt *  »  £u“,  f* 


ri  In  9 

0i]+ 

fdln  r 

_  !i] 

L  dH 

0*1  J  “ 

1  dn 

0*1  J 

(5) 


where  -  curvature  of  flew  lines j  d/*»  -  derivative  along  line  of  break. 

Sines  translational  motion  is  excluded,  then 


Sin  Sin  r“  ,  „ 

~3s — sr*0' 


£ 

dn 


(6) 


Hence,  due  to  the  lemma  about  preservation  of  a  continuous  function  in  environ¬ 
ments  of  a  point,  where  its  own  sign,  is,  other  than  zero,  we  find  that  curvature 
of  flow  lines  does  not  change  sign  during  transition  through  line  of  break. 
Consequently,  straight  line  of  break  is  not  locus  of  inflection  of  flew  lines.  In 
Figs.  1  and  2  are  depicted  possible  views  of  plane  flow  near  straight  line  of  break. 
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RELAXATION  OF  STRESSES  IN  THIN-WALIED  PIPE 


V.  S.  Namestnikov  (Novosibirsk) 


In  work  [1]  during  the  investigation  of  relaxation  of  thin-walled  pipe  twisted 
and  stretched  simultaneously  it  was  assumed  that  elastic  instantaneous  components 
of  deformation  satisfy  condition  of  incompressibility-  Let  us  consider  this 
problem  disregarding  requirement  of  incompressibility. 

We  dispose  axes  x  and  y  in  tangent  plane,  heading  axis  x  parallel  with  axis  of 
pipe.  Stress  tensor  in  considered  case  leads  to 

Tensor  of  elastic  deformations  is  expressed 

ex  =  a/E,  tv  «  et  =.  —  va  /  E,  =  (*  +  v)t  / E,  exz  ------  «  0 

(E-Youug's  modulus,  » -Poisson  coefficient-) 

Expressions  for  creep  have  form 

Px' 


x**=x' 


-  «X  -  Xxt  =  V  "  0 


r»  ~  r*  ~  23, 

p  and  <*<  are  connected  by  dependence 


«>*  -  x  exp  |  (f*  =  «»*  =  y  *<j  aij) 

In  considered  case 


(1) 


(2) 


(3) 


«, «,/«!+ 3t*.  W*V(a/  2)*  +  t» 


(4) 


(5) 
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Lengthening  and  angle  of  rotation  of  pipe  are  kept  constant.  Therefore, 


condition  of  relaxation  reduces  to 

**=  const, 

From  (2),  (3),  and  (6)  we  obtain 


*xv  -  <W+  Pr,  - coa5t 


.  .  Ep  _  •  .  „  /  2  (1  +  v)\ 

•+T”  a“0'  T  +  («*  = — 5 — ) 


Hence 


JL. «.  m  —  or 


t*  _  um 
a  a. 


Here  a*  and  t»  -  initial  values  of  stresses.  Putting  (8)  in  (5),  we  obtain 

«i-t  (eh*"*'*  +  3)'/%  '  Tm„  « */i  t  (eh*m'*  +  4)v*  (s  =  a,*  /  T,*™)  ( 9 ) 

Hence  from  second  equation  of  (7)  we  have 

„<cH*»»-*+3)'/‘t  +  4»o  (10) 

From  (4)  and  (9)  we  obtain 

PPm  -  *  «P  {-J  (***'*  +  3)%  +  2^7  +  4)%}  ( 11 ) 

Thus,  problem  was  reduced  to  solution  of  systems  (10)  and  (11)  with  initial 


conditions 


T  *■  T#,  p  **  0 


at  <  «o 


Solution  of  systems  (10)  and  (11)  has  form 


<  “  7  (-9-f  1  W~’ + B  + **7  x  (i3) 

X  tip  [-- 3*  (e*n*m"*  +.  3)y*- 2^  («V,"i  +  4)v*]}  rfn 

Relationship  (8)  is  result  of  hypothesis  of  proportionality  deviators  which  for 
elastically  incompressible  material  (v  =  0.5,  m  =  1)  reduces  to 

-/o  =  t,/s»,  or  (14) 

(relationship  (6)  of  work  [1]).  In  [1]  by  experimental  data  on  duralumin  and  copper 
it  was  shown  that  in  majority  of  cases  divergence  of  left  part  from  right  in  (14) 


does  not  exceed  1 k%. 


We  assume  that  v  =  0.35  (®  =  0.9). 

In  this  case  we  obtain  somewhat  better 
conformity  of  left  and  right  sides  in  (8). 
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If  for  example,  in  first  case  of  divergence  were  compiled,  -14  +  4,-16.7/ 

-  4.1,-  10. 7%,  then  in  second  they  are  equal  respectively  to  -  8.3,  +  7.5,  -  15, 

+  2.6,  -  6.7$. 

In  the  fiqure  are  given  examples  of  comparison  of  relaxation  curves,  calculated 
by  (13)  taking  into  account  (m  =  0.9)  and  without  calculation  of  (m  ~  l)  of 
compressibility  of  material.  As  can  be  seen,  curves  turned  out  to  be  quite 
similar  in  both  cases,  difference  in  time  at  the  same  level  of  stress  is  near  20$. 

*  As  one  should  have  been  led  to  expect,  relaxation  curves  with  respect  to  compres¬ 

sibility  of  material  are  lower  than  curves  without  calculation  of  compressibility, 
i.e.,  calculation  of  compressibility  improves  conformity  of  computed  relaxation 
curves  with  experiments,  so  long  as  the  latter  are  always  lower  than  computed 
curves  [1]. 

The  fact  that  computed  relaxation  curves  turned  out  to  be  above  those  of 
experiments  is  partly  caused  by  the  fact  that  elastic  modulus  obtained  on  the  usual 
testing  machine  is  understated  due  to  influence  of  creep.  Error  in  determination 
of  E  (equals  k$)  changes  relaxation  time  during  the  same  stress  by  not  less  than 
(  a  +  l)  k$. 

Calculations  of  relationship  (13)  were  performed  by  S.  N.  Savchenko  to  whom  the 
author  expresses  gratitude. 
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